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Avdpeadarns Ztoiavog * Kafnyntmg Havemotpiov AGnvav
Katoapydpne Basitelog * Kafnyntg B/Oiog Exnaidevong
Mémg Ztépavog * Kafnyntg B/Bog Exnaidevong
Mnrpovyobtag Kov/vog * Kafnyntg B/Oiog Exnaidevong
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Adopdémoviog Asmvidog * Enitipog Xopufoviog tov I1.1.
Aoxtoloypdonon: Toapdépn Pola
Zymuoto: Mrnovtowkoag Miyding

ITOIXEIA ENMANEKAOXH:

H emavékdoon Tou Trapdvtog BiBAiou TpayuatoToIiBnke
amé To lvaTirouto Texvoloyiag YmoAoyioTwy & Ekdooewv
«AidpavTogy uEow YNQIOKNG HAKETAG, N OTToia dnpIoupyn-
Bnke pe xpnuatodornon amd 1o EXMA / EN «Ekmaideuon
& Aié Biou MdBnony» / Mpagn «ZTHPIZQ».

O1 dlopBuoeig TpaypaToToIrBnkav Katémiv éykpiong Tou A.Z. Tou lvoTitoutou EkmmaideuTikiig MoAimkig
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AvopeadaKng Xrolavog
KaOnyntig Hovemornuiov AOnvav

Koatoapyvpng Baociierog
KaOnyntig B/Ouag exmaidevong

Métng Xrépavog
KaOnyntig B/Ouag exmaidevong

Mnpovyovtas Kov/vog
KaOnyntig B/Ouag exmaidevong

Homactavpiong Xtavpog
KaOnyntig Hovemornuiov AOnvav

MoAivlog I'empyrog
KaOnyntig B/Ouag exmaidevong
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umné v aty(da Tou Matdaywyikou Ivotitoltou
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IHHPOAOI0OXY

To Bipiio mov kpatdte oA YEPLA Gag TEPAAUPAVEL TNV VAN TV Mabdnpatikodv,
Onw¢ TPoPAENETAL OO TO TPOYPaUpa GTOVdMV TG OeTikng kot Teyvoroykng
KatedBvvong g I' tééng tov Eviaiov Avkeiov.

To B1piio avtd TponAle amd avaudpemaon tov Bifiiov tov Madnuatikdy g 2ng
Kot g 4ng déounc e I 1aéng tov INevikod Avkeiov kot amoteleitol and dVO
nepn.

¢ To mpdTo PéPOG, Tov Pépet Tov Titho AAT'EBPA, amoteleitor omd dvo kepdaiato.
— To mpoto xepdAioto amotehel po ewoaywmyn ot Otwpio tov [Tvdkov,
n omoio petald GAlov eivar éva epyodeio o tn perétn tov [eopeTpicodv
Metaoynuoticpumv Kot tov [poppikdy Zuetnudtoy, To 0roio LEAETOVTIOL 6TO
010 KePGAILO.

— To devtepo KePdAato €16dyel 6Tovg Mryadukovg ApiBuove, ot omoiot givort
npoéktaon tov lpaypatikov AplBuodv. Ot Mryadikol ApiBpol avokaidednkoy
v mepiodo g Avayévvnong oty mpoondbeln emiivong eflomdoewv TpiTov
Babpod. Opmg, otovg aumveg OV aKoAoVONGAV amodeiyTNKeE 1| LEYAAN onpacio
TOVG Y10, TAPO, TOAAG TPOPANUATO TNG OO ULOTIKNG ETIGTAUNG KOL TV EPOPUOYDV
mg.

To xepdiaio ovtd €xet Anedei amd 1o Piprio tov Mabnpoatikdv OeTikng
Katebtbvvong B” tééng Eviaiov Avkelov tov ocvyypapémv: Adapodmoviov A.,
Biokadovpdkn B., F'afard A., [Toivov I kot Zpépkov A.

e To devtepo PéPog, mov pépet Tov Titho ANAAYXH, amotereital amod tpio KeQA-
Ao

— To mpdTo KePdAaio onuatodotel Eva véo Eexivnua. Eival to mépacpo amd Tig
TMEMEPAGUEVEC TPAEELS OTIG «Amelpeg dladikaciecy. Ta oméppata g EVvvolog Tov
opiov VILAPYOVY ACPAADG LE TOAD GOPN KOl GUYKEKPLUEVO TPOTO GTO YPOTTH TOV
Apyuundn. H avamtuén, Opme, autng g £vvolag £Y1ve 6Ta povia TNG AvayEvvnong
KoL £KTOTE KATEYEL KEVTPIKT BEOM GTOV KOGHO TOV HLOONUOTIKAV EVVOIDV.

Kat’ apydg oto ke@dAuio avtd mapovctaloviol Pactkég — Kot 101 YVOOTEG GTOVG
LaBNTEC — EVVOLEG TV GLVOPTNGEWYV, KOONDC Kot HEPIKES aKOUN POCIKEG EVVOLEG
™G Avdlvong. Ztn cvvexeln e16dyeTal 1 €vvola Tov opiov 610 X R, N évvola
TOV 0pioL GTO +00 KOl GTO —o0 KO STVOVTOL O1 TTLO YOPAKTNPIOTIKES WOOTNTES TOV.
Téhog, divetal n €vvola NG GLVEXEWG LG GLVAPTNONG KOl Topovcldloviot ot
Boacikotepeg 1010TNTEG TNG.

— X710 d€0TEPO KOl TPITO KEPAANLO TOAPOLGIALOVTAL Ol EVVOLEC TNG TOPAYDYOV KOl
TOV OAOKANPAOUOTOC OVTICTOIYMS KOl YIVETAL YPTOT) TWV EVVOLDV CLTAOV G TOAAES
epapuoyéc. H mapdymyoc Kot To oAoKANpmpa eival Katd kdmolo Tpodmo ot dvo
SLPOPETIKEG OYELG TOV 1010V VOLIGHOTOC. X Lo EKPPOCT) TOVG glvar 1) KAlom tng



EPATTOUEVTG Kol TO EUPAOOV, G GAAN 1) TOYVTNTO KOL TO PKOG TNG TPOYLAG EVOG
Kntol KTA.

Av1d 10 BiAio w¢g avBpdmivo dnpovpynua dev ivar téieto. O pdvoc tpdmog
Yl va £(OVUE GTO. GYOAELD oG VOTEPA Amd HEPIKA YPOVIA v KAADTEPO LEGO
ddaokaiiog elvat o viipaAlog kot eAe0BgpOG d14A0YO0G, TOV OTTOL0 1) ETIGTILOVIKY|
apddoon &yl kabepdoel Yoo ardveg Topa. [V avtd 10 AOY0 M GLYYPUPIKY
ouado pe aitepn wkavomoinon o déyetar oydMo Kol TOPUTNPNGES Y10 TO
BPAlo amd omolovonToTE — CLVAdEAPO, Lo 1 GALO TTOAITN — evOlaPEPETOL
vy to nmpota g modeiog. Ta oxdMa Kot Ol ToPUTNPNOEL LITOPOLY VO,
anootélhovior oto Tlawaywywd Ivetitovto, Mecoyeiov 396, 153 10 Ayia
[Nopaockevn.

Ot Xvyypapeic
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OPIO -
2YNEXEIA XYNAPTHXHY

1.1 HPArMATIKOI APIOMOI

To ovvoio TV Tpayuatik®dy oplOuvy

YnevOopilovpe 61t to 6UvoAo R TV mpaypatikdy aptudv anoteleitat omd Toug pnTode
KO TOVG APPNTOVG apBoVG KOl TOPIGTAVETAL [LE To. onpeia evog dEova, oo alova
TV Tpaypuotikov apiuaov. (Zx. 1)

3 e ®

X -5 -4 3 2 -1 0 ! 2 3 4 5 X

a
Pntoi apBpoi Aéyovtat ot apiBpoi mov £xovv 1 HTopohV Vo TaPoLvV T Hopen — , OTOL a,

L axépatot pe f# 0. To chvoro tev pntdv apBpdv cvpPolriletor pe Q. p

o
Q_{ﬁ

YrevBopilovpe 6Tt T0 GHVOLO TOV OKEPOL®V APOLDV EVOL TO

Eivat, dniaodn,

a, B axépaiot pe f# 0}

Z=4{--,-3,-2,—-1,0,1,2,3,...},
EV® TO CHVOAO T®V PUGIKAV aplOUdV givat To
N={0,1,2,3,...}.
INa to ovvora N, Z, Q kot R woydeu:

Nc Z<QcR.

To ocovora N—{0}, Z—{0}, Q —{0} xoux R—{0} ta
ovpporiovpe cuvtopdtepa ue N, Z°, Q" xan R™ avri- z) 0
oTolYMC.
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Ilpaéerg kau oraraén oto R

Y10 ovvoro R tov mpaypatikdv aplbuov opiotnkay ot tpaéelg e tpdcobeong Kot Tov
ToAMam oG oD Kot pe T Borfeid Toug 1 agaipeon kat 1 diaipeot. Ot 1310TNTEG TMOV
TPAEEMV AVTOV gival YVOOTEG 0 PO yoOUeVEG TAEEIC. Xt cLVEXELD OpioTNKE 1) EVvold
™G 014TaENG, Ol 6TTOVOALOTEPEG 1OOTNTES TNG OMolag Elvat oL

1)Av a>f kot >y, 1018 o>y
2y azfa+y>f+y

o= pf<ay>py, 6tav y>0
3) <evd
oa>poy< Py, dtav y<0

Av a2 f Ko y20, torea+y>=f+6
a>f kot y=0
Av Ko , T0TE ay = ffO.
o,p,y,0>0

4)

5)Av a,f>0 kot ve N, 1618 16081 1 160dvvapio:
o>2f<a’ 2pY
6) %20@(@20 kar f #0)
7) Av aff > 0, tote 1oYvEL 1| LIGOdVVOpia
1

1
o2 —<—.

o p

AlocTiuatTo TPAYUOATIKOV ap1OU@Y

® Av 0, €R pe a < f, 161e ovopdlovpe draoTipaTO
pe dxpa ta a, f kabéva amd To TaPaKAT®m GOHVOAL:

(o, B) = {xeRla<x< ﬂ};avouc'r() oGoTnpa

v

=P ™

[a, 8] = {xeR|a<x < B}: KAELOTO drdoTnpo o

[a.p) = {xeR |a<x< B} KAELOTO-OVOLKTO OLAOTI O,

v

=

(@, B]= {xeR|a<x <f}: OVOIKTO-KAEIGTO SLAGTN AL
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e Av a e R, té1e ovopdlovpe pn @poypuéva dSl0GTHRATE PE AKPO TO a Kabévo and T
TOPAKAT® GHVOAL:

(a,+0)={xeR|x>a}

[o,40) ={xeR |x>a} a
(—o,a)={xeR |x < a} ¢ a
(—o,al={xeR Ix<a} ¢ z;

Y7o popon| dteotipatog to cbvoro R 1o cupforilovpe pe (—oo,+o0).

To onpeia evog dtaotpatog 4, mov givat d10popeTikd amd ta kpo Tov, AEYOVTOL E6M-
TEPIKA onpeia Tov 4.

Amrolvty Tiun mpoyuatikov apiuov

H amoéivtn Twpn evog mpaypotikod optBpod a, mov cvpPolriletar pe |al, opiletor mg
edng:

a, av a=0
la|=
—a, av a<0

TeopeTpikd, 1 aLOALTN TN TOV 0 TOPLOTAVEL TV AOGTAGT TOL 0ptOpod a amd To pn-

o la| ®

EVO M AmOAVTN TN TOV & — f TOPIGTAVEL TNV OTOGTACT) TOV APLON®OV o Kol f.

la—p| @

Py >

X 4 3 p-=2 -1 0 la 2 3 4 «x

Mepikég amo TG factcég 1010 Tes TG omOALTNG TING glvat ot eENg:
1) |a’=a® 2) Vo’ =|a|

a

B

_lal

3 =la|- 4
) lap|=lal|B] ) B

5) [lal-IBl|<la+Bl<|al+| Bl 6) |x—x,|<d < xy—d<x<x,+6, >0
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E®PAPMOI'H

Na ypa@odv vrd popen d10eTipaTog | EVOSNS S100TNRATOV T GUVOLX:

)] A:{X|££1} i) A:{X|l—2<1}.
X X
AYZH
i) Eivat 1 1
—<1l0<L1-—
X X
<:>0£X—_1
X

S X(X=1)>20 ko x=0
S x<0fgx=>1

Apa A= (—0,0)U[l,+0).

ii) Etvo 1 1
—-2kle-1<—-2<1
X X
1
ol<—<3
X
1
1> X>—.
3
Apo A—(l lj
p 3

1.2 XYNAPTHXEIX

H évvoia tng mpaypuatikyg covaptions

H évvoia g cuvaptnong elvat yvooty| amd Tponyovpeveg TAEELG. TNV TOpAypapo 0VTY|
vrevBopilovpe Tov optopd TG TPOYUATIKNG GUVAPTNONG [E Tedio OPIGHOV €Va VTTOGV-
volo tov R, emavarappavovre yvootés £vvoleg Kat T€hog opilovpe mpdEels peta&d tov
TPOYLOTIKOV GUVAPTNGEDV.
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OPIXMOX

‘Ecto A4 éva vrocvuvoro tov R. Ovoudlovpe TPpaypatiki cuvaption e medio
oplopov 1o A o drdikacio (kavova) T, ue v onoia kéOe otoygio x € 4 avti-
ototyiCetar o€ évo uovo mpaypatikd opdud y. To y ovopdleton Tyui e f oto X
ko ovpPBoriCeron pe F(X).

INo va ekppdooviie T dtadikacio avTn, YPOQOLLLE:

f:A>R
x— f(x).

— To ypdppo X, mov mapiotével omolodNmote ototyeio Tov A Aéyetor aveEapTnTn peTo-
BT, evd to yphppa y, mov maptotdvel v T g f oto X, Aéyeton Eaptuévy
petafinty.

— To nedio opiopov 4 g cvvaptnong f cvvnbwg cvuPforileton pe D,.

— To obvoro mov et yia ototyeio Tov Tig TiéG TG T og OAa ta x € 4, Aéyeton 6hvodro
Tipdv g T ko cupPforiletar pe f(A). Eivar dnhodn:

F(A)={y|y=f(x) yaxdamoo x € A}.

MMPOXOXH
Yta enopEVa KL 6€ OAN TNV ékTooT TOL BifAiov :

— Oa acyoAnHovE LOVO [le GLVAPTNCELS TOV £XOVV TTESI0 OpPIGLOD ddeTRa 1) éveon
oluoTNRATOY.

— Orav Ba Aépe ot “H ovvéptnon f eivan opiopévny ¢’ éva odvoro B”, Ba evvoodpe
0TL 10 B glvat vmocvHvoro Tov Tediov oplopol TS, NV mepintwon avti pe f(B) o
ovpporiCovpe To oOvoro Twv Tipndv ¢ f o k4be x € B. Eivor dnAadn:

f(B)={y|y=f(x) yw «dmoo x € B}.

2vvrouoypagpia covaptTyons

Eidape mopomavo 0ty va oplotel puo cuvapton f apkel va do0obv 0o otoryeio:

® 70 1edio OpIGHOD TNG KoL

® 1 TN ™G, f(X), yio kéBe X Tov mEdiov 0PIoUOD TNG.

Sovibog, dpmg, avaeepdpacte o€ po cuvaptnon f divovtog pévo tov tomo pe tov
omoio ekppaletat 1o f(X). Ze o térota mepintmon 8o Gewpodue ovufatird 6TL TO TEdIO

optopov g f ivat 1o 6HVOAo OA®V TV TPOYHATIKOV 0pBU®OV X, Y10 TOVG 0T0I0VG TO
JX) éxervonuo. Etot, yio mapdderypa, avti va Aépe “divetain cuvapton f:(—x0,2] >R,
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pe f(x)=+4-2x7 0a Aépe “divetan n ovvaptmon f pe omo f(x) =v4-2x " 1, mo
amhd, “divetor n cuvaptnon f(x) =+4—-2x 7, 1 “divetar n cuvapmon y =v4-2x 7.

EPAPMOI'H

Moo givar To medio opropod g svvaptnong f pe tomo:

i f(x):—”‘z‘x?’x+2 i) £(x) = VI-Inx

AYXZH
i) H ouvaptmon f opiletan, 6tav kot povo otav
X*=3x+2>0 xat x#0.

To tpidvopo Opog X> —3x+2 &gl pileg toug apuovg 1 ko 2. 'Etol, n avicoon
X* —=3X+2>0 aknbevet, 6tav kot povo dtav

X<1n x=2.
Emopévag, to medio opiopod mg f givar to ohvoro A= (—0,0) U (0,1]U[2,+0).
i) H ouvaptmon f opileton, 0tav kot pdvo 6tav
1-Inx>0.
Eivat 6pmg
I-Inx>20 < Inx<1

< Inx<lne
< 0<x<e.

Emopévmg, 1o medio opiopov g f eivar to ohvoro 4 = (0, €].

I'pagikiy wapdotacy covaptyong

‘Eoto f o cvvaptnon pe nedio opiopod 4 kot OXy €vo cOoTNUe GUVIETAYUEV®Y GTO
eninedo. To ohvoro TV onueiov M(X, Y) yio ta omoia toyvetl Y = f(X), dnAadn to cHVOAO
tov onueiov M(X, f(X)), x € 4, Aéyetar ypagikn wapdotacn g f ko copforiletan
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cuvifog pe C,. H eficoon, Aoutov, y = f(X) emoknBedeton povo omd ta onueio mg C,.
Emopévag, ny =f(X) ivorn eicwon g ypagikig tapdotaong mg f.

Eneidn kabe x € A avriotoyyiletar og éva povo Yy € R, dev vmdpyovv onpueia g ypo-
eumg mapdotacng ™me f pe my 8o tetpumpévn. Avtd onpoaivel 0t kébe KatakdpLEN

evleia el pe ) ypaeikn topdotacn g f 1o mold éva koo onueio (Xy. 7a).

"Etot1, 0 koKhog dev amoteAel ypapikn Tapdotact cuvaptnong (Xy. 7p).

VA y @
C C
4
T |
Cihnrandil T
(@) ")

Ortav divetar 1 ypagkn napdotacn C, pag suvapmong f, tote:
a) To nedio opiopov g T eivat To 6VVoro 4 TV TETUNHEVOY TV GNUEI®V TNG C,.

B) To cvvoro tipdv mg f eivar to chvoro f(A) Tov tetaypévav tov onueiov mg C,.

v) Htym g f oto x, € 4 eivaun tetaypévn tov onpeiov topng g gubeiog X = X, kot
mgs C; (Zx. 8).

V2 o7

Orav diveton n ypagikn napactacn C,, g sovapmmong f umopovue, eniong, vo oyedt-
GOOVUE KAl TIC YPUPIKES TAPACTACELS TV cuvaptioemy — fxat | f|.
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a) H ypaoum mapdotacng e cuvaptnong ¥ @
— f eivar ovppetpixn, og mpog tov déova AN B
x'x, ™G Ypapng Tapdotaong g f, ywori e y=/)
amoteheitan and ta onueto M' (X, — (X)) \\ :
oV gtval cLPUETPIKA TV M(X, (X)), ©g \\ T
npog tov G&ova x'x. (Zy. 9). 0 /\\ :y R X
S \\
M{x,~/(x)) \
/ ‘\y=—f (x)
B) H ypogum napéotacn g | f | amote- N y
Aefton amd ta tpfpata g C, mov Bpi- AN /
oKovTaL Thve omd Tov GEova x'x ko ard V=T [y=1)
TO GUUUETPIKA, MG TPog Tov dova x'x, \\
v tunudatov g C, mov Bpickovrat \
kGt and Tov afova avtdv. (Xy. 10). o

/

Mepixég faoikés ovvaptijoels

2TV mapdypapo ot SIVOLLE TIG YPOPIKES TUPOCTACELS LEPIKOV BUCIKAOV GLUVOPTHOE-
@V, TIG OTOIEG YVMPICALE GE TPONYOVUEVES TAEELS.

H molvovopkn cvvaptnon f(X) = ax + .

y

7

N

/0

a>0

a<0

N

H molvovopki svvaptnon f(X) = ax’, a # 0.

a>0

a<0
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H molvovopki ovvapton f(X) = ax’, a = 0.

y y ®

Q
=y
Q
=

>0 a<0

H pnt svvaptnyon f(x)= %, a=0.

Y

<

y =

>0 a<0

O cvvapticeg f(X)=~/X, g(x)= JIX].

y=+/x y=y/la

\/;,x<0
Jx »x20

KAGdovg. O évag eivar 1 ypapikn Topdotacn g y = Jx Kot 0 GAAOC 1) GUHPETPIKT TG
®¢ TPog Tov GEova y'y.

Eneidn g(x) ={ , M YPOOIKN Topdotacn g y =+/| x| amotedeitan amo 600
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O tpryovikég cvvaptiosic: f(X) = nux, f(X) = svvx, f(X) = gpx.

"
1
""" T~ """""‘E;;’“‘(<:"""':
A AN N
. y=nux
4

—m/2

Jy=epx

X

(a)

s

(7

YrevOopilovpe 011, o1 cuvaptnoelg f(X) = nuX kat f(X) = cuvX gival TEPLOSIKES [E
nepiodo T'=2x, evd 1 cuvaptnon f(X) = epX eivor teptodikn pe mepiodo 7= 7.

H gx0gtikf sovaptnon f(x) = a*, 0<a=1.

@)

Y y
ay--
]
]
1 I 1
]
_/ : ar--=
. 7y >
o0 1 X (0] 1 X
(a) 0<a<l 02
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YnrevBopilovpe ot

ava>1, Tote: @' <@ S x, <X,
EVO
av 0 <a<l1,1éte: " <a? Sx, >x,.

H LoyapiBpikn cvvaptyon f(x)=log x,0<a =1

y y

o> 1 () O<a<1 0]

Yrevoopiloope ot

1) log, x=y=a’=x 4) 1og,(x1x7) = log,x; + log,x;

X

2) log,a” = x Kol &« =x 5) Ioga[ j:log{,xl —log,x,

2
3) log,a =1 kat log,1 =0 6) log,xf = xlog,x,
7) ava > 1, TOTE: log, x,<log,x, < x; <X,

EVW

av 0 < a <1, T0T€: log ,x, < log ,x, < X, > x,.
8) a* = ", agol a = .
Ot mopomdve TOTOL WYHOLV e TNV TPoHIOHEsT OTL TO. XPNCILOTOLOVUEVE GOUPOAN
£€XouvV VoM UaL.
Me 1t Ponbela TV TOPUTAVO YPOPIKOV TUPUCTACEDY UTOPOVLE VO OXESLICOVUE TIG

YPOPIKEG TOPACTACELS €VOG LEYOAOV aplBlod GuvVapTNCE®Y, OTWOG GTNV TOPUKATHD
EPAPUOYN.



22 1 OPIO —XYNEXEIA XYNAPTHYHX

E®APMOI'H
No TopacTNoETE YPOUPIKA KAOE pLo amd TIS TOPUKATO GUVUPTNGELS:
. . 1 1
i) f(x)=Ix], ii)g(X)=—, dii)h(X)=—F.
[X| |x—1
AYZH
1) ApyiKd TOPIOTAVOVLLE YPOPLKE TN GLVAPTNON 1 \
p(X) = X xa énerto v T (X) =] (x) |. /
y=Ix| /. y=x
4
7
4
/ L
/‘ (@] X
/
/
7/
7
/7
7
7/

il) ApyKG TOPIGTAVOLLE YPAPLKE TN GUVAPTN-

1
ong(x)= — ko émerto v g(x) = @ (x) .

i) Emedn h(x) = g(x — 1), n ypapikn wopd-
otaomn ™G h TPoKVHTTEL, 0V LETATOTIGOVE
™ YPOEKN Topdotocn TS g katd pio
povéda Tpog ta 6e&1d.

Iootyta cvvaptijeewv

‘Eoto ot cuvoptioeig:

3
X X

+
X2 +1

J(x) =

Kot g(X)=X.
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[Hopatnpovpe otL:
— ot ovvaptoelg f kot g éxovv koo medio opiopod 0 chvoro A = R kot

—y10. k@0e x € 4 1oyvel f(X) = g(X), apov
X +x _ x(x* +1)
x> +1 x> +1

J(x) =

Yy mepintowon avt Aépe 6tL ot cuvaptioelg f kot g givon ioec. Tevikd:

=x=g(x)

OPIXMOX

Abo ovvaptioelg f kon g Aéyovron ieeg Otav:
® &yovv o 1010 Tedio optopov 4 Kot
® vy kGbe x € 4 wydver f(X)=g(X).

TNa va dnidoovpe 6tL dvo cuvaptoelg f kot g givon ioeg ypagovpe f = g.

‘Eoto topa f, g 600 cuvaptioeig pe nedia
opwopo¥ 4, B avtictoiywg kot I éva vmo-
obvoro v 4 Kot B. Av ywo kGbe x € I”
woyvet f(X) = g(X), tote Aépe 611 01 GLVApP-
moelg f kol g givar ioeg 610 cuvoro I
(Zx. 22)

yl

I'o mopddetypLo, ol GLVOPTHGELG ol

x -1 Xt +x

S(x)= Ko g(x) = P

x—1

7ov £yovv medio opiopov ta ovvora A=R —{1} ko1 B =R —{0} avtictoiymg, eivon ioeg
oto ocbvoro I' =R —{0,1}, apov yia kabe x € I 10ydel

fX)=g(xX)=x+1.

lIpdéeis ue oovaptyoels

‘Eoto ot cuvaptioelg
J@=N1-x, g)=x

Kot ot

0,(x) = V1—x +/x, () = V1-x —x, 0,(x)= V1—x -V/x, ¢, (x) = “f/:x :
X

[oapatnpovpue Ot

a) To nedio opiopod twv ¢,, , Kot ¢, eivar o chvoiro [0,1], mov eivor ) Topr| TV nedinv
optopod A=(-,1] kar B =[0,+0) tov f, g, eved 10 Tedio opiopov g ¢, stvor 10
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ovvoro (0,1], mov givar 1 Topn TV A, B ov e£pECOVLLE TOL X Y10 TO. 0Toia 1oyOEL g(X)
=0, kot

/)

glx)

Tig cuvapticelg ¢, @, @, Ko @, T1c Aéue GOpoioua, Sapopd, Yvouevo Kat mnAiko
avtiotoiyws tov f, g. Fevikd:

B) 0,00 =F(X) + (%), 0,(x) = £(X) = g(X), 95(x) =F(X)9(x), 9, (x) =

f
Opilovpe wg aBpowspa f + g, drogopa T — g, yivopevo fg ko anriko T dvo ocuvva-
ptoeov f, g TiIc cuvaptioelg pe THTOLVG

(F+9)00 =100 +9(x)
(f=9)() =f(x) -9
(f9)(x) =f(x)g(x)

FAPNINI6))
(gj(x) g(x)

To nedio opiopov twv f+ g, f — g kot fg sivar n Tou 4N B 1wV 1edinv opiopod 4 kot

B towv cuvaptioewv f kol g avtictoiyme, evd to nedio opiopod g — egivarto 4N B,
g
e&UIPOVUEVOV TOV TIL®V TOL X Tov UndeviCouvv tov mapovopastn g(x), dniadrn to chvoro
{x|xed ko xe B, pe g(x) =0}

2vvOeon ovvaptijcewv

‘Eoto n ovvaptnon ¢(x) =~+x—1 H tipn g ¢ oto X unopet va opiotei og 600 pacelg
oG &NG:

a) 210 X € R avtictoyifovpe tov aptBpd y = X — 1 Kot ot cuvéyeto

B) oto y = X — | avtictoyilovpe tov apBud \/; =+/x-1, gpdoov y=x—1>0.

&of D)

N

b y=x—1 \/; =4/ x—1

1 dwdkacio ovt epeavilovtal d00 GLVOPTHCELS:
a) 1 f(X) =x — 1, mov €xet medio opiopov to civoro A=R (o pdon) kot
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Byn gy = \/;, 7oL £xEl TEdI0 0plopoD T0 6GOVOAO B =[0,+0) (8" pdon).
‘Etot, n Ty g ¢ 6710 X YpaeeTol TEAKG
9(x)=9(f(x).
H ovvapton ¢ Aéyetan advleon g f e v g ko copfolrileton pe go f.

To medio opiopov g ¢ dgv givar 0OAOKANPO T0 TEdI0 opiopov 4 g f, odhd mepropi-
Cetonota x € A4 yo ta omoia 1) T f(X) avikel oto medio opiopod B g g, dniadn
gtvat to oovoro A =[1,+0). I'evicd:

OPIXMOX

Av f, g elvon 600 cuvaptioelg pe medio opiopod A, B avtictoiymg, Tote ovoudlovue
oovOson g f pe v g, kot ™ cvpPorilovpe pe go £, T cvVApTHON LE TOTO

(go/)x) =g/ (x)).

To medio opiopod g go f anoteleitol omd OAa Ta. 6TOYELD X TOV TTESiIOV opiopov g f
v ta omoia To f(X) avikel oto medio opiopo g g. Aniadn givat To chvoro

A ={xed|f(x)eB}.
Eivot govepd 6tim go f opiletarav A # I, nhad av f(A)NB #D.

IMPOXOXH

311 cvvéyeto Kol o€ OAN TtV éktacn tov BiAiov, Oa acyoinboldue poVo e GUVAPTNOELS
7OV 01 GLVOEGELG TOVG EYOVV TEDIO OPIGHOD SLAGTNNE 1) EVOGT SLUGTNHUATOV.

EPAPMOI'H

"Eoto ot suvapticels f(X) = Inx kan g(X) = JX. Na Bpeite T ovvapTI|OEIG:

i)gof i) fog.
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AYZH
H ovvapmon f &gt nedio opopod to D, = (0,+x), evon g o D, =[0,+0).
1) IN'a va opiCeton n tapdotacn g( f(X)) npénet:

xeD, Ko f(x)eD, (1)

x>0<:> x>0<:> x>0<::> 1
x>1,
f(x)=0 Inx>0 x>1

dnhadn mpémer X 1. Emopévac, opiletonn go f kot eivon

1, 160dHVaLaL,

[\

(g0 Hx)=g(f(x)) =g(Inx)=+/Inx, yra k@Be X €[1+0).
il) o va opileton n mopdotacn f(Q(X)) mpémet:
xeD, ko g(x)eD,

1, 160dVVOLLAL,

x>0 x20 x>0
= = < x>0,
g(x)>0 Jx>0 x>0

dnAadn mpémer X > 0. Enopévaog, opiletonn fog kot eivol
(fo2)x) = f(g(x) = f(¥x) =Inx, yi0 k60 X € (0+00) .
YXO0AIA

® YV mapanave epoppoyn mapatnpodue ot go f = fog. Tevikd, av f, g ivan dbo
oLVOPTAGELG Kot opilovTot ot go f Kot fog , T0TE QVTEG JEV €IVl VTOYPEWTIKG
ioec.

e Av f, g, h eivon tpeic ovvaptioelg kot opiletan m ho(go 1), tote opileton xou 1
(hog)o f kat oydel

ho(go f)=(hog)ef.

Tn svvdptnon avt ) Aépe ovvbeon tov f, g kat h kot ™ cvpPorilovue pe hogeo . H
oLVOECT] GLVOPTICEMY YEVIKEDETOL KO Y10 TEPIGCOTEPEG OO TPELG CUVOPTNOELS.
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AXKHXEIY
A" OMAAAX
1. ITowo ival o mEdio OPIGHOD TV TOPAKATO GUVAPTHOEMYV;
) == i) f)=Ye-T442ox
x —3x+2
2
i) f(x)= 1 iv) 100 = In(l - &)
X

2. T moteg Tyég Tov X € R 1 ypogikn mopdotacn tng cuvaptnong f Ppioketon
mive amd Tov dova x'x, OTov:

D) f(X) =2~ 4x + 3, ii) f(x)zi-’-—x, iii) f(x) = e — 1.
—X

3. T moteg Tyéc tov X € R M ypagikn mapdotacn g cvuvaptnong f Bpioketat
Ve omd TN YPOPIKY TAPACTAC TG CLVAPTNONG g, dTOaV:

f(x)=x+2x+1 Ko g(x)=x+1
i) f(X) =X’ +x -2 Ko g =x"+x-2.

4. Ot avOp@moAdyoL EKTIHODY OTL TO VYOG TOL OvVOPOTOL diveTal amd TIG GLVO-
PTNOCELG:

A(X) = 2,89x + 70,64 (yio. Tovg Avdpeg) Ko
I(x)=2,75x + 71,48 (yuwr T1g yovaikeg)

OOV X 0€ EKOTOGTA, TO UIKOG TOV Ppayiova. Xe pio avackaen Bpédnke éva 06td
ano Bpoyiova pnkovg 0,45 m.

o) Av TpoépyeTotl amd Gvopa, oo NTAV TO VYOS TOL;
B) Av mpoépyetar amd yuvaika Tolo fTav To HYog e,

5. ZOppa pnkovg £ =20 cm k6Petor 6e HV0 KOPPATIO e uiKn X cm Kot (20 — X) cm.
Me 1o mpdto Koppdrtt oynuatitovpe TETpaymvo Kot e TO dVTEPO LGOTAEVPO
tpiywvo. No Bpeite to d0poiopa Tmv epfaddv Tav 300 GYNUATOV ¢ GUVAPTN O

TOL X.

6. No mopocToETE YPAPIKA T GLVAPTNON:
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) S =ler, i) /() =xx1,
Cmx+3 0, x<d .
iii) f(x) = el , x21 iv) f(x)=|Inx]|.

Kot oo ) ypogikh Tapdotacn va tpocdiopicete To 6Ovoro tov Tudv g f
o¢ kabed mepintmon.

7. Na g€etdoete o€ moleg omd Tig TOPAKAT® TepuT®oelg sivan f = g. Xtig nept-
ntdoelg Tov givar T # g va mpocdiopicete To eupHiTepo duvaTd VITOGHYOLO TOV
R o710 omoio 1oyver f(X) = g(Xx).

) )=V g =(Vx)

ii) f(x)=# Kat g(x):l—L
X"+ x| | x|
) )= war g(x)=+/x+1.

Jr-1

8. Atvovtotl o1 GuVapPTNGELG
X

f(x)zl—i—l Kot g(x)=——.
X l1-x

Na Bpeite 116 cuvaptioeg f+g, f—g, fg ko i .
g
9. Opolwg Yo TIc GLVAPTACELS
1

£ =Vx+— xm 8= -

N

10. Na mpocdiopicete T cvvépmmon go f, av

) f(x) =X kon g(x) =+/x, ii) f(X) = nux kaw g(x) = 1— x>

i) f(x) = % Kot g(X) = eQX.

11. Aivovtou ot suvaptioetg f(X)=x"+ 1 kat g(x) = vx—2. Na npocdiopicets Tic
cLVaPTAOELS go f Kol fog.

12. No exepdoete ) cuvdptnon f og cdvBeon dV0 1) TEPIGCOTEPMOY GLVOPTICEDV,
av
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i) f(x) = e + 1), ii) f(x) = 2 3% + 1

iii) f(x) = In(e” - 1), iv) f(x) = nu’(3x).

B OMAAAX

1. No mpocdiopicete ) cuvaptnon f g omolag 1 YPUPIKN TopdoTooT] lvat:

y by by

Lo

i)

iii)

—

y =

o—b

4 x

—
i
1

I
I
4
3

,_._______
o ——

. "Eva kovuti kKoAvdptiod oyfuatog £xet aktiva Péong X cm kat 6yko 628 cm’. To
VAKO TOV Bacemv KooTilel 4 AemTé TOL EVPM AV cm’, EVEA TO VAIKO THG KUAV-
dpucng em@dvetog 1,25 Aemté tov evpd avd cm’. No eKkppacETe T0 GUVOMKO
KO0TOG G cLvapTNomn Tov X. [16c0 KooTilet £va kovtl pe aktiva Bdong 5 cm;

E A

. 210 dumAavo oynpo elvat AB =1,
AI'=3 ko IA = 2. Na ekppdoete
70 eUPAdSV TOV YPOULLOCKIOGLLE-
vou Ympiov ®G GLVAPTNGCT TOL
X =AM, 6tav to M doypdost 1o
evBvypappo tpuqpo A7

. '‘Eva. opfoymdvio KAMN vyovg X
cm etvon gyyeypoppévo og éva
tpiyovo ABI" Baong BI'= 10 cm
Kot Vyoug A4 = 5 cm. Na k-
opaoete 10 guPadd E Kol v
nepipetpo P tov opboymviov mg
GUVAPTIGN TOV X.

5. No mapaoctioete ypapikd tn cuvaptnon:
[x+1]+]x—1]

) f(x)= 5

ii) f(x) =’W, xe[0,27].
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Amo ™ ypaikn mapdotoon g f va mpocdiopicete T0 6UVOLO TIHOV TG o€
KaBgd mepintwon.

6. Na Bpeite cuvaptnon f1éton, dote va woydet:
i) (fog)(x)=x>+2x+2, 710 k40 X R, av g(X) =X + 1
i) (fog)(x)=v1+x*, yia kébe X eR, av g(x) =— X’

iii) (go f)(x) =|ouvx|, yia kéBe X R, av g(x) =+1-x>.

7. Aivovtar ot cuvaptioelg f(X) =X+ 1 kot g(X) = ax + 2. T'lo oo, Ty Tov aeR
oybel fog=gof.

8. Atvovtotl o1 GuvapTHoELS:

f(x): O;ijﬂ usﬂi—az Ko g(x)=x—2\/;+1,

a b
Noa amodei&ete 0Tt

a) f(f(x)) =X, yakébe x e R —{a} xu

B) g(g(x)) =X, yukébe x [0,1].

9. Ot ToAe0dOLOL [10g TOANG EKTLLOVY OTL, OTav 0 TANBLGLOG P g TOANG eivar X

eKaTOVTadES YMbdeg dtopa, Bo viEapyovy oty TOAN N =104/2(x” + x) yhddeg
avtokivnta. ‘Epevveg deiyvovv Oti o t €11 omd onuepa 0 TANBVGHOG TNG TOANG

Bo elvan \/E + 4 ekoTovTaoEg XIMASES GTOHOL.
1) Na ekppdoete tov apBpd N 1oV avToKIVATOV TG TOANG ™G GuVAPTHON ToV L.

it) ITote Ba vdpyovv oV WOAN 120 Y1ddeg avtokivnTa;

1.3 MONOTONEZX XYNAPTHXEIX -
ANTIZXTPO®PH X*YNAPTHXH

Movorovia covapTnong

EE N3

e Ot évvoleg “yvnoimg avéovoa cvvdptnon”, “yvwnoiong ebdivovca cuvaptnon” sivol
YVOGTEG 0O TPONYOUHEV TAEN. ZVyKeKPEVa, Labaple OTL:
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OPIXMOX

Mua cuvépmon f Aéyston'”:
® YVN6img 00E0v60 G’ Eva d1d ot i o A Tov TESIOV OPIGHOY TNG, OTAV Y10, OTTOL0L-
mmote x,,x, € 4 pe X, <X, woydst:

f(x,) <f(x) Cx. o)
e yvnoing @Bivovoa ¢’ éva didotnua A tov wediov opiopod g, OTav Yo
OTOWONTOTE X, , X, € A PE X, < X, 1oYVEL:

f(x,) > f(x,) Ex. B)

INa va dnhdoovpe 6t n f eivar yvnoing avéovoa (aviiotoiyng yvnoing edivovoa) oe
éva drdotnpa 4, ypagovpe f 14 (avtictoiywg f |4).

/
o wapddetypo,  cuvapmon f(x) = x*: Y

— glvar yvnolog advéovca oto [0,+0), apol

v 0 < X, < X, éqovpe Xl2 < Xzz, dnhadn \ /‘
f(x) <f(x)

y=x'

— eivat yvnoiong ebivovca oto (—,0], apol

e X <X, £0 &ovue 0<-X, <—X, omdte 0

0<% <X, nhadn

f(x,) >f(x).

Av i ovvaptnon f eivar yvnoiog avéovoa 1 yynoing pdivovca ¢” éva didotnua 4 Tov
nediov optopov g, ote Aépe 6t f givon yynoimg povétovn oto A. Xty nepintmon
7oL 10 medio opiopov g feivan éva ddompa 4 koun f eivar yvnoing povotovn 6” avtd,
tote Ba Mépe, amhag, otin f givarl yynoimg povotovn.

1 . . .
M Mo cuvaptnon fAéyetatl, animg:
e a¥Eovoo G’ £vo dtdoTnua 4, 6TaV yio OTOlAdNTOTE X, X, € 4 pe x; < X, 1oy vEL
S S (x).
e pOivovoa ¢’ éva dtdotnua 4, 6tav ylo 0OTOWONTOTE X, X, €4 pe x| < X, 1oYVEL

Sz f(xy).
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Akpotara covapTnong

Otévvoteg “péyloto”, “ehdyloto” GUVAPTNOTG EIVOL KO QVTES YVMOTES Otd TPOTYOVUEVEG
Ta&elg. Xvykekpipéva, pabogle ot

OPIXMOX

Mia cvvaptnon f pe medio opiopod 4 o Aépe ot

e Tlapovoialel 6to X, € A (0Akd) péyreto, o f(X,), 6TaV
f(x) < f(x,)naxabe xe 4 (Zx 27a)

e TTopovcialel 610 x, € A (ohko) ehdyroTo, To f(X,), dtov

f(x)= f(x,) yiwkabe x e 4 (Zy. 27p).

I
I
I
I
|
0] Xo X

INo mopdderypo:
— H ovvéptnon f(x) =— x>+ 1 (Zy. 28a) mapovciélet péyioto oto X, = 0, to f(0) =1,
apov f(x) < f(0) yio kébe X eR.

— H ovvapmon f(x) =|x—1]| (Zx. 28B) mapovcidlet erdyioto oto X, = 1, 0 f(1) =0,
apov f(x) = f (1) ywxdade x eR.

y‘k

1
/\1:—)(2+1
0 %

(@) )
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— H ovvapmon f(x) = nux (Zy. 29a) mopovoidler péyioto, 0 Yy = 1, og kabé-

. ; T , . . ;
vo and To onpeio 2k7r+5, k € Z ko ehdyioto, 10 Y = — 1, og kabéva omd to onpeio

2k7r—%, keZ,apob -1 <nux <1 y1a kébe X eR.

— H ovvéapmon f(X) = X (Zy. 29pB) dev mapovcidlel ovTe PEYIGTO, 0VTE EAGYIOTO, POV
elvar yynoing avéovaa.

1 y=npx y=x

—m/2 3n/2 /T\ X (0] X
0 w2 7\1/27: sn2

(@ B

Onwg eidape Kot 6To. TPONYOVHEVO TOPAdElYOTE, GAAES GUVOPTIGELS TOPOLGLALOVY
povo Léyoto, GALEG HOVO eAdylOTO, GAAEG KOl LEYIOTO KOl EAAYIOTO KOl GAAEG OVTE
péyoto 00TE EAAYIOTO.

To (0MKd) PéEY15TO KOt TO (0AKO) EAGYLOTO Uit CLUVAPTNONG [ AEYOVTOL OAMKE OKPOTATA

mg f.

2vvaptyon 1-1

1
‘Ecto 1 cuvaptnon f(x) = —. Hopoatnpodue 61t yio
X v
onoladNmoTe X , X, # 0 16x0eL 1| GLVETOYWYT:

“AV X, # Xy, 1018 T (%) = F(X,)7, S

7OV GNUAivel OTL: J(x2)

“To Swapopetikd otoyeio x,,x, € D, &ovv nhvtote
SL0POPETIKEG EKOVES”.

1
Adyo g tedevtaiog 1idmTogn cuvapton f(x) = —
Aéyetar cuvaptnon 1-1 (éva mpog évar). Ievicd:

OPIXMOX

M cvvaptnon f: A — R Aéyeton suvaptnon 1-1, 6tav yio omotodnmote X, ,x, € 4
1GYVEL 1] GUVETOLY®OYN:
av X, # X,, 10te f(x) = f(x,).
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Me omaywyn 6€ GTomo amodetkvoeTat OtL:

Mua cuvépmon f: A — R sivan suvaptnon 1-1, av kot pévo av yio. omotadnmots
X,, X, € A 1oydel | cuvenayyn:

av f(x,) =f(x,), t6t€ X, = X,.

"Etot yio mopadetypo:

— H ovvapmon f(X) = ax + B, ue a= 0 givon cuvapmon 1-1. (Zy. 31a, B)

Ay ‘y @
f(xZ) ﬂ T T
O i L
0] / X X2 x; x % ;Cl )ICZ x
/
(@) 7 »

agov, av vrobécovpe o1t (X)) = f(X,), T0TE £Y0VpE Srd0) KA

ax1+ﬁ:ax2+ﬂ

0xX, = &x,
X, = X,.
— H ovvapmon f(x) = f dev givar cuvaptmon 1-1 (Zy. Y @

31y), apov f(x,) =1f(X,) =f yia onowadnmote X, X,eR. \ y=x?

— H ovvapmon f(x) = X* (Zy. 32) Sev eivon cuvépon
1-1, agov f(~1)=1f(1)=1 av ko sivon —1 = 1. S S

XXOAIA

|
-
-2
=

®  AndTOVTapATAVE OPIGUO TPOKVTTELOTL IO GLVAPTNON
feivon 1-1, av Ko povo av:

— T kabe oToygio Y tov cuvorov TV g N e&lomon f(X) =Y &xet axpifdg o Ao
®G TPOG X.

— Agv vdpyovv onueio ¢ YPOPIKNG TG mapdoTacns pe TV idwo TeTaypévn. Avtd
onuaivel 61t kabe opilovtia gvbeia tépvel T ypoeikn topdotacn g f 1o mold oe

éva onpeio (Zy. 33a).

® Av Lo cuvaptnon sivat olwg povotovn, Tote TPoeavame, eival cuvaptnon "1-1".
&
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"

y

Q)

A/\B
i :\___

/

/ 0 X -

cuvapton 1-1

‘Etot, ot ovvaptioelg f(X) = ax + f, a=0, £,(X) =
o', a 20, f,(x) =00 <a=1xu f(X)=logx, 0
< a # 1, gtvar ovvoptmoeig 1-1. Yrdpyovv, oumg,
ovvoptioelg mov givar 1-1 aAld dev elvar yvnoing
LLOVOTOVEG, OTLMG Y10l TOPASELYLLOL 1] CLVAPTNON

, x<0

9(x) = (Zx. 34).

X | x

AvtioTpoon covaptyon

e '‘Ecto o cvvapmnon f:A— R. AvvrnofBéocov-
pe ot avt givon 1-1, tote Yoo K4Oe otoryeio y
0V 6LVOAOL TV, f(A), Tg f vEdpyetl povadikd
otolyeio X Tov mediov opiopov TG 4 Yo To omolo
woyvel f(X) = y. Enopévog opiCetar pio cuvapn-
on

g:f(A)—>R

pe v omoia kéBe y € f(A) avriotoryiletar oto
povadikd x € A yio to onoio woyvel f(X) =y.
Ao tov TpOTO IOV 0picTNKE N § TPOKVTTEL OTL:

— &ye1 medio oplopov to ovvoro Tipmv F(A) g
f,

— &yel ohvoro TV to medio opiopov 4 g f
Ko

— oYVEL N loodvvayLio.:

)=y < g(y)=x.

X1 o

X2 X

ouvaptnon oy 1-1

yl

y=g(x)

y=fx)

4
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Avtd onpaiver 6t1, av n T aviotoyiler o X s A
010 Y, T0TE 1 g avriotoryilel T0 Y 61O X Kot

avTioTpOO®S. AnAadn n g etvar n avtioctpoen %

dadwkacio g f. T 1o Aoyo avtd 1 g Aéystan

avtiocTpoen cvvaptnen g f kot cupPfolriCetar ' '
8

e f 1. Enopévac éxovue

f®=ye f(y=x

omote

A =x,xeA xa  fUTYN=y, yef(A).
o mapddeypa, ot n ekbetikn cvvaptnon
f(x) = &*. Onog etvar yvooto 1 cvvapnon outr R (0,+00)

eivar 1-1 pe medio optopov to R kot cOvoro
Tipdv 10 (0,+0). Enopéveg opiletor n avti-
otpopn cuvépmon f ' g f. H ocvvdpmon
OTI, GOUPOVO e 000, EITALE TPOTYOVUEVKG,

— ¢&yeLmedio optopov to (0,+ )
— &yet ohVoAo TdV 10 R kot
— avtiototyiler kabe y € (0,+00) oto povadikd X € R yio to onoio woyvel o' = y. Enedn
OLmG

o=y x=log, y

0o eivar £ '(y) = log,y . Emopévag, n avtictpoen g exbetikng cuvapmong f(X) = o,
0 <a #1, eivon n AoyapOuikr| cuvapnon g(x) = log X. Zuvenmg

loga'=x,xeR  km & =x, xe(0,+)

® Ac mapovpe tmpo o 1-1 cuvaptnon f xon

ag Bempnoovpe Tig Ypapikés mapactaoelg C kot I M(a.p) @
C'tov f xar g ' 610 1810 cOoTHA BEOVEOV =
(Zx. 37). Enedn <

M{(B,a)
f@=y e 1 0)=x, X

av éva onueto M(a, f) ovikel otn ypaeikn x>
napaotacn C g f, tote 10 onueio M'(f,0) Oa N Cc’
aviKeL 0T Ypagiky mapdotacn C' g £ kou

y=x ]
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avtioTpdems. Ta onpela, OLS, avtd etval GVUUETPLKE WS TTPOg TV gvbeia TOv dryotopel
11§ yovieg XOY kot x'Oy’. Emopévag:

O1 ypogiiéc mapactaocel C kot C' tov cuvapmosnv f kat £ etvon coppetpricéc mg
7pog TV gubeia Y = X mov dyyotoplel Tig yovieg XOy kat X'Oy'.

'Et61, o1 Ypa@ikég mopactdoels v cuvapticeov f(X) = a* kot g(X) = log X, 0 <o #1,
€lVOL CUUUETPIKES WG TTPOG TV €Vbeia Y = X.

E®PAPMOI'H

Na amodsiytei 6T cvvaptnen f(x)=2e
™me.

2+ 1 givan 1-1 ko va Ppedei n avriotpoen

AYZH
—'Eoto X, X, € R pef(x,)=1(x,). Ou dei&ovpe 611X, = X,. IIpdyportt £xovpe dradoycd:
f(x) =f(x,)
2877 4 1=2e"7 41

-2 ,—2
263)(?1 — 263x‘

esxﬁz :e3x272
3X,—2=3x,-2
3x, = 3X,
X, =X

— T va Bpovpe Ty avtiotpoen g f 0étovpe y = f(X) kot Advovpe og mpog X. "Exyovue
howmov:

f(X)=y <2 +1=y
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PN 3x:1ny7_1+2, y>1

<:>x:llny—_1+z, y>1.
2 3

Enopévag, 1'(y) = %lnyT_l + %, y >1, onote n avtiotpoen g f eivar n cuvapnon

ffl(x):%m"T‘H% , X>1

AXKHYEILY
A" OMAAAX
1. Noa Bpeite moteg amod TIC TOPUKATO GLVOPTNGELS £ival YVNoimg adEOVGEG Kot Toleg
yvnolog ebivovoeg
) f(x)=V1-x ii) f(x) = 2In(x — 2) - 1
iii) f(x) =3 + 1 i) f(x)=(x-17-1, x<1.

2. Na Bpeite moteg and Tig mopakdt® cuvoptioelg givar "1-1" kot yo kabepio o’
avTéG va Bpeite Ty avticTpoen g

i) f(x) = 3x -2 v) f(x) = In(1 — )
i) f(x) =x*+ 1 vi) f(x) = e + 1
i) f(X) = (x— D)(x—2) + 1 vii) f(x) = el

e +1
iv) f(x)=1-x viii) f(x)=|x—1].

3. Aivovtat ot ypoQIKég TopacTdcels Tmv cuvaptioeny f, g, ¢ kat .

y y

y=£(x) y=g(7
0 X / o0 X
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y=p(x) y=y(x)

Na Bpeite noieg amd 11 cvvaptioseis f, g, ¢, w Exovv avtiotpoen kot yio kobeptio
om’ aLTEG va YopdEeTe TN YPAPIKY TOPACTACT TNG AVTIGTPOPNG TNG.

4. Na deiete Otu:

1) Av wa cuvaptnon f eivon yynoiog avéovoa oe éva didotnpa 4, T0Te | GLVEP-
tmon —f eivor yvneing pdivovsa 6to 4.
ii) Av dvo cvvaptoelg f, g eivar yvnoing avéovoeg o éva didotnua 4, tote 1
ovvaptnon f+ g givar yvnoimg adéovoa oo 4.
iii) Av 600 cvvaptioeig f, g eivar yvnoing avéovoss o€ éva dtdotnuo 4 Kot ioyb-
et f(X) =0 xat g(x) = 0 yio k6Os X € 4, tot€ M GVVApPTNON Y givan yynoing
avéovsa oo A.

Avéroya coumepdopata datvrdvoval, av ol f, g sivar yvnoimg @bivovoeg og
éva dtdotnpa 4.

1.4 OPIO XYNAPTHXHZ XTO x,cR

Ewocaywyn

H évvoia tov opiov yevwnOnke oty mpocndfeio Tov HaONUOTIKOV VO 0ToVTGOVV GE

epoTHATO OTOC:
— Trovopdlovpe otrypiaio ToydTnTa VOGS KN TOY;
— Tt ovopdlovpe EQOmTOUEV LG KOUTOANG o€ Eva onpeio TG,

— Trovopdlovpe epfadd evOg PIKTOYPOLLLOV YOPiov;

116 mapaypdpovg mov akorovBobv, apyikd tpoceyyilovpe v £vvola Tov opiov “duot-
oONTIKA”, 6T CLVEXELD OLOTLTMVOLLE TOV QVGTNPO HAONUOTIKO 0pIoHd TOL opiov Kot
pepkés Pacikég 1O10TNTEG TOV Kot TEAOG, ELGAYOVLE TNV £VVOLN TNG CUVEXEWG LG GL-

vapTnong.
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H évvoia tov opiov

e 'Ectm 1 cvuvaptnon
f(f)
2 —_—
F(x) = X 1. %
-1 £
H ocvvaptnon avt €xet nedio opiopod 1o chvoro /
D, = R—{1} kot ypdopetar /o

f(x) =

wzx.ﬂ_,xi].
x—1

Emouévamg, n ypapikn g mapdotacn givor  evbeia y = X + 1 pe e&aipeon to onueio
A(1,2) (Zy. 38). Xt0 oynpa avtd, mapatnpovue otL:

“Kobdg 10 X, KIVOOUEVO e 0TO10VINTOTE TPOTO TAVMD 6TOV dEova X'X, Tpoceyyiletl Tov
npaypatikd apOpo 1, to f(x), kivodpevo méve otov aéova Y'Y, Tpoceyyilel Tov mparypa-
K6 apBud 2. Ko pahota, ot tpée f(X) eivar 1660 kovid 610 2 660 BEAovpe, yio OAa Ta
X#1 wov givan apxovvimg kovtd oto 17

Xty tepintmon avtn ypdeovue
limf(x)=2
x—1
kot drafadovpe
“10 O6p10 g f(X), 6tav 1o X Telvel ot0 1, givar 27
Tevika:

Ortav ot tipég pog cvvaptnong f npooeyyiCovv doo BEAovE Evov mpaypotikd apBud 7,
KaOdg T0 X mpooeyyilel e omolovoNmoTe TPOTO TOV APOud X, TOTE Yphpovpe

lim f(x)=/¢

X—>XQ

kot drafadovpe
, 4 4 r s 99
70 0pro g f(X), 6Tav TO X TElvEL GTO X, Efvon £ M

“10 0p1o ¢ f(X) oTo X, sivar £,

Jx) f(?
JSx)=1 0
+ +
f(x) S(x)
/
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YXXOAIO
Ao To TOPOTAVED GYLOTO TUPOTNPOVLE OTL:
— T'o va avanticovie To 6pto g f oto X, Tpémetn f va opiletor 660 BElovpe “Kovd
oto X,”, dnhadn n T vo etvor opiopévn 6” éva GHVOLO TG LOPPTG

(@, %) W (X0, ) M (&, %) 1 (Xg, ).
— To X, umopei vo. aviikel 610 nedio opiouod g cuvaptnong (Zy. 39a, 39B) 1 va pnv
avikel 6” avtd (Zyx. 397).

— H i g f oto X, 0tav vdpyet, pmopei va etvat ion pe to 6ptd g oto X, (Zx. 39a)
1N d10QopeTIKN 0o avTo. (Zy. 39P).

e 'Ecto, TOpa, 1 GUVAPTNON

F(x) = X+1, x<1,
—-X+5, x>1

™G omoiog 1 YPOPIKN TOPAGTUCT) AoTEAEiTOL 0md TIg
nuevdeieg Tov dumAavod oyHOTOG.

IMoapatnpovpue ot

— Orav 1o X mpooeyyiler 10 1 and apiotepd (X < 1),
tote o1 Tipég g | mpooeyyiovv 660 Bélovpe tov
TPOYLOTIKO 0ptOpd 2. XNV mepinTon auTh YPOQovuE:

lim f(x) = 2.

x—1"

— Orov 10 X mpooeyyilel 1o 1 and de&d (X > 1), 10te o1 Tipég g f mpooeyyilovv 660
0éhovpe Tov Tpaypatikd apdpd 4. Ztnv TEPINTOCT VT YPAPOLLLE:

lim f(x)=4.
x—1"
Tevika:

— Ortav ot Tég oG suvaptnong f epoceyyifovv 660 BEAovLE TOV TPAyHOTIKO 0ptOpd

£,, kaBdg 10 X TpoceyYilel To X, amd HKpPOTEPES TYLES (X < X;), TOTE YPAPOVLLE:

lim f(x) =,

XXy

Ko Srafalovpe:

“10 Opto g f(X), 0Tav TO X TElVEL GTO X, MO TOL OPLGTEPCL, Etvar £,”.

— Otav ot Tyég pag ovvaptnong f mpooceyyifovv 660 BELoVLE TOV TPOYHOTIKO aptOpd
£,, kaBdg 10 X mpooeyYilel T0 X, amd peyoAdTEPES TIUES (X > X,), TOTE YPAPOVLLE:

lim () =2,

X=X,
0
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Kot drafaovpe:

“10 0p1o g f(X), 6Tav 1O X TEiVEL GTO X, OO T Se&Nd, etvon £,

ER)

Ay Ay Ay
Jxo)p----- '
I N TN !
4 AN 1 AN t’ N
S p----- Fo S p----- ) SOF----- 'L"|
I
I — y I —— y | T — L
SheZl N I NS
kAN ol I I ol
[9) X— xge—Xx X 0 X—xpex X 0 X— XX X
(@) ®) @)
Tovg apBpovg £, = lim f(x) o £, = lim f(x) Tovg Aépe mrevpucd épra g f o610 X
X—XQ X%

Ko cvykekpyéva 1o £, apretepd opro g f oo X, evd 1o £, 6e516 6pro g foto X,

Amd T0 TOPOTAVEO CYNLOTO QAIVETOL OTL:

lim f(x) =/, av xou povo av lim f(x)= lim f(x)=¢
X—>XQ X—XQ X=X
X A
INo nopdderypa, N ovvaptnon f(X) =u (Zy. 42) dev Y
éxe1 0p1o oto X, = 0, apov: X Fx)=10=———
|
—X ) |
— v X <0 givon f(X) =—=-1, ondte lim f(x)=-1 S >
Yo givon f(X) " , omoTE lim (x) , i 0 T ~
EVO . —1= f(x)

. X , .
— vy X >0 givon f(X)=—=1, onote lim f(x) =1,
X x—07"
Kot €01

lim f(x)= lim f(x)

x—0" x—0"

Opioudc tov opiov o7o X, €R

® XT0 TPONYOLLEVO YVOPIsapE TNV Evvola ToL opilov dwaicOntucd. Eidaue dtt, 6tav ypd-
oovpe lim f(x) =/, evvoolpe 611 ot Tpég f(X) Ppiokovtar 6oo BElovpe Kovd oTo 7,
X—>Xp

v Oha oL X#X, oL omoio Bpickovan “apkovvTemg Kovid 6To X,

o - T var Srtatvdcovpe,

TOPO, TO TOPATAVO G€ LoBNUaTIKN YADooo epyaldpacte g eENG:
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— %1 0éom g epdong “ot Tipég f(X) Bpiokovrar A y=£(x) @
o0codnmote BEAovLE KOVTG 6TO £ YPNOILOTOWOVNE gyl - __
™V avicoTnTo

|
|
|
| F()-C]<e, (1 f(xz) L
- — ————————— | !
o6mov ¢ omoloodNTote BeTicdg optbpdog. 00 T2 T |
| |
— X1 Béom g Ppacng “yio OAoL TOL X # X, TOV l-gp--- | i i b
BpickovTal apkovvTmg KOVTE 6To X,” YPNGULOTTOL- | b |
OVE TNV AVIGOTHTO | IR E i
Xo X
0<|x=x,|<4, @ O xOIé, °XOI§ x

omov J eivat évag apkodvtog ukpog Betikdg aptBpds. (H avicomta 0 <| X — X, | dnhdvet
OTL X # Xo)-

— T va, ouvdésoupie Tig 6Vo AVTES PPAGES COLPOVE LE TOV dooONTIKO oplopd Aéue
Ot1 Yo omolovonmote Oetikd apBud & pmopovue va Ppodue Evav Betikd aplBuod o tétotov

hote, av 10 X woavornotel ™ (2), tote 10 f(X) 0o cavomotel v (1). "Exovue dnladn tov
akoAovbo opiopod:

OPIXMOX*

‘Eoto pia cuvapmon fopiopévn oe éva cvvoro g popens (a, X,) U (X, B)- Oa
Aépe omun f éxet oto X, 6pro Le R, 6tav Yo kdbe & > 0 vdpyet 0 > 0 T€T0106, DOTE
Y10 k60 X € (a1, Xo) U (X, B), e 0 <|x—x,| < 8, v oydet:

[ f(X)-C|<e

Amodevieton 0TL, av o ovvaptnon f €xet 0plo 610 X, TOTE AWTO eivar Lovadkd Kot
ovpPoriletar, omwg eidape, pe lim f(x).
X—>X0

1 ovvéyela, otav ypaooovpe lim f(X) = £, 6o evvoovpe 6tL vtapyel To 6pto g f 610
3 r X=X

X, Kot givan ico pe £. 0

YUVETELN TOV TOPOUTAV® OPLopoD etvat ot akdrovBes 1oodvvapties:

(@) lim f()= < lim(f()-0)=0

(B) lim ()= & lim f(x+h)="

e Av o cvvaptnon f eivon opiopévn oe éva dtdotnpo g Hopeng (X, £) Kat T avi-
comta 0 <| X=X, [< 0 TV avTIKOTAGTAGOVUE HE TNV X, < X < X, + J, TOTE £YOVLE TOV
optopd tov lim f(x), evéd avn f eivar opiopévn oe éva Stdotnpa g Lopeng (a, X,) Kot

X*}XO
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v avicotto 0 <| X=X, | < J MV avTIKOTOGTHGOVHE HE TV X, — 0 <X < X, TOTE £XOVLE

tov opiopd tov lim f(x).

X—>X0

Amodeikvoetan Ot

Av o cvvapton f eivar opiopévn oe €va chvoro g popens (a, X,) U (Xg, A).
TOTE 10YVEL 1] LIGOdVVapLia:

lim f(x)=¢ < lim f(x)=lim f(x)=¢

X=>X0 X—XQ x—»xa'

e Av o cuvapton f eivar oplopévn og éva didotnuo ya

™G HOPPTS (X,, B), ahré dev opiletar og StboTna TNG

HopeNS (a, X,), ToTE opilovpe: y=yx
lim f(x)= lim f(x).
X—=X0 +

XA)XO

INo mapdderypa,
Iirrgﬁz lim vx =0 Sy 44)

x—0"

e Av nio cuvépnon f eivar opiopévn o £va StdoTnpa

™G HOPOG (0, X,), aARG dev opileton oe SiboTnpa TNG

HopENG (%o, ), TOTE Opilovpe: 4
lim f(x)= lim f(x). y=+—x
X—=>Xo X—>Xg

INo mopdderypa,

Iina«/—x = lim 4y-x=0 (Zyx. 45) >
X—

x—0" (@) X

YXOAIO
Amodewcvoetal 6t to lim f(x) sivan ave&dptnro tov
X—XQ

bkpav a, f tov Swwompdtov (a, X)) Kat (X, f) ota
onoia Oewpovpe 611 givan opopuévn n f.
"Etol yia mapdderypa, av 0éhovpe vo Bpodue 1o dpio

™mg ovvdptmong f(x) = M

610 X, = 0, mepropilo-

<

poote oto vrocvvoro (—1,0) U (0,1) tov mediov opt-

GLOV TNG, GTO OO0 QTN TAIPVEL TN LOPPT

~(x-1) _
x-1

Emopévag, 6mmg gaivetat Kot ord To SImAAVO Gy,

10 (nToduevo dpro givor IXILTJ) f(x)=-1

f(x)= -1

|
—_

——— o ————— — —

QS

~<
1]
|
—
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XYMBAXH

21 ovvéxela, Otav Aépe 6Tt e cuvaptnon f €xet kovtd 6To X, o WoTnTa P Oo evvo-
ovpe OTL IoYVEL oL amd TIG TAPUKAT® TPELS GUVONKES:

a) H f eivat opiopévn og éva oivoro g popeng (a, X,) W (X4, f) Kot 610 6uvoro avtd
€xer v WO TO P.

B) H feivoi opiopévn oe €va 6hvoro g popenig (a, X,), £xel o’ avtd v 1dtnta P, adrd
dev opiletar e Ghvoro g popeng (X,, f).

v) H f eivan opiopiévn oe éva hvoro g popenig (X,, £), £xe16° antd Ty 1010t Te P, 0AAG
dev opiletar o€ chvVoro NG popPng (o, X,).

INo mapdaderypa, n ovvapon f(X) = e gtvon Oetikn xovtd 610 X, = 0, 0pod opileTon
X

, T T ; , .
0TO GUVOAO _E ,0 U] 0, E Kot etvorn Betikn o€ avTo.

Op1o tavtotikiiS - 6Tabepnc GvVAPTNGHS

Me 1t Bonfeto Tov 0piG oY TOV 0piov amodEIKVETAL OTL:

lim x =X, limc=c
X—>Xg X>Xo
’ I
ﬂf) —————————— |
f(xo)=%o _______ | /i y=¢ | ’ '
f@f=-A7"1 o
0] )Ic—rgé(ﬁ—x ;C 0 X—> Xg X ;C
y=x
(@) )]

H mpdt 106tnta dnidvel 6t1 To 6p1o ¢ tovtoTikng cvvaptnong f(X) =x (Zy. 47a)
070 X, £tvat {60 pe TV Ty G 670 X, £V 1 de0TEPN 166N T INADVEL OTL TO OPLO TNG
otabepng cvvaptong g(X) = ¢ (Zx. 47B) oto X, eivan ico pe C.
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AXKHYELY

A" OMAAAX
1. Na Bpeite to lim f(X) xot 1o f(X,), epdc0OV VIAPYOLY, OTOV T YPOPIKT TAPACTO-
X—>X0

on g ovvaptnong f eivar:

y 4y
4
P * y=f(x)
| . N
y=f(b i
\ A~ R
o] M 3 X 0 2 x
x0=3 Xo=2
y yA
y=f(x) ) i
f—s
x 0 1 2 3 x
x0=1,2 %=1,2,3

2. No yapa&ete ) ypaeikn Topdotacn g ovvaptong f kot pe t Ponbeia avtrg
va Bpeite, epocov vrdpyet, o lim f(X), otav:
X—>X0

2 evi X, X<1
. X° —5Xx+ ..
) fX)=———, x,=2 i) f(x)= , Xo=1
) T0="—"20 % ) 10=11 %
X
x%  x<1 ey
i) £ (x) = ;%=1 iv) F(x)=x+2 x,=0.
-x+1, x>1 X

3. Opoiwg otav:
X} +3x* —x-3

|) f(x):?, XO =l'|"] XO =—1

(x+1)v9x? —6x+1 . =
’ 0 —

i) f(x)= 1

E
2
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VOUG oYLPIGLOVS Elvat aAndeic.

i) Iim2 f(x)=2

i) lim f(x)=1
x—1t

iii) limf(x)=2
Xx—1

iv) Iirrzl f(x)=3

V) Ian;f(x)=4

V4

4. Aivetarm cvvaptmon f mov sivar opiopévn oto [—2, + o0) Kkat £xel ypopikn Topd-
GTOCT TOV POIVETOL OTO TOPAKAT®O oyNpe. Na eEeTdoeTe ool 0md ToVG EMOLLE-

y=£(x)

vi) lim () =3 >

X—Xg

lim f(x).

X—>Xg

W loocooococoocooo

5. Atvetan o cuvapmon f opiopévn oto (a, X)) U (%, B), pe lim f(x) = 16

X—XQ

ko lim f(x)=A1. No Bpeite 1ig Tiuéc tov 1e R, yia 11¢ omoieg vmdpyel to

>
X

1.5 IAIOTHTEX TQN OPIQN

Op1o ka1 oraraény

I to 6pto kot ) dtdtadn amodetkvoeTat 6Tt IYHOLVV T TAPUKAT® Be@prpaTa.

OEQPHMA 10

X—>X0

X—>XQ

e Av lim f(x) >0, tote f(X) > 0 kovtd oT0 X, (X¥. 4801)

e Av lim f(x) <0, tote f(X) < 0 Kovtd 670 X, (Z. 48B)

Vi

(@)

y =
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OEQPHMA 20

Av ot svvaptoeig f, g £xovv 6pro 610 X, kau woydet f(X) < g(X) kovtd oto X, ToTE

lim f(x)< lim g(x)
X—=>Xp X—>Xo

Opio kot mpalelg
To 800 Pacwkd opta lim X = X,, lim ¢ = ¢ kot to Oedpnpa Tov akorovbei dtevicovvovV
X=X X—>X0

TOV VTOLOYIGHO TV OpimV.

OEQPHMA

Av vrapyovv ta opio TV cuvapticeny f kot g 6To X, ToTE:
o ey loghi= Ji viggis L ol
2. XILTO (xf (X)) =« XILrQJ f (X), yio kabe otabepd ke R
SElimERGg CNISTIMATCORIINIg (x)
lim f(x)

A [ f(X) )

. —Z -0 gpodoov lim g(x) =0
x=x0 g (X) JL[IL g(x) po0 x—>xog( )

5. lim | f(x)|:‘lim f(x)‘
X—XQ X—XQ

6. lim &/ f(x) =«/lim f(X), epdoov f(X) >0 kovtd 670 X,.
X—XQ ©

X=>X0

Ot 1310tteg 1 kot 3 Tov Be@PATOG IGYHOVV KOt Y10, TEPIGCOTEPEG OO SVO GUVOPTHGELS.
Apeon ovvémeia avtob givar:

lim [ (0] {Ji’l‘ f(x)}v, veN*
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INo mapaderypa,

H v v
lim x" =X,

X—XQ

— Eoto todpa 10 moAvdvopo
PX)=oaX +a, X'+ ... +aX+akouXeR.

SOUQOVO LLE TIC TOPATAVE® OLOTNTEG EYOVLLE:
lim P(x) = lim (@, X" +a, ;X" +---+a)
X—XQ X=X
= lim (a,x") + lim (&, X"™") +-+ lim o,
X=X0 X=X X—>XQ

=ao, limx" +a,, limx"™" +---+ lim g,

X—>XQ X—>XQ X—>XQ
v v=1
=a, Xy +a, X, +-ta,=P(X,).

Enopévac,

lim P(x) = P(x;)

INo mapddetypa,

Iin;(x3—6x2 +7x-2)=2°-6-2°+7-2-2=-4.
X—

— 'Eoto n pnt cuvaptmon f(X) = P(X) , 6mov P(X), Q(X) moAvdvopa tov X kot X, € R
ue Q(x,)#0. Tote, Q(x)
lim P(x
PO _ At POXy).

lim f(x)=lim

X—XQ X=>X0 Q(X) - XILrQJ Q(X) - Q(XO)

Enopévac,
P
lim PO _ P) , 8p6cov Q(X,) # 0
=% Q(x)  Q(Xo)
INo mapdderypoa,
o x*+4 2% +4 8
lim = =—.
2 x% 4 2x+1 2%+2.2+41 9
2XOAIO

Otav Q(X,) = 0, tote dev epapuolerar 1 WOt 4 T0V TOPATAVE BewpripoToc. XNV
nepintoon avt epyalopacte 6nwg oty gpoppoyn 1 ii), Tov akoAovdet.
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E®PAPMOI'EY

1. Na Ppebodv Ta mapukdTm épra:

3 2 2
- 2 9 3 . XT=5X° +6X L X“+3-2X
i) le_rg[(x +1)7 | x* =1]] i) le_rg 4 iii) Ixm 1 .
AYXH
1) Exovpe

Iing[(xz +1)° |x°-1] = lim(x? +2)° -lim | x°* -1

=[limoe +]°-

lim(x —1)‘
=1°.|-1|=1.

ii) Eneidn Iirrzl(xz —4)=0, dev pumopovUE VO EQAPUOGOVUE TOV KOVOVO TOL TnAiKov
X—

(W10 m1a 4). Hopatmpovpe dpmc 6Tt yio X = 2 undevifovrat kot ot 500 6pot Tov KAG-

x® —=5x? +6x

opatog. Onote ) suvaptnon f(X) = > , ywL X # 2, yphpetor:
X

() = X(x* —=5x+6) x(x-2)(x-3) x(x—3) x*-3x
B (x=2)(x+2) - (x=2)(x+2) X422 X+2

Enopévac,
2 —_— —_ .
lim £ (x) = lim X=X _4=8-2 1
X2 x-2 X42 2+2 2

iii) T X = 1 undevifovtat ot 6pot Tov KAACUATOC. TNV TEpintwon avt epyalopacte
g &NG:

[MoAamhootdlovpe Kot Tovg V0 Opovg ToL KAAGHOTOG e v X2 +3 +2X Ko €161
€xovpe:

X +3-2x ( x2+3—2x)(m+2x) (\/mjz—(Zx)2
f(x)= x-1 (x—1)(M+2x) :(x—1)(\/m+2x)
-3x*+3 O =3(x=D(x+D)  =3(x+1)

i (x-1) (\/x2—+3+2x) ) (x—l)(\/x2—+3+2x) ) M+2x.
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Enopévac,

~3(x+1) lim(-3(x +1)) 6

lim f(x) = lim - -

P Yx? +3+2x ) Iirq(\/x2 +3+2x) Va2

2. Na Bpe0zi, av vapyet, To 6pro 6To X, = 1 TNG GULVAPTNOGNG

3x* -4, x<1
f(x)=
L x>1
X

AYXH
Av x < 1, tote f(x) = 3X° — 4, ondte

lim f(x)= Iir’r}(3x2 —4)=3.1"—4=-1

x—1" X

. 1 .
Av x> 1, t0te f(X) = e ondte

lim f(x)= Iim(—l) =-1
x—1" x—1 X

Emopévag Iin] f(x)=-1.

Kpitijpiro mapeufoing

YnoOétovpe 611 “kovtd 6TO X, [0 GLVAPTNOT
f “eyxhoBiCetanr” (Zy. 50) aviueoa cg 600 cL-
vaptioetg h kot g. Av, kabdg 1o X Teivel 6To X,
ot g ko h éyovv koo opro £, tote, dnmg Paive-
T kot oto oynue, n f Ba éyel o ido dpro L.
AvT6 divel v 1€ ToV TopakdTo BempnaTog
7OV €{VaL YVOOTO MG KPLTHPL0 TUPERPOIS.

3.
2

OEQPHMA

‘Eoto ot cuvaptioelg f, g, h. Av
e h(x) < f(x)<g(x) xovta cTo X, Ko
e lim h(x)= lim g(x)=2¢,
X—>X0 X—X0
to1€

lim f(x)="¢.

X—>X0




52 1 OPIO —XYNEXEIA XYNAPTHYHX

. 1
INo mopddetypa, IIng (Xnu—j = 0. IIpdyport, yio X # 0 égovpe
X— X

<) x|,

1 1
xnu—| =[x |-nu—|
X X

ondte

1
—| X|< xmu—=<x|.
X
Emeion Iina(—| X]) = Iim0| X|=0, chppova e T0 TOPUTAVED KPITAPLO, EXOVLLE:

lim (anlj =0.
x—=0 X

Tprywvouetpixa opia.

To kprtpilo maperPoing eivor ToAD PG Y10l TOV VTOAOYIGUO OPIGUEVOV TPTYWVOLLE-
TPIKOV opiwv. ApyiKd AmodEKVOOVUE OTL:

[ nuXx|<| x|, Yo kaBe x eR
(n woTnTa 1Y vEL Povo dtav X = 0)

ATIOAEIEH™ . GD
— T X = 0 Tpopavmg 1oyveEL N 16OTNTA. M
T x
— T xe [0, Ej oo To SMAAVO GYNLLO £XOVLE
X
npx = (MM,) < (MA) < (toEMA) = X. 0 My JA x

Apa

|nux|< |X , YW k@Oe X e [O,%) 1)

— T xe (—%,Oj glvat —xe(O,gj, ondte Aoym g (1) éyovpe, [nu(=x)|<|—x]|

1, 1wodvvapa, | nux|<| x|.

— T Xé(—%,%} givat | x|2%>12|nux|, omdte | nux|<| x|.
g OAeg, AOOV, TIG TEPITTMOELS WoyvEL | NuX |<| X |, pe v 16dtTa va 1oyvel povo yia
X=0. m

Me ) BonBeta g mapamdve avicdTnTas Kot Tov kptrnpiov mapepfoing Oo amodeiovpe
otu
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e lim nux =npx,
1 X—=>X0
e lim cuvx = cvvx,
X—XQ
AIIOAEIZEH

o Apywd Bo amodeiovpe OtL
IxiirgmxX=O Ko Ixiggcva=l (H
Ipdyparti:
— ZOpe®Va LE TV TPONYoLpEVT avicdtnta yovpe | nux |<| x|, ondte
—[x[<npx <] x|.
Enedn IXiLTg(—l x])=0= !(ILT(] | X], ovppova pe to kprripro mapepfolrns, Ha sivat

Iing nux =0,

— I'vopilovpe 6Tt ouv?x =1-nu’x, omdte

GUVX = y/1—nu2x, Yo k6be X e [—% ,Oju(o,g)

Emopévag

lim cuvx = Iing\/l—npzx :\/1—Iin(1)np2x =J1-0=1.

x—0 X

® Oa anodei&ovpe, Tdpa, OTL XIl%ng0 NUX = NX, . Hpdypatt Exovpe
XILrIL nuX = LILT(} nu(x, +h) = !]ii‘rg(nuxocmvh + ouvX,nh)
=MNuX, Ll_r)lg ouwvh + ovvX, LI_T) nuh
®

=X, -1+ ovvX, -0 =npX, .

® Avdloya amodetkvieTon kot 0Tt lim cuvX =covx,. ®

X—)XO
SMUX
9. ° ) le_rB < =1
o p) lim™* =1 g
x—0 X
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ATIOAEIEH*
—AvO0<x< %, T6TE Amd TO SITANVO GYNLLOL TPOKVTTEL OTL y N @
epp(tpry OAM) < epf(top OAM) < euf(tpry OAN), v
omoOTE £YOVLLE SLODOYIKA: T £QX
|
1 1.1 e I
—lnquxX<=x<—-1-gpX X\ kb .
2 2 2 0 M A x

NUX < X < QX

X 1
1<—x<
NUX  oLVX

X
cvvx<ni< 1.
X

—Av —% <X<0,10te 0<—X < g, ondte EYovpe ouv(—X) < X <1
Ko apo
X
X 4

OCLVX < ——<1.
X

X
Enopévac, yu kébe Xe (—% ,Oj v [0, %} 10YDEL GUVX < R g
X

Mpx

Enedn Iirrg cLVX =1, and 1o KpITAPLo TUPEUPBOANG TPOKVTTTEL OTL Iirrg —=1
X X—> X
X
-3n -2 2n o
B) Exovpe
lim cuvx—1 _lim (ovvx —1)(cvvx +1)
x>0 X X0 X(cvvX +1)
B ouv x-1
x>0 X(ouvX +1)
nu?x

=—lim———
x>0 X(14 cvvX)
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= —lim (n_”x . n_“xj
=0 x l+ovvx

= 1im M gy
=0 x  20]4oVvx
=-1-0=0. 1
Op1o ovvOstns covapTnong

Me TG 1310TNTEG TOL AVAPEPOVLE LEXPL TMPOL LTOPOVLE VO, TPOGIIOPIGOVLLE TO OPLOL ATADY
cuvaptioemv. Av, dung, Béhovue va vrrodoyicovpe to lim f(g(x)), g ovvbetng cuvap-
X—XQ

mong f o g oto onpeio x,, 1ot epyalopacte mg e&ng:

1. ®¢tovpe U =g(X).

2. YrohoyiCovpe (av vrdpyet) to U, = lim g(x) kot
X—=>X0

3. YroloyiCovpe (ov vrapyet) to £= lim f(u).
u—ug

Amodewcvoetat 6tL, av g(X) # U, KovTé 670 X, T0TE T0 {NTovpevo dpto givar ico pe £,
dMradn woydet:
lim f(g(x))= lim f(u).
X=>X0 u—->ug
MMPOXOXH
1 ocvvéyetn kat og O T éktacn tov Pipriov to dpro g poperic lim f(g(x)) pe ta
X—>XQ

omoio Bo acyoAnBovpe Ba eivat tétota, Hote va tkavomoteitat n cuvOfKn: “g(X) # U, Kovtd
070 X, KoLy’ owtd dev Ho eAéyyeTa.

TNo apdaoderypo:

a) 'Eoto 611 0€hovpie va vmodoyicovpe to dpto

. /A
|Imnp(x2 +—j~
x—0 4
, T, . . T T ,
Av Bécovpe U = X* +—, 1ote limu = lim x?+= ==, onote
4 X—0 x—0 4 4

x \2

limny X2+ 2 | = limnuu == = Y=
x—0 4) 4 2

B) Eoto 611 B€Lovpe va vTodloyicovpe TO Oplo

. X
I|m—nuS .
x—0 X
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Eivau
MH3X _ 5 MK3X
X 3x

"Etot, av 0écovpe U = 3X, tote limu =1im3x =0, ondte
x—0 x—0

lim 3% _ g im X g M 33

x=>0 X x—0  3X u->0

AXKHXEIY

A" OMAAAX

1. Na Bpeite ta 6pta:

i) Iirrg(xs—4x3—2x+5) i) Iinz(x1°—2x3+x—1)

i) lim (< +2x+3) iv) |irr31[(x—5)3|x2—2x—3|]
. X" +2x-5 | X2 =3+ x—-2]

v) lim————— vi) lim 5
ol X+3 X0 X“+x+1

2
N 2 o AXT X2 -2
Vii) lemw/(x+2) viii) im——————.

1 x? 1 4x+3

2.’Eoto o cuvaptnon f pe Iirrg f (x) = 4. No Bpeite t0 Iin; g(x) av:

. - - N 2 (0 -11]
1) g(x)=3(f(x)" -5 i) g(x) SO0l

i) g(x)=(f(x)+2)(f(x)-3).

3. Na Bpeite ta 6pla

iy lim X160 iy lim 2X 2 3x+1
X—2 X3 _8 x—1 2
=
- 3
iii) lim—X- jv) lim &t =27
xall_i x—>0 X

XZ
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4. No Bpeite ta 6pla

3-4/x 1-41-x2

I) !(I_I;Tg 9—x ") !(I—T) X2
X422 . . VX =2
i) lim——— iv) lim————.

X—2 /X2+5_3 x4 X —Bx+4

5. Na Bpeite (av vrapyet), To 6po g f oto X, av:

x>, x<1
i) f(x)=4"" Kot Xg = 1
) ) {SX, x>1 °
- 2X,
i) f(x)= Kal Xo =—1.
) 100 {Xz 1 xeg KW
6. No Bpeite ta 6pio:
i) lim 3% i) lim 22X
x>0 ¥ x=0 X
iv) Iim(wJ V) Iim( = j
x—0 X x>0 X™ + X
7. Na Bpeite ta 6pto:
2 2
i) lim—2 X i) limiZoX
x-r 14+ GuvX -0 nu2X

8. Na Bpeite t0 Iirrg f(x), av:

i) 1-x* < f(x) <1+ x* y10. k60 xR

T T

<

i) 1-x* < f(x) <—=

v kGO X €
oLV X

0. At ) £(x) = 20X+ f, x<3
. Aivetarn cuvaptmon “lax13p  x>3
Ylo TG 0Toies 1oy vEL Iin; f(x) =10.
B OMAAAX

1. Na Bpeite ta opuo:

)

i) lim 222X
x—0 nuzx
vi) lim—E>

x—0

JBx+4-2

Ly X
iii) lim e
x—0 nMZX

. No Bpetite tig Tipéc tov a, feR,
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3 2 v+l
o X=X =X=-2 sy X — 1)x
i) lim 3 ||)I|mM
X—2 X°—8 x—1 Xx—-1
ey 1 x-1
i) m———
KL Y X +4/X =2

2. Na Bpeite 660 016 T0 TOPOKAT® OPLEL VITAPYOVV

VX2 +10x+25

| x=5|+x*—4x-5

i) lim i) lim
x—>=5 X+5 X—5" X-5
jii) fim X8 X —AXTE gy g X VX
x—>5" X—5 x=l L x —1

3. Xto duthovd oynpa to tpiywvo ABI givat opfoydvio a0
pe y = 1. No vroroyicete ta dpia:

i) lim(a— p), i) lim(a? - 8%
(9—)£ N a

2 2 ﬂ

4. No Bpetite to IinI f(x), av:
X

i) IimM=l.

i) lim(4 () +2-4x) = -10 I

1.6 MH HEIMEPASXMENO OPIO XTO x,<R

, . , . y
— 210 oYNpo 54 Exovpe T YPAPIKN TOpAoTOCN

oG svvaptnong f koved oto X, Hapatmpoipue ott,
KOOGS TO X KIVOOLEVO LE OTOLOVOINTOTE TPOTO TAVED
otov aova x x TANGLalel Tov TpayHoTIKO aplouod X,
oL Tiég f(X) av&dvovtot amepldoploto Kot yivovtol
peyaAvtepeg amd omotovonmote Beticd aptdud M.
Yy nepintmon ovt Aéue 6t cvvaptnon f €xet M
070 X, 0p1o +00 Ko ypdpovpe

lim f(X) = +o0.

X=X



1 OPIO —XYNEXEIA YYNAPTHYHX 59

paotaocn pog cvvaptong f kovid 61o X,
[apatnpovpe 61, KaBMOS TO X KIVOOLEVO LLE 0
0mo10VINTOTE TPOTO MAVK GTOV AEova X x
TANG1ALEL TOV TPOrYUATIKO 0ptOUO X, O TUEG -
f(X) ehattdvovTon amepiopiota Ko yivovrar  f(x)b-----——-{-- L
KPOTEPES 0O OMOLOVINTOTE APVITIKO Opth-
o —M (M > 0). v mepintoon avt Aépe
otim cuvapmon f €xel 610 X, 0pro —o Kat
ypboovpue

— Z10 oyfua 55 éyovpe ™ Ypoekn mo- VA @
s

XXX
T T

T
|
|

lim f(x) =—oo0.

X—>XQ

OPIZMOX*

‘Ecto o cuvaptnon f mov givon opiopévn og éva GHVOAO TG LOPPTIG
(e %) U (g, B). OpiCovpe

® |im f(x) =00, 6tav Yo K60 M > 0 vrapyer d > 0 T€T010, OGTE Y100 KAOE
X—=X0

X € (a,X,) U (Xq, B), He 0<| X=X, |<J vaoyde
f(x)>M

® |im f(x)=—oo, 0Tav Y10 k6O M > 0 vrdapyel 0 > 0 T€1010, DOTE Yo KAOE

X—>XQ

X € (a, Xo) U (Xq, B), ue 0<| X=X, |<d vaioydel
f(x) <-M

Avaloyol opiGpoi PTopovv vo, S1atut@BovV OTaV X —> Xg KoL X —> X,.

yh / yi \
Cr G
10) Xo X 19) Xo X

| |
| |
| |
| |
| |
| |
| |
| |
| |
| |
| |
Co~—0 i e /Cg
| |
| |
| |
| |
| |
| |
| |
| |
| |
| |
| |

(a) ®)

Onwg 6NV TEPITTOON TOV TENEPUCUEVOV 0pI®V £TGL KL Y10, TOL ATEPO OPLYL GLVUPTICEDV,
7oL opilovtat o€ éva 6UVOro TG LopeNig (a, Xo) U (Xg, f), 103000V 01 TopokdTe 1wodvvopies:
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lim f(x)=+0 < lim f(x)= lim f(x)=+o

X=>X0 X—=X0 xaxo

lim f(x)=—0 < lim f(x)= I|m f(x)=—o

X—>Xo X—>X0 x—>xo

Me ) Ponbeta Tov 0PSOV OTOJEIKVDOVTOL OL TAPAKAT® WOLOTNTEG:

e Av lim f(x) =+, 1018 f(X) > 0 KOVTE GTO X)), EVD

X=X

av lim f(x) =—oo, 1018 f(X) <0 KOVTE OTO X,
X=X

e Av lim f(X) =+, to1¢ Ilm( f (X)) = —o0, evid

X—XQ

av lim f(x) = —o, tote lim (= f (X)) = +o0.
X—XQ

X=X

=0.

® Av Ilm f(X) =+00 R} —o0, TOTE lim

X=X, f(x)

e Av lim f(x) =0 ko f(X) >0 kovtd ot0 X, T0TE lim =+oo, evod av lim f(x)=0

X—>XQ XX, f(x) X—>XQ

kat f(X) <0 kovtd 610 X, TOTE lim

=n ()

® Av lim f (X)=+00 1| —0, 161 lim | f(x)|= +o0.
X—>XQ XXy

e Av lim f (X)=+o0, t6te lim §/ f (X) =+o0.
X—=X0 X—=>X0
ZOUQOVO LE TIG IOLOTNTEG OVTEG EXOVLLE:

1 1
lim —- = 400 Ko yevikd ||m—2—+oo ve N (Zy. 57a)
x=0 ¥ 0 x°¥

=y

(@) | ®)
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———=+400,veN

.1 .
lim — =400 kot yevuca lim
2v+l

x—0%" x=0t X

EVD

1 .
lim —=—oo ko yevikd lim ———=—o0, veN (Zy. 57B).

x—0~ X x=0" X
2v+1?

1
Emouévag, dev vrdpyet 1o pundév 1o 6pto g f(x) = ——, veN.
X

To ta 0pror abpoicpatog Kot YvopEVOD dV0 GUVOPTHGE®DY OTOIEIKVOOVTOL TO, TAPUKATM
Bewpnporo:

OEQPHMA 1o (6pro aOpoicportog)

Av oto X,€R

70 Opto g fetvar: acR | aeR | +© —00 +00 —00
Ko To 0p1o ¢ g etvat +00 —00 +00 —00 —00 +00
to1€ 10 Op1o ¢ f+ g sivan: +00 —00 +00 —00 ; ;

OEQPHMA 20 (6pro yrvopévov)

Av oto X, €R,

10 6pro ¢ f

Lo 0>0 | 0<0 | >0 | a<0 0 0 400 | 400 | —00 | —00O
glvat:

Kot TO 0pto g g

; +00 +00 —00 | —00 | 400 | —00 | +00 | —00 | +00 | —00
evon:

TOTE TO OPLO TNG

oz v 400 | —00 | —00 | 400 | ; ;| 40 | —0 | —o0 | 400

Y1006 TVAKES TOV TAPUTAVE® OE@PnLATOVY, OTOL VIAPYEL EPOTNLATIKO, onpLaivel 6Tl To OpLo
(av vrapyel) eEoptdtar KaBe Popd amd TIC GLVAPTNGELS TOV TOUPVOVLLE. LTS TEPUTTOGCELS
aVTEG AELLE OTL EYOVLE ATPOTILOPLOTI LOPPT). ANAOST, ATPOGIOPLOTES LOPPES YO TOL
opa 00poicHOTOG KOl YIVOLEVOL GLVAPTHCE®V Elvat ot:

(+00) + (—o0) Kot 0-(£o0).

Enedy f—g="T+(-9)xm gi =f -é, ATPOGIOPIGTES LOPPES YIOL TOL OPLXL TNG SLAPOPAG

KOl TOV TNAIKOV GLUVOPTHCE®VY gival oL
+oo

(+00) — (+00) , (—0)—(—0) Kal %, ;?
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INo apdoderypo:

. , 1 |
— av mépovpe Tig suvaptioelg f(X) = —— K g(x) = —;, 16te Exovpe:
X X

i 100 =ty == timate)=tim =
ot . (11
im0+ g00) =i -+ |0
VO,

. , 1 1
— av mapovpe Tig suvaptioels f(X) =——-+1km g(x) =—, 101¢ &xovpe:
X X

. . 1 . .1
i )=t 1= o) =l =
Ko

lim(f(x)+g(x)) = Iim[—iz+1+i2] =liml=1
x—0 x—0 X X

x—0

Aviroya mopodelypoTo HTopovLLE Vo SMGOVLE KOt Yo TIG GAAES LOPPES.

E®PAPMOI'EXY
1. Na Ppebodv Ta 6pra:
. x°—5x+6 g —3x+2
i) im=——— i) lim——.
=1 | x—1| 2 (x —2)
AYZH
i) Eneon lir111| X=1]=0 xat | Xx—1|>0 xovtd o710 1, glvan lxlnll| 1| =400,
Eme1dn emmAiéov elvan lirrll(x2 —5X+6) =2, éovue:
2 p—
im X=X F0 il L2 —sx46) |=4 oo
x—1 |X—1| x—1 |X—1‘
i) Emedn lin}(X—Z)2 =0 kot (X —2)*> 0 kovtd 670 2, givol lirrzlﬁ = +oo. Emedn
X— X— X_

emmAéov gival linzl(—?)X +2) =—4, &ovpe
X—>

lim —X*2 _jim| L (3x+2) [= o,
X—2 (X—2) X—2 (X_z)
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2
—x+1
2. Na Bpebodv To mAevpika 6pra. TG GuvapTNONG fx)= %cro X, =2 Kol 671
x—

cvuvéyewn va gEgTac0si, av vapyst to opro g f(X) oo 2.

AYZH

— Ene1dn IIm(X 2)=0xoiX—2>0 1y x>2, givor lim L=+oo.

x—2t X—2

Enedn emmiéov lim (x* —x+1) = 3, éyovpe

x—2*

2_
tim 222X im| L (x? —x+1) =
x—2" X—2 xo2t| X—=2

— Enedn IIm(X 2) =0 ko X—2<0ywXx <2, ¢ivor lim L=—oo.
x—2~ X—

Enedn emudéov lim (x*—x+1) = 3, éxovpe

Xx—2"

2_
lim X=X+ i { (X2 —x+1)}
x—2~ X—2 x—2"| X—=2

[Mopatnpodpe 6TL To0 V0 TAELPIKE Opta dev eival ica. ETopévag dev vdpyet 0pto g
f 610 2.

AXKHXEIY

A" OMAAAX

1. No Bpeite (av vmapygt) To 6pto g f o710 X, OTOV:

X+5 2x-3

i) f(x)_x e , Xo=10 i) f(x)—ﬁ,xozl
i) f(x):;—l—)l(l,xozo.

2. Na Bpeite (av vrapyet) To 0pto g f 610 X, OTOV!
4 X% +3x-2

. 3 .
|) f(X)=E—m,X0:1 ||) f(X)=W,X0:0

i) f(x):xz(uisj, Xo = 0.
X
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B OMAAAX

. 9
1. Na Bpeite (epdcov vapyet) To lim

x4y fx —2Xx—44/x +8
2. No omodeitete ot
i) H ovvaptnon f(X) = gpx dev éyet dpo 610 %

i) H cuvéaptnon f(X) = oex dev éxel 6p1o 610 0.

3. Aivovtoi ot GUVAPTHGELS

f) = (/l—l)yzcz+x—2
x -1

2
b 2223
kot g(x) S iy

Noa Bpeite 16 TYég Tov 4, 1€ R Y10 Tig omoieg vdpyovv 6o R ta dpra
lin} f(x) xot lin(} g(x).

211 GLVEYELN VO VTOAOYIGETE TOL TOPATAV®D OPLLL.

4. Na Bpeite 10 Iirq f(x), 6tov:

) imX2 e i) limt ) o

=1 (X) o= W) [lFeass — 2.

1.7 OPIAXYNAPTHXHX XTO AIIEIPO

310, TOPOKATO CYNUOTO EXOVUE TIS YPAPIKEG TAPACTAGELS TPV cuvapthcewy f, g, h og
éva oot e g Hopeng (a, +wx).
y

\ X—>+00

X
0 X—>+o0 h(x)

—00

() )

Hopoamnpodpe 6Tt KaBMOG TO X AVEAVETAL ATEPLOPIOTA [LE OTOLOVINTOTE TPOTO,
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— 10 f(X) mpooeyyilel 660 B ovpe TOV TPy paTIKO aptBud L. TNy mepinTwon avth AEpue
ot féyeloto +00 6p1o 10 £ Kol YpAPOVUE

lim f(x)="¢

X—>+00

— 10 g(X) av&dvetol ameploploTa. TNV TEPIRT®ON aLT AéUE OTL T g €YEL 6TO +00 OpLo
TO +00 KOl YPAPOLE
lim g(x) =+

X—>+00

— 10 h(X) peuwverat amepropiota. Ttnv mepintmon avty Aéue 6t n h éyel 610 +00 dpro
TO —o0 KOl YPAPOLE
lim h(x) =—x.

X—>+00

ITAPATHPHXH

AT6 ta Topandvm TpokvmITEL 0Tl Y10 va avalntioove to Oplo piag cvviptnong foto
+oo, mpéneln f va eivar opiopévn o dtdotnpa g popeng (a,+00).

AvaLoyot opiopol pmopovy vo, d1atunmBholy, 6Tov X — —o0 Yo [t GUVAPTNOT| TOL Eival
optopévn og dtdotnpa e popeng (—o, B). ‘Etot, yia tig cvvaptioeig f, g, h tov tapakdro
CYNUATOV EXYOVLLE:

VA
yl 4?0
g(x) C/h_ X
0] X
S R
"""" S g R LIC)
[ X
—0——x 0 . _loo
() B) ()]
lim f(x)=/ lim g(x) =+ Kot lim h(x) =—.

I"o tov VTOAoYIG O TOV 0PlOL GTO 400 1] —00 EVOG LEYAAOL aPLOLLOY GLUVOPTICEWDVY YPELN-
fopaoTe To TopaKATo Pacikd opia:

. .1 .
lim x" =400 Ko lim —=0, veN
X —>+®0 X>+0 y

. +00, OV v APTIOC .1 .
lim x* = ’ P . Kot lim —=0, veN"
x>0 —00, OV v TIEPITTOQ x>0 eV
TNo mapdaoderypa,

. . . 1
lim x® =—w0, lim x? =40 kat lim —=0.

X—>—00 X—>+00 X=>+0 ¥
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TN o 6p1oL 670 +00, —oo 16YHOVY 01 YVOGTEG 1310TNTEG TV OplwV 6TO X, HE TNV TPODTO-
Beom ot
— 01 GLVOAPTNOELS EIVOL OPIGUEVES GE KATAAANAO GUVOLD, KoL

— &V KOTOANYOVLE GE OTPOGHOPIGTN LOPON.

Op1o molvwvouikijg Kai pyTijs covapTIioNS

o ‘Eoto 1 cuvapon f(X) =2X"— 5%+ 2x — 1. Av epapproGOVLE TIG ISOTTES TOV OpimVy 1o
tov voloytoid tov lim f (x), kataAnyovpe o ampocdoploTn HOPEY. TNV TEPITTOON

avt epyoalopacte og eENG:
Tox = 0 éyovpe

x* 2x
Emedn
. 5 1 1 . 3
lim|l-—+—-—[=1-0+0-0=1 ko lim(2x") =+
X—>+0 2xX x 2x X—>+00
éyovpe
lim f(x) =+ = lim (2x*)-
Tevika

Mo v moAvovouky cuvapton P(X) = a X'+ ocHX‘Fl + ...+ oy pe a, = 0 woyvet

lim P(x) = lim (e, x") xot lim P(x) = lim (e, Xx")
X—>+00 X—>+00 X—>—00 X—>—00

INo mapdderypa,
lim (4%° —3x° +6x* —x+7) = lim (4x°) = —».
2
—X+1
e Eoto topa 1 ouvapton f(x) = M
5x°+x-7

Tox # 0 éxovpe:

Eme1dn
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3x2

5x3

Kot
2
tim | | him[ 2 )20
X—>+00) 5X3 x>+ By
€XOUpE
lim f(x)=0= Iim(—J.
Tevika,

v v-l1
a,x +a, x +-tox+ao

Tt pnt suvaptnon f(x) =

B.x"+ ﬁx-lx'ﬂ +ot Bix+ B,

,a,#70,8 #0

o)Vt
lim f(x)= 1im["‘v"Kj kau lim f(x) = lim [“v’“KJ
X+ X—>+0 ﬂ’(x X—>—00 X—>—00 Kx
INo mapdaderypa,
lim 5x2—6x+1_ . 5x7 5
o 3yt px =2 o 3x7 ) 3

Op1a exlOctiknyg - L0yaplOuikyg covapTnons

4 1)
ATCOSSIKVUET(XI( ) OoTL:

e Av o> 1 (Zy. 60), tote

lim o™ =+

X—>+0

lima* =0,

xX—>—00

limlog, x=—c0, lim log, x=+c0
x—0

X—>+00

o Av 0 <a<I (Zy. 61), tote

lima* =0
X—>+0

lim log, x =—o0

X—>+00

lim a* = +oo,

X—>—0

limlog, x = +oo,
x—0

O H anddeién maporeinetat.
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Hemepaouévo opro axolovbiag

H évvouo g akoAovBiag givat yvooth amd Tponyodueveg TEelg. ZuyKeKpIUéva:

OPIXMOX

AxkolovBia ovopdleton kae mpaypotikh cuvépmon o : N>R,

H ewdva a(v) g acorovbiog o sopBorileton cvovnOmg pe a, eved n oxolovdio a coppo-

1 .
AiCetan pe (o). o mapaderypa, 1 covapon a, = Ve N givar o axorovbio.

Ene1dn 10 medio opiopon kabe axorovdiog, sivar to N'={1, 2, 3, 4, ...}, éxet vonuo v
UELETNOOVLE T1 GUUTEPLPOPE TNG Y10l TTOAD HEYAAES THEG TOV v, dNAAOT Oty v —> +00,

O optopde Tov 0piov akorovbiog ival avAAOYOC TOL OPLGHOV TOL OPIOV GLUVAPTNONG OTO
+00 ka1 StaTvdveETaL OC EENG:

OPIXMOX

Oa Aépe 6T axorovbio (o) £xet 6pto to £ € R ko Ba ypagpovpe lim o, = £, 6tov
V—>0

v kd0e & > 0, vdpyer vy e N 1€1010, OGTE Y100 KGOE v > v var 1oy0eL
la, —l|< e

O17veGOTEG 1O10TNTES TMV 0PIV GUVAPTNGEMY OTAV X —> +00, TOV LEAETNGULLE GTOL TPOT-

yolpueva, 10bovV Kot Yo Tig akoAovdies. Me tn forfeia Tov 10T TV aVThV HLTOPOVHE

vo vroAoyilovpe Opto akoAovOLDV.

INo mapdoderypa,
2 =3v+s vt ]

lim————=lim—=—

voe 4yt vy =1 voe 4yt 2

AXKHYEIY
A" OMAAAX
1. No Bpeite ta dpra:
i) lim (—10X3+2X—5) i) Iim(5x3—2x+1) iii) lim 3
X—>+00 X—>—0 X—>—0 ¥ +8
9 [T x* —5x° +2x -1 ) i 2x3 +x-1 Vi) lim X+2
X—>+00 X3 —3X+2 X—>+00 4X3 —XZ +2 X—>+00 XlO o X+3
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- X 5 o [ X5 X +3
vii) lim | —-—— viii) lim - .
oo\ X241 X+2 oX X+2

2. No Bpeite ta 6pia:

i) lim V4x*> —2x+3 ii) lim +/x* +10x+9

X—>+00 X——0

iii) Xlirpw(\/xz +1+4/X2 —3x+2) iv) lim (Jx+ @) (x+ B) -x), a#f
V) lim (2x-1-V4x* —4x+3).

3. Na Bpeite ta 6pio:
2

iy fim X+ i) lim (vVk* +1-x)

X—>+00 X

i) fim Y +L iv) lim (V¢ +1+ %)

X—>—00 X

_ [l 2
v) lim Xoux vi) lim (xvVx2+2x+2 - x2).
X—>+00 X — /XZ _1 X—>+o0

B OMAAAX

1. T T1g S18QOPES TPOYUATIKES TILEG TOL L, VO, DTTOAOYIGETE TOL TAPUKAT® OPLoL:

13 2
i) lim (VX2 +1+ 1) i) fim 1)2" F2x 43
X—>—00 X—>+00 /JX —5X+6

2. Na npocdiopicete 10 A € R, dote 1o lim (vx? +5x +10 — AX) vo vrdpyet 610 R.

X—>+o0

2
X

+1

T ax+ f,vo Ppeite Tig TWES TOV @, f € R, Yo T1G omoieg 1oyvet
x+
lim f(x)=0.

X—>+0

3.Av f(x)=

4. Na Bpeite ta 0pto.:

VX*+1+5-x | x> = x|

v | X2 =5x|+x i e 1
i) lim i) lim iii) lim

2
xo—o X —3X+ 2 X—>=00 X+"4+3X2 x>0 X —]
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1.8 JXYNEXEIAXYNAPTHXHYX

Opiouog s ovvéyelog

"Ecto ot suvaptioeig f, g, h tov omoiov ot ypapikéc mapuotdosls divoviat 6Ta mapoKato
oyMuoTa.

VA Vi \)’i

IMoapatnpovpue ot

— H ovvaptmon f eivar opiopévn oo X, kot woyvet:
XILT, f(x)=1(xp).
— H ovvépton g etvar opiopévn 6o X, oALd
lgm g(x)# g(x).
— H ovvépton h givat opiopévn oto X, adrd Sev vrapyst To 6ptd Tng.

ATO TIG TPEIC YPAPIKES TAPUOTAGELG TOV OYNUATOG LOVO 1 YPaPIKT| Tapdotacn ¢ f e
dlaxoTTETOL 670 X, Eivau, emopévag, guoiko vo ovopudcovpe 6uveyn 610 X, LOVO 1) GU-
vaptnon f. Fevikd, éyovpe Tov akdA0L00 0plopo.

OPIXMOX

‘Eoto wa cvvéptnon f kot X, £va onpeio X, Tov mediov opiopod mg. Oa Aépe 6tin
f etvon svve Mg 670 X, OTAV

lim f(x) = f(x,)

X—>Xg

INa Topdderypa, 1 ovvaptnon f(X) =| x| eivar cvveyng oto 0, apov

Iingf(x)=|ing|x|:0: f(0).

ZOpQ®Vve. g TOV TAPATAvVeD opIopo, pio cuvaptnon f dev siven cuveyig oe £va onpeio X,
ToV TS0V OPIGHOY TNG OTAV:
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o) Agv uIapyeL TO Op1O TNG GTO X 1
B) Yrdpyst to 6p16 g 670 X, aAAG givon Slapopetikd omd Ty i g, f(X,), oto onpeio X,.

TNo mapdderypo:

) x*+1, av x<0 , , .
— Hovvépmon f(X)= dev givar ovveyng oto 0, apov
2-X, av x>0

lim f(x) = Iing(xz ) =Levo lim f(x)=lim(2-x)=2,
x—0" X—> x>0 x—>
ondte dev vrapyeL To 6pro ¢ foto 0.

x> =1

— Hovvapmon f(X)=9 x—1~ v x=l dev glvat cuveyng oto 1, aeod
3, ov X=1

lil’Illf (x)= linll

wzlin}(x+l):2, evér F(1) = 3.
x— X—>

Mia cvvaptnon frov sivon cuveyng og 6ra to onpeio Tov mediov opiopod g, Ba Aéyetar,
amAd, GLVEYNS GLVAPTION).

TNo mapdderypo:

— Ka0g molvovopikn cvvaptnon P eivar svveyg, 0gov yia ke X, € R 1oydet
lim P(x) = P(x,).
— Ka0g pn suvapten — eivan svveyng, apoD yia kébe X, Tov mediov opiopod mg 1oydet

mmz P(XO).
=0 Q(x)  Q(X)

— Ovovvaptijosig (X) =npx kot g(X) = ocvvx givan svveyeis, apov yio kabe X, € R 1oyvet

lim nux = nux, kot lim GuvX = cVVX,.

X=Xy X=Xy

Télog, amodeikvierat Ot

— Ovovvaptioceis f(x) =a” ko g(x) = log,x, 0 <a= 1 civar cvveyeic.
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Ipaéeig ue coveyeic cvvapTyoels

A76 TOV OpPIGHO TNG GUVEELUG GTO X, KOl TIG IGLOTNTEG TOV 0PIV TPOKVITEL TO TAPAKATD
Oecdpnua:

OEQPHMA

Av o1 ovvapticelg f kat g sivon cuveygic oto X, TOTE givon cuvexeig 0TO X, Kat ot
GULVOPTNCELG:

f+g, cf, omov ceR, fg, f |f|Ka1J_

pe v mpodmodOeom Ot1 opilovtar o€ Eva SIAGTNHA TTOV TEPIEYEL TO X,

INo mapdaderypao:
— Orovvapmoelg f(X) = g@X kot g(X) = 6QX givar uveygic wg mAiKe GLUVEYDY GUVOPTHCEMV.

— H ovvdpmon f(x) =+/3x—2 eivor cuveyng oto medio opiopod g [E +OO} aeod M
ouvaptnon g(x) = 3x — 2 eivar cuveyne. 3

— Howvapton f(X) =] xnux |eivar cvveync, apov givar g popeng f(x) =| g(x) |, dmov
g(X) = Xnux n omoia eivor cuvEXNG CLVAPTNOT OC YIVOLEVO TOV GLUVEYDV GLUVOPTHCEMV
f,(X) =X ko f,(X) =npx.

Téhog, amodeikvoetat 6Tt Yo Tr GHVOEST GUVEYDY GLVOPTHGEMY 1G)VEL TO akOAOVDO Bedpn Lo

OEQPHMA

Avn ovvépmnon f eivan cuveyng oTo X, kot M cuvaptnon g eivar cuvexng oto f( X)),
10T 1 6OvOeST Tovg g o f eivar ovveyng oto X,

T'a mopddetypa, 1 suvapton p(X) =nux* — 1) sivar x > y=x 21

ovveyng o€ kéBe onpeio Tov mediov opIGHOY TG WG
6OVOESN TOV GUVEXDV GUVOPTASEDY f(X) = X* — 1
Kot g(X) =nux.

o=nuy=np(x’-1)

E®PAPMOI'H

x°+2a, av x<0

T oo Twpt] Tov a 1 suvaptnon f(X)= npx 0 givon ooveg;
—_—, v x>
X
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AYXH

— X10 Sdotua (—0,0) 1 f éxer tomo f(X) = X° + 2a Kou enOPEVOC Eival GUVENNS MC
TOADOVULLKY.

X
Y10 Sudotnua (0,+w0) N f &el Tomo f(X) = w2 KoL EMOUEVOG EIVOL CLUVEYNG MG TNALKO
GLVEYDV GUVOPTICEDV. X
Ia va givor n f coveyng, apkel va eivan cvvexng kot oto X, = 0, dnhadn apkel

Iirrg f (x) = (0). "Exovue dpog:
lim f(x)= lirr(}(x2 +2a) =2a,
x—0" x>

lim f(x)=lim ™ =1 g
x—>0" x>0 X

f(0) =2c.
. . , , 1
Enopévac, apket 20 = 1 1), 1codvvapa, o = 5

2vvéyela oovaptTnons ce drdotnua kot facikd Oswpiuota

[ToAAG amd ta Be@pnparto TG AVOAVLGNG OVOQEPOVTIOL GE GLVOPTIHOELG Ol 0Toleg glvat
ovveyeic og dwotpato tov mediov opicpod tovg. Eivar, emopévmg, amapaitnto va
yvopilovpe Tt gvvoovpe 0tav Aépe 0Tt pua cuvaptnon f eivor cuveyng o’ éva dtdotnua.

OPIXMOX

® Mua cuvaptnon f Ba Aépe 6t eivon suveyg 6€ éva avoikto drastnpa (a, f),
otav glvar cuveyns oe kaOe onpeio Tov (a, ). (Zy. 63a)

e Mia cuvdptnon f Oa Aépe 611 eivar cuveyng o€ éva KAELoTO drdstnpa [a, ],
otav givat cuveyng o€ kdOe onpeio Tov (a, B) Kot emmAEov

lim /(x) = /(o) kan lim /(x) = /(B) (Zx. 63P)

ya Y4

// 5 A
A

®

3

Qp—————-=
ot - ———
=¥

0o a‘ g x 0
(o) 02)

Avdroyot opiopol dtatvmd@vovtat Yo dStooTthpata g popeng (a, A, [a, f).
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Avo Bacikég 1O10TNTEG TOV CUVEXDY GLUVOPTACEDV GE dlacTiHaTe KPpalovtol amd Ta
mapakdTo Bewpnpoto:

Ozopnpa Tov Bolzano

Y10 Owmhoved oYNUO. €XOVUE TN YPOQPIKY 1
TOpAoTacN oG ovveyobg cuvaptnong f
oto [a, B]. Eneidn ta onueio A(a, f(a)) kot JB)p=mmmmmmm s PB(B.S(B)
B ’ 7 7 |

,(ﬁ, f(f)) Bplsmovrfu ekatépmObey w00 a&ova /_\ A
x'x, 1 ypaewn mapdotaon g f téuvel tov Xo  Xo [
a&ova og éva ToLAGYLIGTOV oMUEio. I9) X, \/ B X

<=—---%

Zvuykekpipéva woxveL 10 Topakdto Oedpnua  f(a)f- 4 4(a, (@)
TOV 0TO10L N ATOSEIE TapOUAEiTETOL.

OEQPHMA

‘Ecto o ovuvaptnon T, opiopévn g éva kheiotd didotua [a, f]. Av:
e 1 f eivon cuveyng oto [a, f] Kat, emmiéov, 16yvEL
o f(a)f(p) <0,
101€ VIAPYEL éva, TOVAAIOTOV, X € (0 ff) TéTOM0, DOTE
f(x,) = 0.
Anadn, vapyet po, TovAdytotov, pifa g eicwong f(X) = 0 610 AVOIKTO d14-
otnua (a, f).

XXOAIO

Amd 10 Bedpnpo Tov Bolzano mpokvmtet Otu:

— Av wa ovvaptnon f eivon cuveyng o éva didotnua 4 kot de undeviletan 6” owto,
toTE VTN 1 glvan Betikn yo k6Oe x € 4 1 elvon apvntikn yo KGO x € 4, dnhadn darnpel
Tpdonpo 6to drdonua 4. (Zy. 65)

YA YA ‘!’
| | a p
ol a B X ol | : X
) B)

— M ovveyng ovvaptmon f dwampel Tpdonpo oe kabévo amd T0 S10GTHLOTO OTA
omnoia ot dradoykés pilec g f ywpilovy to medio opiopov e,
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AvTO pag 18VKOADVEL GTOV TTPOGOIOPIGHO TOV TPocuov g T yia Tig Stdpopeg TipéG Tov
X. ZUYKEKPIUEVD, O TPOCOIOPIGHOG OVTOG YivETOL MG EENG:

a) Bpiokouvpe 11 pileg g f.

B) Xe kaBéva amd ta vrodactipoTo Tov opilovy ot dradoykés pileg, emiéyovpe vav
apOud ko Bpickovpe to Tpdonpo g f otov apbpd avtd. To Tpdonpo avtd givat
Ko to Tpdonuo g f oto avrictoyo ddotpa.

INo mapdderypa, £ot® 6Tt OEhovpe Vo BpoviLe TO TPOGNO TG CLVAPTNONG

f(X) = nux — ovvx, x €[0,27].
Apyikd vrohoyiCovpe tig pileg g f(X) = 0 oto [0, 27]. "Exovpe

T St
npx—cnvsz@npx:ch@8(px=1<:>x=zn X=T.

"Etot o1 pilec g fympilovv to medio opiopod g ota dtacthioato

O,E R E,S—HJ Kot (5—ﬂ,27r}.
4 4 4 4

O mopokdTe Tivakog SEiYVEL TO OTOTEAECLOTO TOL EAEYYOV TOV Tpoon oL ¢ T ot kabe
oo,

, T n Sm 5w
saoea | o) | (3.5) | (5]
Emieypévog 0 r or
apOuog X, 2
f(x,) -1 1 -1
I[Ipoéonpo — + _

Sn
Emopévag, oto dtaothipoto [O, %J, (T,2n} givon f(X) <0, evd oto ddotnua

[Z,S—NJ givon f(x)>0.
47 4
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Ozopnuo evOLIPECOV TIUOV

To emopevo Bedpnua amoteret yevikevon tov Bewpnpatog tov Bolzano kot givat yvootod
®¢ Bedpnpo eVOIAUECOV TIUDV.

OEQPHMA

‘Ecto pio cuvapmon f, n onoia givar opiopévn o€ éva kAeloto ddotnpa [a, f]. Av:
e 1 f &ivon cvveync oto [a, f] kot
o f(a)=f(B)

toTE, Yoo kGOs apBud n peta&d tov f(a) ko f(B) vrapyer évag, TovAdyioTov
X, € (o, B) Té1010G, OOTE

f(x) =7

AIIOAEIZH

Ag vrobécovpe ot f(a) < f(f). Tote Ba woyvel f(a) < n < f(B) (Zy. 67). Av Bswpricovpe
™ ovvaptnon g(x) =f(x) — 5, xe[a,B], mapotnpodue ott:

v
e 1) g sivat cuveyng oto [a, f] kon
_________________ B

o g(@)g(f) <0, S(B) / (B.S(B))
apov n 7~ \. |
g(a) = f(a)) — 7 < 0 ko : N i y=n
an-ih -0 s B

HEVOG, CUUPMVE pE TO Oedpmua Tov oo ! Lo
Bolzano, vrdpyst xy€ (a,f) tétot0, dote 0 c; X, x; xR X
9(X,) =f(x)) =7 =0, onote f(X,)) =7. M

XXOAIO
4
Av o cuvaptnon f dev eivon cuveync oto
dtotnpa [a, f], tote, dnOC QaiveTol Kot JB)=mmmmmmmmm |
670 SAOVO GO, OEV TOIPVEL VTTOYPEWTL- |
K6 OAEC TIC EVOLAETES TULEC. n ! '
| |
fl@)r--1 ! i
|
| | |
0 a B x

e Me ) Bonfsio Tov BepLOTOG EVOLOUES®V TILMV ATOdEKVIETAL OTL:

H gwdva f(4) evog draompatog 4 pécm piog cuveyovs Kot pn otadepnic cuvaptn-
ong fetvou dcTnpa.
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QA-——+—-=

®)

—
p

»

Xty €101kN epintmon mov to 4 givar £va kKAEoTO Stdotnua [, f], 1oydEL T0 TapuKAT®
Becdpnpo.

OEQPHMA (Méyiotng Kot ELALoTnG TIUNG)

Av f glvan ovveyng ovuvaptnon oo [a, B, tote n f naipvel oto [a, f] o péyio
Ty M Ko puor eddytotn T m. (Zy. 699)

Ankadiy, vapyouvy X, X, €[a, ] tétown, dote, av m = f(X,) kar M = f(X,), va. woyvet
m< f(x)<M,yakide x€[a, f].

XXOAIO

Amd 10 Tapandve Oedpnpo kot To BedpPna EVOLGUEC®V MV TPOKVTTEL OTL TO GHVOLO
TIOV [ag cvveyovg cvvaptnong f ue medio opiopov to [a, ] eivon o KheoTd SrdoTnua
[m, M], 6mov m 1 eldyiotn TN Ko M 1 péylot T e

INa mapdderypa, n cvvaptnon f(X) = nux,
X €[0,27] éyet obvoro tpdv to [-1, 1],
a@ov gtvat cuveyng oto [0, 2z] pem=-1
kot M= 1.
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® Téhog, amodetkvoetat OTL:

Av i cuvaptnon f eivar yynoiog advéovoa kot cuveyng o€ £va avoikto didotnuo
(a, ), T0TE TO GVVOLO TIUAOV TNG GTO JAGTNHO AVTO vt To ddotua (A, B) (Zy.
71a), 6mov

A=lim f(x) xu B= lirg f(x).

Av, ouog, n T eivar yynoiog @Bivovsa kor cuveyg oto (a, f), TOte T0 GVVOLO
TILOV TNG 6TO ddotn e avtd givat o dtdotnua (B, A) (Zy. 71P).

INo mopdderypa,
— To ovvoro tipdv g f(X) = Inx + 1, Xe (0,€), n omoia eivor yvnoing avéovoa kat
ouveyNg cuvaptnon (Xyx. 72), eivat to dtdotnpo (—wo,2), apod

lim f(x)=-o kat lim f(x)=2.
x—0" x—e

y ® y ®

[ SEp——

X 14——-

—~—

— — — —

o
1

— To ovvoro Tipdv g f(x) =—, x € (0,1), n omoia eivar yvnoiong edivovca Kot cuve-
X

NG ovvapmon, (Zy. 73) eivar to dtdotuoa (1,490), apov

lim f(x) = 40 Kon lirrll f(x)=1
x—0" x>

Avéroya cvumepdopata £xovpe kol 0tav e cuvaptnon f eivar cuveyng kat yvnoing
HovoTovn o€ dlacTipaTe TG Lopes [a, A, [a, f) ko (a, f].
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E®PAPMOI'H

Na dgyytel 6T ) e€icwon X + ovvxX = 4 €yl ma, TovAdyietov, pila 6to Sdotnpa (7,
2m).

AIIOAEIEH

Oswpodue ™ cvvaptnon f(X) = X + cvvx — 4, x €[, 27 ]. Tore:

® H f givar cuveyng oto [, 27] ©g GOpoIcHe. GUVEXDY GUVOPTACE®V.
® Eivauw f(x)f(27) <0, apod

f(r)=mr+ovwr—-4=n-5<0xu f(27) =27 +tovv2r—4=27-3>0.

Emopévag, copeava pe to Oedpnpa tov Bolzano vrdpyet éva, Tovhdyiotov, X, € (,27)
té1010, O0TE f(X)) = 0, 0MOTE X, + OLVX, — 4 = 0 KOt GUVERMG X, + GLVX, = 4. Apa, N &i-
oo™ X + cuvX = 4 €yet pia tovAdytotov pila oto ddomua (7, 27).

AXKHYELY

A" OMAAAX

1. Xta mopaxdrto oyquate divoviol ot ypapikés mapacTicES SVO CLVAPTNCEMV.
Noa Bpeite o onpelo oto onoia avtég dev etvar cuveyels.

L ®

T

]

]

]
[\*)
(98]
(%)
th
=
)
p—
[\*)
B I
=

2. No peLeTNGETE MG TPOG T1 GLVEELD GTO X, TIG TAPOKATMO GUVOPTHGELS:

X2 +4, x<2
, OV Xy =2

D) f(X)={

3
X , X2
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i 1) ¥’ +1, x<lI .
il X) = , OV X, =
V3+x, x2>1 °
X +x-=2 D
i) f()=1 x+2 ’ , v X, =—2.
-3 , x=-2

3. No pelemnoete ©G TPOG TN GLVEXEL TIG TOPOKATO GUVOPTHCELS KOl UETH VO
YOPAEETE TN YPAPIKY TOVS TAPAGTAGT), OV

2x%, |x|<1 x* —5x+6 0
) f(x)=12 i) f(x)=7 x-2 ~
- > ‘x|>1
X 5 , B2
x , x<l | e’ , x<0
iii) f(x) = iv) f(x)= .
) /() {lnx , x2>1 ) /() {—x2+1 , x>0
4. No. LELeTNOETE OC TTPOG T1| GLVEYELD TIG CLUVAPTNCELG
2
- <
’ 2x° -3 , x<l1 ) npX . x<0
) f(x)=1 x-1 1 i) f(x)=1 x .
\/;_1 » X2 owX , X=0

5. No amodei&ete 0TI Ol TOPUKAT® GLVOPTHGELS EIVOL GUVEYEIG:

i) f(x) = nu(ouvx) i) f(x)=In(x*>+x+1)

iii) f(x) = nu( j iv) f(x)=e™

x+1
v) f(x)=In(Inx)

6. No amodeiete 6T M e€lowon nux — X + 1 = 0 el pla TovAdyioTov Avon 6To
dweompa (0, m).

7. T kGbe pio and T1g TOPOKATO TOAVOVVLIIKES cuvapTticels f, va Bpeite Evav
aKéPaLo a TETOOV, OGTE 6To ddotnua (a, a + 1) n e&icmwon f(X) =0 va €yl pia
TovAdytotov pila

i) f(x)=x"+x-1 i) f(x)=x"+2x+1

iii) f(x)=x"+2x-4 iv) f(x)=—x +x+2 .
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8. Na amodeibete 6T 1 elomon
ax —p)(x=V)+px—x—v) +yx-)x-w) =0,

omov a, f,y> 0 kot A < u < v, &yet dvo pileg avioes, pa 6To dSaotnpa (4, 1) Ko
o 6to (K, v).

9. Na Bpeite to Tpoéonpo g cvvaptnong f yu dleg T TpaypaTiKEG TWES TOV
X, OTOV:

fX)=x+2x —x -2 i) f(x) = x* — 9%’
i) f(X)=epx—~/3, Xxe(-m,7)  iv)f(X) =nux + cuvx, x €[0,27].

10. No Bpeite T0 GUVOAO TIULDV TOV GUVOPTHCEDV

) f(X)=Inx—1, x €[l,e] i) f(X)=—x+2, xe(0,2)
iil) f(X) =2nux + 1, X € {0,%) iv) f(x)=€"+1, x e (-x,0].
B OMAAAX

(x—x)x+x) , x=<2 , , )

1. Av f(x)= , Vo Tpocdopicete 10 k, dote T va givon
Kx+5 , x>2

GLVEYNG OTO X, = 2.

a’x*+px-12 , x<l1

2. Av f(x)= 5 , x=1, va Bpeite Tig Twég tov @, feR yo Tig

ax+f , x>1

omoiegn f va eivat cuveyng oto X, = 1.

3.1) "Eoto pio cvvapmon f n omoia sivon cuveyng oto X, = 0. Na Ppeite 1o (0),
av yio kafe x e R 1oydet
xf(X) = ocvvx — 1.

i) Opoimg, va Ppeite o g(0) yia ™ cvvépnon g mov eivar cuveyng oto X, = 0
Kot yuo k@Be X € R woydet

| Xg(x) —nux| <x".

4. Av ot cuvaptioelg f, g givar opiopéveg kat cuveyeig oto [0,1] kot TANPOHV TIG
oyéoelg T(0) <g(0) ko f(1)>g(1), va amodeiete 6TL VIAPYEL Eva TOLVAAYIGTOV

£ €(0,1) téro1o wote (&) =g(od).
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5. Noa amodei&ete 011 01 &lodoELS:

41 61 X
XAl X+l B¢ .+

Xx—1 x-2 x—-1 x-2

Inx

o) =0

€youv pia, Tovidyiotov, pifa oto (1, 2).

. Xg Kobepd amd TG TapuKAT® TEPUTTMGELG VO UTOJEIEETE OTL OL YPOPIKES TOPOL-

otdoglg Tov cuvaptnoewv f kot g éxovv éva axpipadg kowd onueio

i) f(x) =€ kon g(x) = 1
x

i) f(x) = Inx ko g(x) = 1
X

. 1)’Eoto f wa cvveyng cuvaptnon oto didotnua [-1,1], yio tnv onoia 1oydet

X+ £7(X) = 1 yua ké0e X € [—1,1].

a) Na Bpeite 116 piCeg g e&iowong f(X) = 0.

B) No amodei&ete 6tin f dwrnpei to Tpdonud g oto ddotnua (—1,1).
v) Howog pmopel va givor o tomog g f ko wota 1 ypapkn tng mapdotoon;

il) Me avdloyo tpoémo va Ppeite Tov TOTO TG GLVEYXOVG cuvaptnong f oto ov-

volo R, ywa v omotia 1oyvet
(%) =Xy kébe X € R,

. Atvetot 1o teTpdymvo OABI tov dutho-
vou oynuatog kot pio cvveyng oto [0,
1] ovvaptnon f g omoiog 1 ypagky
napdotacn Ppioketar oAOKANPN pHéEcO
GTO TETPAY®OVO QVTO.

1) Na Bpeite 116 e€l0doES TOV dloy®-
VIOV TOL TETPAYMOVOL Kot

A

7(0,1)

B(1,1)

ii) No amodeiéete pe to Oedpnuo Tov
Bolzano 6t 1 C, tépvet kot 11g 800
Sydvies.

. 210 dumhovo oynua M kopmoAn C eivorn

YPOPIKH mapdotaot pag cvvaptnong f 4y

mov eivar cuveyNg 6To [a,f] o To M (X,
Y,) etva éva onpeio Tov emmédov,

i) Na Bpeite Tov tOM0 TG 0MOGTOONG
d(x) = (M,M) tov onpsiov My(X,, ¥,)
and to onueio M(X, f(x)) mg C, yuu
Kabe X €[a, B].

0(00)

A0 x

B(B.f(P)
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il) No anodeifete 6t1 1 cvvdptnon d givor cuveyng oto [a, f] kot ot cvvéreln 0Tt
vrapygL €va, TovAdyiotov, onueio mg C, mov améyel omd 0 M, Aydtepo amd
OTL améxovv T vIToAouTe onpeia g Kot va, TovAdyioTtov, onpeio g C, mov

anéyel and 10 M, meplocOTEPO 0mrd OTL AmEYOVY TOL VITOAOLTO GTLELD TNG.

EPQTHXYEIY KATANOHXHY

I
Ye KoOgmd omo TIC TUPUKATO TEPUTTAGELS VO, KUKAAGETE TO YPAUpRA A, av
0 wyvpopdg givar ainbnig kot To ypappa ¥, av o woyvpiopog eivor yevong,

JITIOAOYAVTOG GLYYPOVAOS TNV UmAVTI|ON GG,

1. Av f(x) = Inx ko1 g(X) = €, t61¢

a) (gof)(x)=l, xeR’ A V¥
X
B) (fog)x)=-x,xeR A ¥
2. Av Ilrrll ()—IeR,téta lirrllf(x):O. A Y
X—>. X_ x>
, . 1 . . 1 1
3. Eivou lim| X| — =limX-lim— =0-lim =0. A VY
X—0 X +X X—0 X—)OX +X X—)OX +X

4. Av f(x)> 1y ke X e R Ko vdpyet To 11m f(x),

TOTE KOT™ OVOYKN 11m f(x)>1 A Y
. - 1

5. Ioydet: a) lim | xqu— =1 A Y
X—>+00 X

B) lim X _1. A Y

X—>+0 ¥
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6. Av 0< f(x) <1 kovtd 1o 0, ToTE ling(xzf(x)) =0. A b d
1 . D
7. Av f(X) <=, xe(a,+0), T0Te KT’ 0vayKn
X
Oa eivar lim f(x)=0. A b d
8. Av vmapyet To 1irr61( f(x)g(x)), tote eivon ico pe f(6)-9(6). A b d
9. Av lim | f(x)|=1, tote xat’ avéykn Oo eivor
lim f(x)=11 lim f(x)=-1 A b d
10. Av lim | f(x)|=0, téte lim f(x)=0. A b d
11. Avn f givar cvuveyng oto R ko yio X = 4
2
oy0et £(x) = L)le, tote 10 f(4) eivon foo pe 1. A ¥
12. Avn feivon cuveyng oto [-1, 1] ko f(—=1)=4,f(1)=3,
T0TE LVIAPYEL TPOyHaTIKOG apBuos X, € (—1,1) tétowog,
dote f(x,) =m. A b4

II.

No KUKADGETE TN 6OGTY ATAVINGT 0 KAOENLE 06 TIC TAPUKATO TEPUTTAOGELG

1. Av lim f(x) =/, lim g(x) =m, I,m e R xot f(X) <g(X) Kovtd 670 X;, TOTE KOUT

avaykn Oa etva:

A)l<m B)l<m T)i>m A)l=m

(1-2x*)

2. To 6p0 lim
X—>+c0 (X2 +1)3

B) 1

glvan ioo pe:

A) 8 o A) +o0

[x3—x?-1]-x®+ x?
2

3. To lim

X—>+00 X

glvat oo pe:

A) +0  B) —© N1 A) -1

)

Eym<I.

E) -8.

E) 0.
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3 2
. X=X =2X . ,
4. Avto lim ————— dev vmdpyel, To1E:
=R X =X

A)x,=0 B) x,=2 Nx,=-1 A) X, =1.
II1.

1. Aivovtot ot GUVOPTNGELG

1 —_—
f(ﬂ:m-;-] Ko g(x)—xz_l.

Amd toug [Mapaxdro woyvpiopovg Adbog givart o:

A) 1 g elvar cvveyng oto 2
B) 1 f eivan cvveyrc oto 1
I') n g éxet dvo onpeia ota omoia dev Eival GUVEXNGS
A) xlir&f(x) =1l
2. Tlow amd To TapaKAT® Opla £ival KOAMG OPLOUEVL,

A) lin(}\/x2°—x+1 B) lina\/x”—x—l
I') lim v3x° +x—1 A) lim V3x° +x—1

X—>+00 X—>—0

E) lirré[ln(x3 +X+1)] XT) 1in%[1n(x3 +x-1)].

3. Aiverarn ovvaptnon f 1 onoia eivar cuveyng oto dtdomua 4 = [0, 3], ue
f(0)=2, f(1)=1«xo f(3)=-1.

[To1og amd TOVG TOPUKATM LGYVPIGHOLS OV TPOKVTTEL KAT® OVAYKT 0T
T1G VTOOEGELS;

A) Yrépyet X, € (0,3) tétotoc, dote f(x;) = 0.
B) lim /(x)=-1.
D) lim 7 (x) = f(2).
A) [-1,2] c f(4).

E) H péyom myun g foto [0,3] eivar to 2 ko n ehdyiotn tiun g o —1.
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IXTOPIKO XHMEIQMA

H évvoia tys ocvvaptnons

H évvowr tg ouvvaptmong, og Ekeopacn Mg eEdptnong avdapeco o Lo
OLYKEKPILEVEG TOCOTNTES, EppavileTal |’ €vav VTOVOOLLEVO TPOTO 1O Ao TNV
apyordtnTo. ‘Evo yopaktnplotikd mopdostyor amoTtehovy ol TIVOKEG YOPIDY TG
“Alpayéomg”, tov ‘EAAnve pobnpoticod Kot aoTpovopov TG oAeEavopivng
neptddov Khavdiov ITtorepaiov. X o GTHAN 0VTOV TOV TVAKOV DITEPYOVY T,
UK TV T0E0V €vOG KOKAOL Kot 0TV GAAN To UK |
TOV AVTICTOY®V YOPOd®V. XPNCUOTOIOVTIOG THV EVVOLa A

TOV MWTOVOL GTOV HOVOdio KOUKAO HTOpOVUE Vv

EKQPACOVLE AVOAVTIKA TN “GLVAPTNON” TOV TVAK®OV

tov [Trolepaiov og e&ng: - 9 ---

xopdn to&ov (X) = AB=2AM =2nu g .

Me tov 1610 vTOVOOLEVO TPOTO M €VVOld TG CLVAPTNONG EUPAVIfETAL GTOVG
AOYAPIOLIKOVG TVOKES TOL KOTACKELAGTNKAV GTIG apyES Tov 170V adva.

Ta yeyovoto mov €6mMGOV OTOPACIOTIKY MONoN otV avamrTuén g €vvolag e
ouvaptnong NTav 1n dnovpyio ™M Alyefpog (Ypnon YPOUUATOV Kol E0IKMV
GUUPOA®V Yoo TNV OVOTOPAGTOCT) LOONUATIKOV TPAEEDV, CYECEDY, OYVAOCTMV
K.AT.) KOl TNG OVOAVTIKNG YEMUETPLOG (¥pnom Tov adyefpikod cLpUPOAGHOD GE
veouetpikd wpoPAnuata). O Descartes, oto épyo tov “La Geometrie” (1637),
napovcilalovrag T HEB0S0 TPOGIOPICHOL LG KOUTOANG 0o Lo eElcmon mg
7Pog X ka1 Y (to. omoiot eKPPALovy T LOVYPOLLLLO TULLOTO-GUVIETOYIEVEG TOV
ONUEIOV TNG KOUTOANG), TEPLEYPAYE VIO TPAOTN GOPE TN SVVOTOTNTO AVOAVTIKNG
AVOTOPAGTACNG LI0G GYEoTG EEAPTNONG OVALESH G PETAPANTEG TOCOTNTES:

“Av Aoimov mapovue O1adoyika Eva. GrEPO
TANOOG O10QPOPETIKAV TIUDY V10, TO TUUO, Y
70te Oa. Ipoxvyel Eva dmelpo TANOOG TV
VIO TO TUNUO X KOL ETOUEVOIS UL OTTELPIO,
OL0POPETIKOV onueimy, ue ) fonbeio twv
OTOLWY UTOPEL VO, GYEOI00TEL 1] (NTODUEVN
Koumoln”. =

O 06pog “ouvvaptmon” (amd to Aatwvikd pnuo fungor, mov onuoaivel €KTEAD,
AELTOLPY®) EUPAVIGTNKE Y10, TPDTN POPa To 1673 6’ éva xelpdypapo tov Leibniz pe
titho “H avtioctpoen nébodog tmv epamtouévov 1| tepi cuvaptioewv”’ (Methodus
tangentium inversa, seu de functionibus), oo omoio e&etdleTat 0 VITOAOYIGUOG TOV
TETAYUEVOV Y TOV ONUEIOV LG KOUTOANG OTa Vol YVOoTh KOOl 1310t T TOV




1 OPIO —XYNEXEIA YYNAPTHYHX

87

avtictoy®v gpantopévav. O 6pog TOG GPYLoE VO ATOKTA atd eKEvN TNV ETOYN
[ dtaitepn onNUacio Yo TNV OVATOpACcTOCT TOCOTHTOV OV £50PTMOVTOL Ad
dAAeg petaPAntég moodTES, Waitepa OTOV 1 €EAPTNON LT UTopel Vo TapEL
™ Hopon Lo avoAuTikig ékepacng. O J. Bernoulli £dwoe 1o 1718 tov endpevo
YEVIKO OPIGUO:

“Ovoualw ovvaptnon evog petafintod ueyédoog pio moootnTa wov oynuotiletal pe
OTOLOONTLOTE TPOTO OO AVTO TO UETOPANTO uEYeBog Kar omo otalbepes”.

H avtilinym g cuvaptong oc “ovoAvTikig EKOpaons’” KupLapynoe yio £vo. LeyOAo
YPOVIKO S1oTNLO, GTN OLAPKELN TOV 0oiov 1 pobnpatiky avdivor opiloviav ogn
YEVIKT) EMCTHUN TOV LETARANTOV KOL TOV GLVAPTNGEDY TOVG. O EMOUEVOS OPIGHOG,
oV ToTiEL TNV €Vvola TNG CLVAPTNONG LLE OVTNYV NG “OVAALTIKNG EKQpaong”,
d60nke amd tov L. Euler to 1748, oto épyo tov “Eicoyoyn omv omelpootikn
avéioon”.

“Zovaptnon (oG HETofANTHG TOTOTNTAS OVOUGLETOL [HIO. AVOAVTIKY EKPPOCT) TOD
OYNUOTILETOL [UE OTTOI00NTOTE TPOTO OTO QVTH TH UETOPANTH TOGOTHTA KOt 0p1OUoDS
n orabepéc moootneg”.

H moapamépo e&EMEN ™G €vvolag TG ovvdptnong mponibe kuvpiog amd v
TPooTafEL LOONLOTIKNG EPUNVEING PLOIKOV TPOPANUATOV, OTTMG TT.X. TO TPOPAN LA
HL0G TOAAOLEVNG YOPONG, OTEPEMUEVIC GTO OLO AKPA TNG. X’ oVTO TO TPOPAN LA,
OV ATAGYOANGE WOOITEPA TOVG EMGTILOVES GTT dldpKeLa Tov 18ov andva, {nteiton
VO TPOOAIOPIOTEL o cuvaptnon g popeng Y = f(X, t) mov meprypdpet to oyfua
™mg xopdng o€ ua dedopévn ypovikn otypn t. To €ldog Opmg TV cuvapTHGEDY
OV VIEIGEPYOVTAL G° aVTO TO (TNUa €ival TOGO YEVIKO, TOV OVAYKOGE TOVG LLO-
Onuatikovg va avabemprcovy v Kabiepopévn avtiinym otl kabe cuvaptnon
TanTileTot pe po avoAvTIKY EKEPaoT Kot Vo aval)THoovV YEVIKOTEPOVG OPLGHOVG.
O L. Euler, non and to 1755 datdnmoe £va TETOL0 0PIGHO, OTOAAOYUEVO OO THV
GpEST) avaPopPE 6TV EVVOLa TNG “avOAVTIKNG EKQpacnS.

“Av Kdmoleg wOOOTNTES ECOPTAOVIOL OO GAAES TOGOTNTEG UE TETOLO TPOTO (OTE,
otav o1 televtaies aldalovy ovufaivel To 1010 KoL UE TIC TPWTES, TOTE Ol TPWTES
ovoudlovior ovvopTHoEls TV telsvtaiwy. AvTog 0 oplouds eivar ToAD evpog Kal
wepilaufaver kabe puéBodo ue v omoio. pio roootyTa. Go uropovoe va tpocoiopiorel
omo GAeg. Av ooy 1o X VIOONADVEL U0 UETOPINTH TOGOTHTO, TOTE OAES Ol
TOGOTNTEG OV ECOPTAOVIOL ATO TO X UE OTOLOONTOTE TPOTO 1] TPOTOLOPILOVTAL AT
0DTO, OVOUGLOVTOL GOVOPTHTELS TOV X .

O véeg avtéc avmpelg odMymoav Pobraic oty €vvola g cuvapPTNONG OC
avBaipec avtiotoyiog avapeso oto oTolyelo S0 GLVOAMY, OV dev oKOAOLOEL
VIOYPEOTIKA Kbmoto “vopo”. O J. Fourier, To 1822, emonpave pntd owtd to onpeio
pe v eéng mopatnpnon: “Ievikd, n ovvapmon f(X) mwapiordver wia dradoyr tcdv
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N TeTayuEvmY, kobguia amo tig omoieg eivai avBaipety. Av 000el o amepio Tyudv
oty tequnuévy x, Qo vapyovy icov minbovg tetayuéves f(x). Odes Eyovv mpayuati-
KEG op1OunTiKeS TIUES, OeTIKES N apvNTIKES 1 Unoev. Aev mpoimobétovue ot aTES O1
TETOYUEVES DTOKEIVTAL 0 EVO. KOLVO VOUO™ OLAOEYOVTOL 1] UIO. TV QALY LLE OTTOLOONTIOTE
POTO Kl KOOEUIG OO QVTES OIVETAL OOV VO TOY IO HOVOOIKT] TTOGOTHTO. .

H évvoia s ovvéyelag

Tnv mepiodo mov mn évvole NG GLVAPTNONG
tavtilovtay e oVTHV TG “avOALTIKNG £Kepaons’, y
VTPV OVO  SLIPOPETIKEG OVIIANWELS YloL TNV
évvola g ovvéyeloc. H plo amd avtég, pe kabapd

|

|

|

|
YEOUETPIKN TTpoérevon, eE€ppale TV 1O10TNTA LG i /
KOUTOANG vo. un moapovotdalel “Oakomés™ mn GAAn, 0 / o) =
pe Tpoérevon Kuplog amd ) Lok, eEéppale TV !
Wit evog Qavopévov va axkolovbel tov 1610 / i

I

“VOpo”, TV W10TNTA LG GUVAPTHONG Vo dtaTnpel
™V 1010 avoAVTIKny £KEPacn G° OAOKANPO TO mEdio Acvvégela 610 X, AOyo
oplopol ™e. X’ oty TV tehevtaio avtidnym mepi Suisigsan S ol B o
cvvéyelog Goknoe évtovn kpirikf o A. L. Cauchy o (VTOTO ONKELO

1844, onuesidvovtag ta e&ng: “2ra épyo twv Euler

ko1 Lagrange, pio. oovaptnon ovoualetor coveXng Y

N QOVVEYNG OVALOYa. e TO AV Ol OLOYOPETIKES TIUES |

OVTHS THS GVVOPTHONG DIOKEIVTOL 1 O)L GTOV 1010 VOULO, //;\
TPOKVOTTOVY 1 Oyl OO wio. Lovooiky eéiowaon. Ouwmg '

OVTOG 0 OPICUOG TOAD OmEYEL amo To vo. Bewpnbei < o] \ *
HoOnuotire oxpifng ylati av oL Ol0QPOPETIKEG TYES

HLOG OVVOPTNONG ECOPTOVTAL A0 ODO 1 TEPLOGOTEPES Acvvéyela 610 X, AOyo
O10QOPETIKES ECIOMOEIS, TITOTA OEV UAS EUTOOILEL Val peTa oG TG AVOALTIKNG

. ;o ;
UELDOOVUE TOV aplOud avTdY TV EEI0MoEMV 1f aKdun EKQPUONS 0" HUTOTO OTHELD

KOl Vo TIS QVTIKOTOOTHOOVUE a0 pia. omtAl eClowat),

¢ omoiag n avaivon Qo pog E01ve oAeg Tig vmolomeg. Ewouévag, oy kaveis Oewpijoet
70V opioud twv Euler kou Langrange epapuooiio oe 040 0. €101 TV COVOPTHTEWY,
T0TE p1a. OTAN 0ALOYN TOV GUUPOALOIOD EIVAL TVUYVO. OPKETH Y10 VO LETATYNIULOTIOEL
Lo GVLVEYT GLVAPTHON OE aoVVEYH Kol avtiotpoga. Etol wy., av to x ovuforiler pa
TPOYUOTIKY UETOPANTH, TOTE N GOVAPTHON TOL 1GOVTOL HE + X 1] — X, OVAAOYa. UE TO
av n uetofinty x eivar Getikn 11 opvyTIKy], TPETEL Y10, TO LOYO aTo Vo tomobetnOei
oY KAGGH TOV QOVVEYDY GOVOPTHGEDY OUMS 1 1010, covapthon Oo umopoioe va

OewpnBei w¢ ovveyic dtav ypagel oty popeii NNX* .

M Etvan pavepd 61t 0 Cauchy ypnoiponotet ed, yopic vo Ty ovopdlet, T cuvapon omdAvT T,
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E7o1, 0 yopoKtipag TS GOVEELAS TWV COVOPTHOEWY, Bewpoduevos omo 10 onueio
OOV Ol YEWUETPES OTOUATHOOV VIO TPWTH QOPa, EVOL QoAPHS Kol ofiefoiog.
H afefouotnra ouws Oa elapaviorei, av otp Géon tov opiouod wov Euler
OVTIKATOOTHOOVUE ODTOV TTOV EYM OWTEL 0T0 KePdlaio 11 Tov épyov pov “Aryefipikn
avaioon” ...”.

O opiopdg, otov omoio ovagépetal €0® o Cauchy, amotelel ovolaoTiKG TV
TPDTN OTOTEPO, HEAETNG TNG EVVOLOG TNG CLVEXEWNG LE AOYIKH OLGTNPOTNTO.
Amocvvocovtag autny TV €vvolo omd KAOe yemUETPIKY emonteion Kot e&dptnon
amd TV Evvola NG “avOALTIKNG EKQPOONG”, TN HETACYNLOTIOE o€ (o kabapd
apOUNTIKY 131OTNTO TOV GLUVAPTHGE®DY, TOL UTOPEL VAL YIVEL AVTIKEIIEVO AOYIGLLOD.
O optopdc avtog tov Cauchy, mov 060nke to 1821, €xel mg e&ng: (évay TopopoLo
oplopo eiye dmaoel kot o B. Bolzano to 1817).

“Eotw f(X) wa ovvdptnon e uetofAntig x kai og vmobéoovue ot yio kbs tyun
T00 X 0 £V0, OOGLUEVO OLGOTHUA. 1] COVOPTHON ODTH EYEL TAVTOTE ULO. UOVOOIKI] KO
wemepaouevy T, Av 0oovuE oty UETOPANTH X [ arElpoeldyioty adénon a, n
ovvaptnon Oa avénbel katd w orapopd f(x + a) — f(X), n omoia eloptazor omd i
VEO, UETOPANT 0. Kau TV Ti] Tov Elye TO X. X auTiyv TV TEPITTWON, 1] GOVAPTHON

f(X) Oa ovoudlerar oveyis oto didoTnuo TS ueTafANTIC X, av yLa kébe Ty Tov X o’

aVTO T0 OLGOTHUA, 1] OTOAVTY TYH TS Otapopds f(x + a) — f(X) pukpaiver ex’ aneipov
wali i’ ooty tov o. Me alla Loyia, n f(X) Oa wapauéver ooveyns wg mpog x, av Ui
OTEPOELOYLOTN ODENTN THE UETAPANTHC TOPAYEL TAVTOTE IO, OTELPOEAYLTTH ODENTN
¢ i01ag s oovaptnong”.

H évvoia tov opiov

H évvowa g ovvéyetag kabdg kot optopéves GALeS Pactkés Vvoleg TG ovaAvomNg
mov Ba yvopicovpe ota emdpeva kepdiowo (OTmG Y. M TOPAY®YOS KOl TO
OAOKAP@LLO) TTEPLETYOV, OTO TPMTA GTAJL TNG EEEMEN G TOVG, OPIGUEVES ACAPELES,
mov opsihovtay Kuping oty advvapio Tov podnpotikdv vo drampoypatevfodv
HE AOYIKY VGTNPOTNTA THY £VVOLOL TOV OTEIPMS LkpoD Kot TOL ameip®g HeydAov.
Avt 1 advvapior 06Myovce TOALOVS Vo apeieBntovv ta Bepéla miveo ota omoio
ompiloviov 10 0owKOdOUNUA NG HOBNUOTIKAG avAALoNG Kol VO GLUVOEOLY Ta
EVIVTOGCLOKE OTOTELEGLOTA TNG LLE OPICUEVES LETOPVCIKES EPUNVELEG.

Ot podnpotikoi TpoomdOnoov va EEmEPAGOVV OVTEG TIC OVCKOAIEG ELGAYOVTOG
v Wéa Tov opilov, pe TNV omolo, apylKd, ekepalovtav M dVVOTOTNTO LG
petafaAlopevng mocotnTag Vo Tpoceyyilel en’ dnepov o otabepn TocoHTNT
Y®Pig oV TpaypaTikOTTA VoL T @Tavel Toté. O d” Alembert dpioe to 1765 avtnyv
v évvola oty “Eykvkiomaideie’” tov Diderot og e&ng:

“Eva ugyebog ovoualetor 0pio evog allov otay 0 O0TEPO UTOPEL VO, TPOGEYYILEl TO
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TPDTO G ULO. ATOTTACY 0COONTOTE LIKPH, O Kol Eva. ueyedog dev umopei va. Cemepva
7oté 10 uEyefog mov mpoaeyyiler Etol MaTE N JLOYOPA HIOG TETOIOG TOTOTHTOS OO
70 OPIO THG VO EIVOL EVIEADS OUEANTED .

SOUE®VO AOTOV |1 0vTOV TOV OPIGHO, TOV TEPIKAEIEL TNV £Vvola TNG KIviong mg
pio 01001KaGio TPOGEYYIoNG, 0 aptdudg 2 givat to dpto g axorovbiog 1,9 1,99
1,999 1,9999 ..., aArd 6yt 6pto axorovbiog 1,9 1,99 2 2 ... (yioti ooty “@taver”
70 2), 001E 6p1o g akorovBiag 1,9 2,01 1,9999 2,0001 ... (yrorti avtn Eemepva
70 2). O TpOTOG [LE TOV OTTOI0 01 LLOONULATIKOT P GLULOTOODGOV TNV £VVOLO, QUTH TOV
0piov POIVETAL YOPAKTNPLOTIKG GTO EXOUEVO TaPGdELy e, 6To omoio o S.F. Lacroix

2 , . aXx
amodeikvoet to 1810 6tt lim —— =a:
x> X+

“Eotew ot divetan 1 ovveptnon , oty omoio, vwobérovue Ot TO X aVAve-

o1 Oetika ywpic t€log. Aioupavrag apiOunth kol ToapovouaoTy UE T0 X, Ppiokovue

, évo. amotéleapo mov ogiyvel kabopd, otL i covapton Oo ToPoUEVEL TAVTOTE

1+2
X o
LKPOTEPN OT0 TO 0. alAa O TpooeyyILel GLVEYELD. AVTIV TNV TIUH, APOD TO UEPOS —
X

TOV TOPOVOUOTTH UEIDVETAL OAO KO TEPIOTOTEPO KOl UTOPEL Vo, el Bel ooo BLove.
H diopopa. avaueoo ato doouévo kAdouo. kai Ty Tip] o EKPPatetar g

ax o?

0 ==
X+ X+o

KOl ETOUEVS PIVETOL OAOEVO. KL TLO LIKPH], OO0 TO X PIVETOL UEYOADTEPO, KOL UTTOPEL
va. YIveL HIKPOTEPY OO OTOLAONTOTE TOCOTHTO, OCOONTOTE UIKPY. XVVETDS, TO
000UEVO KAGOUO. UTOPEL Vo, TPooEyYIlEl TO o 000 KovTa. BEAovue: dpa To o ivar 10

0plLO THG CVVOPTNONG L ¢ TPog TV aopioty adénon Tov X,
X+o

lo vo tumomomoovpe oVTHV TNV HOKPOOKEA dwadikacio, ot pabnpotikol
TPOGTAONGAV VO ATOGVUVOEGOVV TIV £VVOLD TOV 0piov atd TNV £vvola TG Kiviong
Kot va Ty opicovv pe kKabBapd apBuntikods 6povg, £I61 OCTE Vo Yivel éva
avtikeipevo pobnpatikod Aoyiopov. To amotéhesio TG TG TPoomdOelog vVnpse
0 ONUEPVOG “OTOTIKOG” OpIGHOG He TN Ponfela TV ovVIGOTNTOV Kot TG amdAvons
TG, oL Sotvtdbnke amd Tov Weierstrass ota péca tov 190v awdva. Me avtov
TOV 0pIopd, 1 £€vvolo ToL opiov amoyvpvminke omd Kabe ctolyelo emonteiog aALY
€ywve €101 duvaTo va amodelyBolV e AoyK] avoTnPOTNTA Ol WIOTNTEG TOV 0pimV
Kot vo, Toomotn0et 1 S10d1KaGio VITOAOYIGHLOY TOVG.
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2.1 H ENNOIA THX I[TAPAT QT OY

2riymaia toyvTnTa

Ac Bempricovpe €va odp TOV KIveitat Katd punKog evog d&ova Kot ag vtodécovpe 0Tt S
= S(t) eivar n teTUNpEVN TOV GOUATOG AVTOD TN XPOVIKY oTryun t.

c — - O

. )
R A M, M N
0 S x=S()
S(r) -

H ovvapmon S kabopiler tn 0éon tov codpatog ™ ypovikn otiypn t kot ovopdleton
ovvapton 0€eng Tov KvnToo.

Agvmobécovpe, Tdpa, OTL KAmO YPOVIKT oTyun t) o Kivnto Ppioketon ot 06on M, ko
OTL petd omd mapéhevon xpovov h, dniadn m xpovikn otrypun t =t + h, Ppicketon ot
0éom M. (Zy. 1). Zto xpovikd didotnpa and t, £og t 1 peTatodmion Tov Kvntoo etvar ion
ue S(t) — S(t,). Apo, n péen TaydTNTE TOV KIVNTOV G” 0VTO TO YPOVIKO StdcTNpa efvon

S(t) -S(t,) metaromon
t-t, 1pOvog

Ooo 7o t givor mAnciéotepa 610 t, 1060 N péon TaydTnTe TOL KIVNTOL divel e KaAvTE-
pn mpocyyion 10 pvOud allayic mg Béong Tov kvnTov Kovid oto ty. I'a to Adyo
avTtod TO Op1o TNG Méong TayvTNToG, Kabdg To t Teivel oTo t, T0 ovopdlovpe oTrypiaio
TayOTNTO TOL KIVNTOL TN YpoviKy ottypn T, ko ) ovpPforilovue pe o(t)). Ankadi:

o) = lim SO =5)

11y r— tO



92 2 AIADPOPIKOX AOI'IXMOX

o mopadetypa, av S(t) = — t* + 4t eivar 1 suvdptnon Béong evog kvntod (Zy.2B),

XA
N ®
1= i
=2 L >
l;—~—) = 0 2 4 :
01 2 3 4 x=5(1) x=5(1)
(a) 02))

T0TE N oTrypia TaydTNTO TOL KIvNToY KoTh TIg Xpovikés otiyuégt, = 1,1, =2 ko t,; =3
etvan avtiotoiymg:

LSO=SM) _ . rd=3 L —(=D(-3)

[} 0(1)21,1_)1 p—r i = e P
— _42 _ (f_ _
° U(z):th(t) SQ) =4 =202
12 t—2 12 t—2 12 t=2
_ 2 - e B
o v3)=limSO 8@ THA3 L D=
13 t— 13 t—3 13 t—3

XXOAIO

S()—-S(,)
t—t,

1€ etvar v(t)) =0, evd, 6Tav TO KIVNTO KIvelton mpog o apiotepd kovtd oto t) 1oydet

S -S,)
t—t,

Otav éva ktvntd Kwveiton mpog tor 6e&id, TOTE Kovtd oTo 1) 1oydet >0, omo-

<0, omote givon v(t,) < 0.

Hpofinuo pamtouévng @
Eivar yvootd amd v Evikeidein Tleopetpio oTt
EPATTOUEV €VOG KUKAOL og éva omnueio tov A4
ovoudalovpe v evbeila n omola £xel [Le TOV KOKAO €va
povo kowvd onueio, to 4. O optopds avtdg dev pmopet
VOl YEVIKEVLTEL Y10 OTOLOONTOTE KAUTOAN, Yloti, Le Evov
61010 OPIGUO 1| TopaPorn Y = X Ba eiye 6to onusio A(1,
1) V0 epomtopeveg & ko & (Zy. 4a), evd ny = X° dev Oa
elye oto onpueio A(1,1) kapia epoamtopévn (Zy. 4p).
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—2
y= AL

y (@

Emopévag, mpémet va avalntioovpe évav GAlov
OpICUO TNG EQPOTTOUEVIG TOV KVKAOV, O 0TOiog Vol
UTTOPEL VoL YEVIKEVTEL Y10 OAEG TIC KOUTOAES.

Oempovpe, Aowmdv, éva ahAo onuegio M tov KuKAOL
(Zy. 5). Ta onueia 4, M opilovv o T€Uvovsa Tov
KOk ov, v gvbeion AM. Kabdg 10 onueio M, «i-
VOULLEVO TIOV® GTOV KOKAO TAncldlel 610 A4, M Té-
pvovoo AM eoivetar va €xel o¢ “oplakn 0éon” v
EPATTOUEVT] TOV KOKAOV GTO 4.

Tn damictwon avt Ba dovpe, TOPO, TOG UTOPOVLLE VO
™V a&lOTOU|GOVUE Y10l VO OPIGOVLLE TNV EQUTTOUEVT
MG YPOPIKNG TOPACTAONG OIS GLVAPTNONG GE EVal
onpeto mge.

A(1,1)

y=x

B

M,
@Vn

M

AN

oto A

® Eoto f pla cvvapmon kot A(x,, f(X,)) éva onpeio g ypagikng g nopdotaonc.

yi y

o

0

2

Av mépovpe éva akoun onpeio M(x, f(X)), X # X, TG ypogkng mopdotaons g f xon
v evbeia AM mov opilovv ta onueio 4 ko M, mapatnpodye ot
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Kabag 1o X teivel 610 X, pe X > X, N téuvovco AM qaiveton vo moipver pio oplok
0éon ¢ (Zy. 60). Tnv 1010 oplaxn Béon eaivetor va maipvel kot étav To X Teivel 610
Xy HE X < X, (Zx. 6B). Tnv oprokn 0éon g AM Oo propovGaLE VO THV OVOUACOVLE
EPATTOUEVT TNG YPAPIKNG TapdoTaong g f oto A. Emeldn 1 khion tng tépvovoag AM
S ) - f(x)

X=X,

glvat ion pe , elvort Aoy va avopévovpe 6tL 1 epamtopévn g C, oto

onpeio A(x,, f(x,)) 0a éxet Khion 1o
i 700~ )

X=Xy X — xO

"Etot divovpe Tov Topakdte opiopo.

OPIXMOX

‘Boto f o ovvépmon kv A(X,, f(X,) éva onpeio mg C,. Av vrapyer to
FO)— (%)
X=X X— XO
pévn mg C; oto onpeio mg 4, v gvbeia € mov diépyeTon and To 4 Kot ExEL GUVTE-
Aeotn devbuvong 4.

Kot lvot Evog TpayroTikog aptdpog 4, tote opilovpe g QomTo-

Emopévag, n e&icoon g epantopévng oto onpeio A(X,, F(X,)) etvor

y- f(Xo) = l(X - Xo)a

2 = lim L= T0%), 4 @

X—Xg X— XO

OToL

o mapadetypa, £6to M cvvapmon f(X) = X* kot 0
onueio g 4(1,1). Eneidn

2
- 2 y=x A(1,1
TRPAC) il AONSNG St W b
x—1 x—1 x>l x—1
= lim(x+1) =2, 0 X

opileton epantopévn g C, oto onpeio mg A(1,1). H
EQATTOUEVT VT €YEL cLVTEAEDTT devBuvong 4 = 2
kot e&looon y — 1 = 2(x - 1).

Opi6uds Toapayyov GOVAPTIGHS GE CHUELD
Yt TPoM YOO LEVA, OL OPIGLOL TNG OTLY oG To TN TOG EVOG KV TOV KOl TNG EQOTTOUEVNG
og onpelo Hog KOUTOANG oG 0dNynoay g &va 0plo TG LOPONG

llm f(x)_f(xO) )

X=X D xo
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INo v Waitepn mepintmon mov 10 Topandve Oplo LIAPYEL Kol eival TPOyLOTIKOS
apBpog, 6tvovpe Tov akdlovbo optopd:

OPIXMOX

Mo ovvépmnon f Aépe 611 eivon Topaymyicun 6’ éva onpeio X, Tov mediov opt-
G600 NG, OV LILAPYEL TO

o T f ()

X=X, X — xO
Kot Vot TpaypoTikog aptopog.
To épto avtd ovopdaletar Tapaymyos T T oto X, kot cupPorileton pe f/(X,).
Anhadn:

fl(xo) — hm f(x)_f(xo) .

T X=X,

TNo tapdderypa, av f(X) =X + 1, 161€ 610 X, = 1 £Y00NE

lmf(x)_f(l):limxz_lzlim(x_l)(erl)

x—1 x—1 -l x —1 x>l x—1

lim(x +1) =2.

Emopévag, f'(1)=2.

Av, tdpa, oty ieomra f'(x,) = lim

Bécovpe X = X, + h, 1018 £Y0VpE
X*)XO

S ()~ f(x)
X=X,

f/(xo)=| m f(X0+h2|_ f(XO)

IToAég popég o h = X — X, cupPforiletan pe Ax, eved to f(x, + h) —f(x;) = f(x, + 4x) —
f(X,) ovppoliCeton pe 4 f(x,), omdTe 0 TOPUTAVE® TOTOG YPAPETUL:

Af(xo)

F1x0) = lim A%

Ax—0

dr (x,)
dx

. O ovuPoliopdg f(X,) etvon petoyevéotepog kar opeidetar otov Lagrange.

H tehevtaio ioétnta 0dMynce to Leibniz vo cvuuPoricel tmy napdymyo 610 X, pie
. df (%)
n —

dx
Etvou pavepo 011, av 10 X, eivar ecwtepikd onpeio evog Slootpatog Tov tediov opiopond
mg f, tote:

X=X,

H f sivon mapayoyicyun 61o X, ov kot povo ov vrapyovy 6to R to 6pto

i LS G) o @)= /)

X—>Xo X — 'xO x%xg X — xO

Ko gtvat iool.




96

2 AIADPOPIKOX AOI'IXMOX

INo mapaderypo,

, —x’ , x<0
— 1] OLVOPTNOC X)=
n pnnf(){xz’xzo

gtvar Tapayoyioyn oto 0 pe f'(0) = 0, apov

lim f(x)_of(o) im0

x—0 xX— x—0 X
Kol
2
Jim 2SO =04
x—0" X— x>0 x
EVD

X, x<0

— 1 ouvdpno x)=
n ovvpmon f(x) {Sx  x20

dev glvar mtapaywyioun oto 0, apod

3
lim =S O _ ¥ 20,
x—0" xX— O x—0 X
Kot
fim XSO _y; 3x=0_
x—>0" x—0 x>0 x
YXOAIA

ZOUPOVOL [LE TOV TOPATAVED OPLGHO:

4
y=x'

0 X
y==x,

y

y=5x
0 x
y:)C3

® H otrymoaio taydnrto evog Kivnto, T xpovikn oty t, etvar n mopdywyog g cv-

vaptnong Béong X = S(t) ™ gpovikn otrypn t,. Aniadn, sivar

o(t) = S'(t,).

® O cvvteleotnig dtevbuvong g epamtopévng e g C, pag mapaywyioung cuvapTnong
f, oto onpueio A(X,, f(X,)) eivar n mapdymyog g f oto X, Anhady, eivan

A=1(x,).

onote M e€lcwon Mcepartouévng € givat:

y - f(Xo) :fl(xo)(x - Xo)

Tnv ihion £'(X,) TG epantopévng & oo A(X,, F(X,)) ot Aépe kar khion g C, 610 AW

KMion ™ foto X,
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Kataxdpopn spanrouévy

® Ac dovpe, TOPO, OV UTOPOVUE Vo, opicovpe Y ®
EQOTTOUEV] TNG YPOUPIKNG TOPAGTAONG HIOG GL-
vexovg cvvaptong fo’ éva onpeio g A(X,, f(X,)),
otavn f dev eivon mapaywyicn oto X,

— Eoto yo mapddetypa 1 cuvaptnon y=Ax
M(x f(x))
F(x)=+x (. 10).
H cvuvaptnon avt eival cuveyng oto 0, aAld dev
glvon mapayoyioyn o’ avtod, apov
lm—f(x)_f(o)zlim\/;—hm—:Jroo- %/IO *

x>0 x—0 x>0 x x>0 [

Hapampovpe dpag ot1, av M(X, f(x)), X # 0, eivan éva onpeio g C,, 1618, KabdG TO X
tetvel oto 0, N Tépvovca OM @aivetol va Taipvel o oplakt| BEomn v katakdpven evbeio
7oV TepvAeL amd To O, dNAadT| TElVEL VO GUUTEGEL e TOV GEova VY. ZTNV TEPITTMOGN 0LTY|
®G EPATTONEVN TNG YPAPIKNG mapdotaons ¢ T oto 0O(0,0) opiovpe v katakdpven
evfeia X = 0.

— Eoto topa ko 1 cuvéptnon
S =+lx| (. 11)

H ovvapmon avtn givar cuveyng oto 0, aAdd dev
glvan mapayoyicyn ¢’ avto, apov

/- fO) N L
v%O _x— x—0" X x—0" —X
Kot
e SO-SO N1
o0 x—0 o0 x 0 Jx

Hapotpodpe 6pog kar €50 611, av M(X, f(X)), x # 0, etvar &va onueio mg C,, tote,
kabmg 1o X tetver oto 0, n Tépvovsa OM teivel va cuumEael pe Tov dova y'y. Em\/ nepi-
TTmon ot og epantopévn g C, oto O(0, 0) opilovpe v Katakdpven evbeia X = 0.
Teviké:
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OPIZMOX

Av o cuvapmon f eivar svveyng oto X,
Onxkec:
a) lim RAC A CrY) = +00 (1] —0)

.X—).XO x — x()
B) lim 2P =S0) _ o ot lim

XXy X=X, Xox; X —
y) lim M =—00 Ko lim

XX X —X, Xxg X —
Ogio X = X,

VG

ACS

161¢ opilovpe wg epamTopévn g C, oto onueio A(X,, f(X,)) ™V Karakdpven gv-

KoL 1oY0EL Lol OO TIG TOPAKATO GUV-

S (%)

>

Xo

S (%)

=+,
%o

INo Topddetypo, 1 YPOQIK) TOPACTOCT TG
GLVAPTNONG

—-x, x<0
= Xy. 12
S (x) { i xzo(x )

déxetar oto onueto g O(0,0) katakdpven
gpantopévn, v X = 0, apod sival cuveyng
o1o 0 kot wydel

hmwz 1im__‘_x: th:Jroo
x—0" X— O x—0" X x>0 4 /_x

i SO =S e
x—0" X — x—0" x x—0" \/;

® Av i cvvaptnon f dev givan mapaywyi-
GlUN OTO X, KoL 0gV 15y0ovY ot Tpobnobéceig
TOV TOPOTAV® OPloHoV, TOTE dgv opilovpe
spomtopévn g C, oto onpeio A(X,, f(x,)).
TNo Topddetypo, 1 YPoQIK) TOPACTOCT TG
GLVAPTNONG

X
f(x)={ 2
X

, x<0

, x>0

dev €xet epamtopévn oto 0(0,0), apov

y‘\®@

y=x
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f@O-fO) x|

lim lim
x—0" x—0 x=0 x
EVD
_ 2
lim OO iy X iy —o.
x—0" X — x—0 X x—0
Hapaywyos kar cvvéyeia
‘Ecto n ovvapton f(x) =| x|. H f eivon cuveyng oto x, Y

=0, aArd dev etvan Topay@yioun 6 avtd, aeod

m {&=/O f(o) =lim> =1, eve>

x»O X — x>0 x

S-S x|

vao x—0 x>0 x
IMapatnpovpe, dnradn, 6Tt e cuvaptnon f umopei vo eivar cvvexng 6° éva onueio X,

xopic va givar mopoyoyicym 6” avtd. Av, opweg, T eivon napaywyicun oto X, tote Hol
gfvon ko cvveyhc 6To X, OMAadt| woydet To Tapokdtm Oedpnuo:

OEQPHMA

Av o cuvaptmon f etvon mapaywyiown 6’ éva onpeio X, T0te givar ko cuvexng
GTO ONUEl0 aVTO.

AIIOAEIEH

INa X # X, £xovpe

= fx) = LT oy
onote
lmmﬂﬂ—fmm=Hmﬂﬂ§;1gQ(xﬁ%)
XX XX X=X,
f@)f()hm@_%)
x~> X xX— XX
= /(x)-0=0,

agov M f etvor mapayoyioyn oto x,. Emopévec, 11m f(x)=f(x,), dnkadn n f eivan
ovveN 6To X, |
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XXOAIO

Av pa cvvapmon f Sev etvon cuveyfig 6” éva onueio X, T0TE, GOPP®VE UE TO TPOTYOV-
uevo Bedpnuo, dev pmopei va gival Topoywyicyn 6To X,.

E®PAPMOI'H
2 2
INa moweg Tipég Tov @ € R,  ouvaptnon f(x) = {x} tx+as, x<0 givan:
X +ax+1 , x>0
i) svveync oto X, = 0; ii) rapayowyicpn oto X, = 0;

AYXH
i) H f eivar cuveyng oto X, =0, av kot poévo av
lim /(x) = lim /(x) = /(0)
1, 16odHvaua,
al=lea=1Ma=-1
i) Atakpivovpe TG €€NG TEPMTAOCELS:
® Ava=1,-1novvaptmon f dev eivor cvveync kot emopévamc dgv eivar Topoyyioun.
® Av a =1, 1 cuvdptnon ypaeeTal

X+x+1 , x<0

f(x)={

X4+x+l , x>0

— T X <0, éovpe

J(x)=-f(0) X Hx+1-1 _x(x+1) .
x—=0 - X Cox

+1,

onote

lim 2SO ey =1,
X—O x—0

x—=0"
— Ta x> 0 &yovpe

f(x)—f(0) :x3+x+1—1 :x(x2+1) 4]

x—0 X X

onote
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A f(0) ~lim( 1) =1.

r—)O* X —

Apa

G f(O)_1 S ()= f(0)

x—>0 X — x—0" x—0
Ko emopéveg, Yo = 1 1 etvon mopayoyicym oto x, = 0.

® Av a=-1, 1 cuvaptnon ypaeetal
x +x+1 , x<0
X
S0 = {x -x+1 , x20
— T X <0, éovpe

S(x)-£(0) _ ¥ +x+1-1 _ x(x+1) _

+1,
x—0 X X
omoTE
f(x) f( ) = lim(r+1) = 1.
x~>0 x>
— T x>0 &yovpe
J(x)-f(0) X —x+1-1 _ x(x* =1) 2
x—0 X X ’
omoTE
pACRFAV) (x) f O _ fim(x -1y = -1,
x~>0 x—=0
Apa

i 0O,y £00=7O

x>0~ X — r—)O* x—0

Kot emopEVeS, Y o = — 1 1 T dev etvon mopayoyicym oto x, = 0.

AXKHXEIY

A" OMAAAX

i) f(x)=x"+1,%=0 ii) f(x):iz,x():l
X

iii) f(X) =nu, x,=0.

1. Na Bpeite v mapdyoyo g cvvépmong f oto onueio X,, otav
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. No Bpeite (av vrapyel) TV Topdywyo g cuvaptong f oto onpeio X, dtav

. Av 1 ouvaptnon f eivar cvveyng oto 0, vo amodeitete 0TL | cuvaptnon g(x) =

. AQoD PEAETNOETE MG TTPOG T GLVEYELN GTO X, TIG TOPUKAT® GLVAPTGELG, VO

. No Bpeite mv e&icwon g epantopévng g C, (av opiletar) oto A(X,, f(X,)) Yo

. Na Bpeite v moapdyoyo g cvvipmong f(x)=2—x+xnu|x| oto onueio

. Av yw pia ovvépmon fioyder f(1+h)=2+3h+3h° +h’, yua kébe heR, va

—_— , X<0
cAv F(X)=<1-x , VoL amodeiEete 0Tt opileton epamTopévn g ypo-

X #
. No Bpeite v mapdywyo tng cuvaptnong f(x) = X 670 X, = 0.

AV x+1< £(x) < X7 +x+1, 10 k6Be X € R, va amodeifete otu:

) f(x)=x|x], %X=0 i) f(x)=|x-1], X, =1
: 1 x<0

x)=| x> =3x|,x,=1 i H=qF X , X =0.

i) f(x)=| ls %, iv) f(x) et 120 5

xf(X) eivor mapoywyicun oo 0.

egetdoete av gival TapaymyiGIUES 6TO ONUEID AVTO.

2 +1 <0 .
; ot 0,OWXOZO i) f(x)=|x-1|+1, avx,=1.

) f(x)={

N 4

KGO pio amod TIg GLVAPTNOELS TOV oK oewY 1 Kot 2.

B OMAAAX

X, = 0.

amodeiEete OTL:
i) f(1)=2 i) f'(1)=3.
1

nux+1 , x=0

. g g , . . T
oumg mapdctaons oto onpeio 4(0,1) kot oynuatilet pe Tov Géova Tmv X yovia o

1—ovvX

0 , x=0

i) f(0)=1
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>x+1, v X < 0 ko

ii)lzw
X

1SMSx+1, Y X >0
X

iii) £'(0) = 1.
6. Av o cvvapton f eivor cuveyng oto onpueio X, = 0 kot yio kGbe X € R 1oydeL:

ex—x* < xf(x) < qe*x+x*

vo amodei&eTe 0Tt

i) f(0)=0 i) f'(0)=1.
. . . - f(x) . -
7. Av n ovvépmon feivar cuveyng oo 0 kat hng— =4, va omodeilete Ot
X x
i) f(0)=0 i) f'(0) =4.

8. No omodeifete 0t1, av o suvaptnon feivar mopaymyicyn 6to X, T0Te

TS AN
o Gt 1) =/ (=)

h—0 h

i) =2/(x,).

9. Z10 mOpOKAT® YN STVOVTOL Ol YPAPIKEG TAPACTAGELS TV GLVOPTIHCEWDY BEGEMG
TPUOV KIYNTOV TOL KNROnKav Tave 6tov d&ova x'x 610 Ypovikd didotnpa omd 0
sec €wg 8§ sec. Na Ppeite:




104 2 AIADPOPIKOX AOI'IXMOX

1) oo kivntd Eexivnoe and v apyn Tov dEova kivnong;
ii) Ioto xtvntd kKivnbnke pévo mpog ta 6e&d;

iii) IToto kivntd dAda&e popd kiviong ) ypovikn oTiyun t = 2 sec, To10 TN YPOoVIKN
otiypn t =4 sec ko1 wo1o ™ (poviky otiypn t =5 sec;

iv) IToto kKvntd Kivinke TPog Ta aploTePd € OAO TO ¥POVIKO Stdactnia omd 0 sec
€m¢ 4 sec;

v) IToto kivntd TEpUATIoE O KOVTA GTNV apyn ToL dEova Kiviong;

vi) ITowo kivntd d1dvuce T0 HeYOADTEPO SLACTNUA,;

2.2 IMAPATQIr'ISIMEY SYNAPTHXELY -
ITAPATQrox XYNAPTHXH

® Eoto f o cuvapmon pe medio opiopod éva chvoro 4. Oa Aéue Ot
— H f eivon mapaywyioyn oto 4 1, ankd, repayoyicyun, otayv givol mapaywyicyn o

ka0e onpeio x, € 4.

— H f eivon ropayoyicyun o éva avoikté didotnpe (a, ) tov nediov opiopod g,
otav gival Topaymyiolun o kabe onueio X, € (o, B).

— H f elvon mopayoyiowun o€ éva khewoté drdotnpo [a, f] tov mediov opopod g,
otav glvat Topay@yioun oto (a, f) Kol emmaréov 1oyveL

IimMeR Ko IimMeR.
x—a X—a x>B" X—p

® Eoto f o cvvépmon pe medio opiopod 4 kar A, 10 cbvoro twv onpeiov tov 4
oo oot ot etvar mapaywyioyn. Avtietoryifoviag kébe x € 4, 6to f'(X), opifovye T
ouvaptnon
f'i4 >R
x = f(x),

1 omoia ovopdletar IpdTH Tapdywyog g T M amkd rapdymyog g f. H ipd mopd-
yoyoc g fovuforiletan kot pe Z’_f mov drofaletan “vte @ mpog vie . o TpaKTikong
b

Loyovg TV Toapdywyo cuvapmon y = f'(X) Ba ) cvpPoriCovpe kot pe y = (f(X))".
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Av vrobécovpe 6TL T0 A4, eivar Sdotnua 1 évoorn dooTnUaToV, TOTE M TOPEY®YOg
mg f', av vadpyet, Aéyetar dedtepn mapdymyos g f kot cupPolriCeran pe f .

Enoyoyé opiletor | vieeti mapdyoyog g f, pe v >3, kon cvpolrilerar pe f.
Anhadn

fO= [0, v>3
H e0peomn g mapaydyov cuvaptnong, pe Paon tov optopd mov dmcope, dev gival
Tavto gOkoAN. XN ouvvéyewo Oa dovpe HePKEG POCIKEG TEPMTAOCELS TOPOUYADYIONG
GLVOPTHCEWDY, TOL Bal TIG YPNCUYLOTOLOVLE GTHV EVPECT] TAPAYDYOL GUVAPTNCEMV (OVTL
VO (PN CLLOTOLOVLLE TOV OPIoHO KABE Popd).
Hopaywyog uepikady focikdy covepTRoemy

® 'Eotw 1 otobepn ovvaptnon f(X) = ¢, ¢ eR. H ovvapton f eivon napaymyioyn oto

R kat woyder f'(X) = 0, dnhadn

Ipérypari, av X, eivar éva onueio tov R, 0Te Y100 X # X, 16081

f0)-f) _e=c _

X=X, X=X,
Enopévac,

o SO= G

=Y,
X=X, X — xO

oniadn (€)' =0.1
® 'Ecto n ovvaptmon f(X) = x. H cuvéptnon f eivon mapaywyioyn oto R kot ioyvet

fr(x) =1, dnhadn
[o=1]

[pdypat, av X, etvon £va onpeio tov R, t0te Y1 X # X, 1oydet:

SO =1 ) _x-3,

X=X, X=X,

=1.

Enopévac,

ACI A CTY ST

X=X, X=X, X=X,

oniadn (X)'=1. W
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® 'Eotom 1 ovvapton f(x) =x', v e N-{0,1}. H cuvéptmon f eivor nopayoyicun oto R
kot oyder f/(x) ="', dnhadn

(XV)! — wal

[pérypari, av X, efvar £va onueio tov R, 161e Y100 X # X, 1o)0eL:

x)— f(x x" —x x=x )"+ x e !
SO f () ¥ =y (=) ) e e
xX—X, X=X, X=X,
omoTE
. f(x)=f(x .
Ilm—( )= T(%) _ M+ X 72X+ Xy ) =X ey e =g

X*)Xo X — XO XA)XO
Mhadny (X)) =w''. m

® ‘Egto 1 cuvapton f(x) = Jx. H ouvvaptnon f eivan mapaywyiown oto (0, +00) ko
1
woyvel f'(x) = —=, dnhadn
21/x

5
X

!

(-5

Ipérypott, av X, eivan £va onpueio tov (0, +00), T0TE Y100 X # X, 10)VEL

F@-f) Ny (o) () ey |

X—X, X=X, (x—xo)(\/;+ xo\) _(x—xo)(\/;+\/g):\/;+ xo’

omoTE

fim L) e L L
=% X=X, =0 [y + Xy 2%,

’

smhadi (V) :ﬁ.

Onog eidope oy mopdypago 3.1 T (X) = JX dev givan napoyoyicyn 6to 0. W

® Eotw ovvapton f(X) = nux. H cvvaptnon f eivon napayoyiowun oto R kot ioyvet
f'(X) = ovvx, dnhadn

(Mux)’ = cvvx
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[péypoart, yo k66 X €R ko h # 0 16oyveL

f(x+h)—f(x) mu(x+h)—-nux mpx-cvvh+covx muh-nux

h h h
h - h
= X . M + GUVX .1& .
h h
Emeion
TSLLLLLLS B T el P
h—0 h h—0
€xovpe

limf(x+h)—f(x)

lim h =nuXx- 0+ cvvX-1=cvvX.

Aniadn, (Mpx) = covx. A

® 'Ecto 1 ouvaptnon f(X) = cuvx. H cuvépmon f givor nopaywyiciun oto R kat ioydet
f7(X) = — nux, dnrady

(ovvX)' = —nux

Mpérypott, Yo kéOs X €R kot h # 0 1oydet:

f(x+h)—f(X) ovv(Xx+h)—ovvx ovvX- oovh—npx-nph— cvvx

h h h
cuvh—1 nuh
= GUYX ———— —NuUX - ——
h
omote
1imw =1lim (GU\,X.M] _ lim(nux-n—“h)
h—0 h h—0 h h—0 h

=ovvX -+ 0—mux-1 =—mnux.
Aniadn, (cvvx) = —nux. W

XXOAIO

To 6pua
. X . ovvx—1
lim M2 g lim =
x=0 X X—0 X

0,

TOL 07010, YPTCUYLOTOGOLLE Y10 VO, VTOAOYIGOVUE TNV TTapdymyo TV cuvapthoswny f(X) =
NHX, g(X) = ovvx gival  Tapdywyog 6To X, = 0 TV cuvapticeny f, g aviictoiywg, apod
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lim MY i X —Me0 - £1(0)

x=0 X x—0 X—0

limcmvx—l lim 6uvX —couvl — g'(0).

x—0 X x—0 X—0

® 'Eoto 1 ocuvéptnon f(X) = e Anodeucvieton 6ti  f etvon moapaywyicun oto R ko
woyder f1(X) =€, dnhadn

(eX)I = e)(

® Eoto n ovvaptnon f(X) =Inx. Amodewcvoetar étin f eivon mapoayoyiciun oto (0,+w)

Ko wyvel f(x) = 1 , ONAadn
x

(nxy =
X

E®PAPMOI'EY

1. No Bpebsei To onueio g ypoeikic Tapdotoons s cuvaptnong f(X) = Inx, oto
07010 1 EPUTTONEVY] NEPYETAL 0O TNV 0Py TOV AEOVOV.

AYZH

1
Enedny f'(x)=(Inx) =—, n e&iowon g epantopévng ¢ g C, oe éva onueio M(X,,
X

f(x,)) sivan v @
y—Inx, = i(x—xo),
X, |

H evbeia ¢ diépyetar and v apyn tov a&dvav O(0,
0), av Kot povo av [0)

M
I
|
e

0—Inx, :xL(O—xO) < hnx, =1 x, =e.
0

Apa, To (nrovpevo onueio givor to M(e,1).



2 AIADPOPIKOX AOT'IXMOX 109

2. Xto durhavé oyfpa ot guleieg &, ko &, givon 1
Ol EQUMTONEVES TNG YPUPIKNS TAPAOTACNS TG
cuvaptneng f(X) = nux eta enueio 0(0,0) kot
A(7,0) avrictoiyms. Na Bpedoiv:

i) Oveiisdoeic TOV &, KOl &, 0(0,0) A(r0)

X r . 7 X
ii) To eppaddév Tov Tprydvov mov cynuatilovy ot \
&, & Ka1 0 G&ovug TV X. E &

AYEZH
i) Emedn f'(x) = mMpx)’ = ovvx, sivan f'(0) = 1 xou f'(z) = —1 omdte ot ¢, &, Egovv
eElomoelg
y =X Ko y=—(X-n)

OVTIOTOL ™G,

ii) Av A0GovLE TO GOGTNHO TOV TOPATavm 600 elohoemv Ppickovpe O6T1 o1 gvleieg ¢, €,

. , T
TéUvovTal 6To onpeio B (2,2}

T
71'.—:_
2

N | —

Apa, 10 tpiyvo OAB &gt epPaddv E =

AXKHXEIY

A" OMAAAX
1. No Bpeite v mapdywyo g cvvaptong f oto onpeio X, dtav:
i) f(x) = x* xo =-1 i) f(X) = /X, Xo = 9
iii) f(x) = oUVX, X, :% iv) f(x) = Inx, Xo = &

v) f(x) = e xo = In2.

2. Na Bpeite, 6mov opileTal, TNV TOpAY®YO TMV GUVOPTICEWDV:

) 0 x>, x<1 —_— nux , x<0
1 X) = 11 X) =
Jx , x>1 X, x20

{x"‘ , X<2 _ {xz ,x<2/3
i) f(x) = iv) f(x)=

Xt x>2 X2, x>2/3
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3. Na anodsifete 611 dev vmépyovy onueia ™G mapaBoing ¥ = X° oto omoia ot
EPATTOUEVEG TNG YPUPIKNG TOpAoTaoNS Va givat peta&d Toug mapdAinies. Ioyvet
10 1310 Y100 T YpOpiKh TapdoTacy e cuvapmong f(X) = X’

4. No. mopoocTioETE YPOOIKA TNV
nopdywyo ¢ ocvvaptnong f tov
Surhavov GYMLOTOG.

5. Noo TopoocTNOETE YPAPIKA TN

ocvvapmon f:[0,8] >R, n onoia y
givon ovuveyne, ne f(0) =0, xar g
omoiag 1 Topaywyog TaploTdveTal 5
‘ Sumhavo oy | ; =)
YPOPIKA GTO SITAAVO Gy LLeL i - 1: -
| | -
|2 8 x
B OMAAAX
: : . : nux L, X<m
1. Noa Bpeite T1¢ TIHES TOV @) S Y1 Tig omoieg 1 cvvdptnon f(X) = g
gtvon mopaymyiown 6to X, = 7. ax+p,xzmn

2. 'Eoto n ouvvdptnon f(x) = Jx xat 10 onueio A(S, (), & #0 g ypoeikng
napdotaong g f. Na anodeifete 011 1 gvbeia mov diépyeton omod to onpeio A(E,
(&) xau B(=¢, 0) epdntetan g C, oto 4.

3. No amodsifete 6L 1) epamTopévn ™G Ypapikig mapdotaong g f(X) = X° oe
omotodmote onueio g M(a, o), o # 0 xst pe avTV Kot GALo Koo onpeio
N extdg Tov M. X10 onueio N 1 khion g C, eivor tetpamidoia g kiiong g
610 M.

1
4. 'Eoto & 1 €pomtopéVn TG YPOQIKNG mapdotaons g cuvaptnong f(x) = — og
X
1
éva onueio mg M (é,gj. Av A, B gtvon ta onpueio otor omolo 1 € TEUVEL TOVG

a&oveg x'x Kot y'y avtietoiyms, vo anodeitete Otl

1) To M elvou péco tov AB.
ii) To epPadov Tov Tprydvov OAB sivar otabepd, Snhadh aveédpmro tov & € R'.
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2.3 KANONEZX I[TAPATQrizHX

Hapaywyos abpoicuarog
OEQPHMA

Av o1 cuvapmoeis f, g sivan mapaywyiciueg 6to X, t0TE N GLVApToN f + g eivon
Topay®Yicun 6To X, Kot 1oy veL:

(F+9)'(x)) =/"(%;) +9'(x,)

AIIOAEIZEH

INa X # X,, woydet:

(/+9))=(f+8)(x) _ f()+g()—f(x)=g(x) _ f()=/(x) gx)—glx)

X=X, X=X, X=X, X=X,

Ene1dn ot ovvoptioeig f, g stvon mapaywyicipeg 61o X, £xovpe:

e DW=+ _ . f0=f() o 80— g(x)

lim p— fim = lim S R = )+ )
dniadn

(FHo)(X) =f'(X) T g'(x). m
Av ot ouvaptioeis f, g eivon Tapaymyioes 6° Eva dtdotpa 4, Tote yio Kibe X € A 1oyvet:

(F+9)()=F"(x) +9'(x).

To nopomdve BedpnpLo 1GYHEL Ko Y10 TEPIGCOTEPES OO dVO cuVopTHcElG. Anhadi, av f,
f,, ..., T, etvon mapaywyioeg 610 4, 1618

(i + Lo+ + () = [0+ () ++--+ [ (x).
INo mopdderypa,

(ux + X2 + e+ 3)' = (ux)’ + (X%’ + (€°) + (3)' = cuvx + 2x + €.
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Hapaywyog yivouévoo

OEQPHMA

Av ot cvvaptiicelg f, g eivon mopoyoyicyleg 6to X, T0T€ Kou 1 suvaptnon f-g eivon
TOpAy®Yicun 6TO X, Kot 1oyveL:

(f 'g)'(xo) :f’(xo)g(xo) + f(xo)g’(xo)

AIIOAEIEH
T X # X, woyvet

(/- = (/- 8)%) _ S()g(x)~/(%)g(x)
X=X, X=X,

_J(0E(x) = f(%)g(x) + [ (x)g(x) = /(x,)8(xy)

X=X,

LWSW) ) ED =80,

X=X, X=X,

Enedn ot f, g eivar mapayoyioyles, dpo Kot cuveyeig 6To X, EXOULLE:

i LD 2)0) _ o ()= f(x) g -g(x)
-

X=X,

= lim g(x) + f(x,) lim
X*}XO x —_ xo X‘)XO x X*)XO X*).XO

= /'(x)g(xg) + f(x)g'(x,)
dradn
(f'g)'(xo) = f,(xo)g(xo) + f(Xo)g’(Xo)' L
Av ot cuvaptioeig f, g sivon tapayoyioeg 6° éva didotnua 4, tote yio kabe X € A 1oydet:
(f-9)() =1"()g() +f(x)g'(x).
INo mopddetypoa,

(e"Inx)' =(e")Inx+e"(Inx) =¢" lnx+e*l,x> 0.
X

To mapamdve Bedpnpo enexteivetal Kot ylo eplocodtepeg and dvo cvvaptioels. 'Etot,
Y0l TPEIS TOPAYDYICLLEG GUVOPTHGELS LoYVEL:

(FOgOIN ()" = [(F(x)g())-h()]" = (F(x)g(0)"h(x) + (F(x)g(x))-n"(x)
=[f"(x)g() + f(x)g'CIh(x) + F(x)g(x)h'(x)
= (x)g0h(x) + f(x)g'(x)h(x) + F(x)g()N’(x).
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INo mapdderypa,
(Vx-mux-Inx)' = (v/X)" - qux- Inx + VX - (Mux)’ - Inx + /X -npx - (Inx)’

=anc-lnx+\/;'Gnvx-lnx+\/;~nux~% x> 0.

2Vx

Av f givon Topaywyiciun cvvaptnon o’ éva didotua 4 kot € € R, gnedn (€)' = 0, odu-
emvo. 1e To Bedpnpo (2) Exovpe:

(cf(x))"=cf"(x)

INo mapaderypa,
(6x%) = 6(x%)' = 6:3x> = 18x".

Iapaywyog wniikov
OEQPHMA

Av ovcuvapticeig f, g etvon mapayoyioyes 6to X, kot g(X,) # 0, T0Te Ko 1 Guvdp-

f g .
™mon 0l givol Tapayyicln 6To X, Kot Iy VEL:

(i] (1) =1 00)80%) = F04)g'(x0)
g [9(x)]

H an6deién mapaieinetat.
Av ot ouvaptioelg f, g eivan Topaymyioieg 6” éva dtdotnpo 4 kat yio kabe X € 4 1oydet
g(x) # 0, tote Y10 KGOg X € A4 Eyovpe:

( EfJ ()= T80 F00F0)

[9(x)]°
INo mopdderypa,
x? ) (x?)'(6x-1)—x*(5x-1)" 2x(5x-1)—x*-5
5x -1 (5x-1)? (5x-1)?
10x* —2x-5x*  5x* —2x 1
= = , X#E=.
(5x-1)° (5x-1)° 5

XPNOIUOTOUDVTOG TIG TPOT YOV LUEVES TPOTAGELG LTTOPOVLLE TOPX VO BPOVLLE TIG TOPOLYDYOLG
LEPIKAOV OKOUN POCIKOV GUVOPTNCEWDV.

® 'Ecto n cuvapmon f(X) =x", v e N". H cuvaptnon f eivan napayoyicum oto R™ kat
oydet f/(X) = -, dnhadn

-1

x—v /: _vx—v
(
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Hpéypaty, yia kée X € R™ éyovpe:

(XV),:( 1 j Oy et

(XV)Z va

X
INo moapdderypa,
4
(x*) =-4x*t=—4x"° = 5 x#0.

Eidope, 6poc, mo mpv 6t (X)) = v, yio x4Be gvowd v > 1. Emopévag, av
Kk € Z—1{0,1}, tote

(X9 =wrx"
® 'Ecto 1 ovvaption f(X) =gex. H cuvapmon f eivan mopaywyioyun oto

R, = R —{x|ouvx =0} xar woydet f'(x) = %, dNAadn
ouv’X

(epx)' =

ouv2X

Mpéyport, yo kébe X € R, éyovpe:

’

, X X)'0UVX —NUX(OLVX)"  GUVXOUVX + NUXNUX
(scpx):[nu j:(nu) KX (ouvx)’ _ NN

OUVX ouv2x ouv3x
_owx+npx 1 g
oLVZX oLVZX

® 'Eoto n ovvapton f(X) = opx. H cuvéptnon f eivar tapoayoyicun oto

R, =R — {Xnux = 0} kot woyvet f'(X) = —%, dnAodn
X

, 1
(09pX)' =——
nux

EPAPMOI'EY

In
1. Na Bpebsi  mopdymyos Tns suvaptnong f(X)= H
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AYZH
‘Eyovpe:
, xInx (xInx)(x-)—xInx(x-1)" (Inx+1)(x—1)—xInx
£ = - 2 . )
x—1 (x=1 (x—1)
_ XInX-InX+x-1-xlnx Xx-1-Inx
(x=1)° (x=1)°

1
2. Na omodery0si 671 01 YpaQIKéc TapacTacas TOV cuvapticeoy f(X)= i1 Ko
X+

g(x) = x> — X + 1 £&ovv Ko e@anTopévn 610 Kowvé Tovg onueio A4(0,1) ko va Ppedei
1 eiocmon g epamTopévng avtg.

AYXH

Apxkei va dgi&ovpe 6t f'(0) = g'(0). "Exovpe:

’

f’(x):[ 1 j:(l)’(x+l)—1(x+l)’_ 1
x+1

(x+1)° (x+1)°
Ko
g0)=(*—x+1)=2x—1,
omoTE
f'(0)=—1korg'(0)=—1.
Apa

f'(0)=—1=d'(0).

H e&lowon ™ epoantopévng oto onueio A(0,1) eivat:

y=1=-1(x-0) & y=—x+1.

Hopaywyog cbvOetns ocvvaptyons
‘Eoto 6t (ntape v mopdymyo TG cuvaptnong Y = nu2x, n oroia givor cuvBeon g
g(x) = 2x ko g f(X) = nux. Exeidn nu2x = 2 nux-cuvx, &ovue
Mu2x)" = 2nuxovvx)’ = 2(Mux)'cvvx + 2nux(cvvx)’
= 260vX — 2u°X = 2(cuv?X — NU’X) = 26VV2X.
Iapatnpodue 6Tt N Tapdywyog TG Y = Nu2X dev eivarl 1 cuvaptnon Y = cLV2X, OTWG

towg Ou mepipeve Kovelg and Tov THmo (MuX)' = cuvX. Avtd eényeital pe T0 TOPUKAT®
Oedpnua:
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OEQPHMA

Avn ovvdpmon g etvon mapayoyioyn oto X, ko T eivor mopaywyicym oto g(X,),
161€ M Guvaptnon f o g efvon mopaywyicun 6to X, kot 16yvEeL

(f > g)l(xo) :fl(g(xo))'g'(xo)

Ievikd, av o cvvéptnon g eivon mopayoyiown oe éva dwdotnue 4 kor n f sivan
napayoyicun oto g(4), tote 1 cvvaptnon f o g eivarl Tapoaywyicun oto 4 kat 1oyvEL

(FlgCM" =1"(9(x))-9'(x).
Anhodny, av U = g(X), tote
(f(uy)'=f'(u).u".

Mze 10 cupfoiopd tov Leibniz, av y = f(u) kot u = g(X), £xovpe Tov tHTO

dy _ dy du
dx du dx

7oV £lval YvOoTOg OG KAVOVAGS TG 0AVGIdUS.
IMAPATHPHXH

d
To ocOpPforo a’_y dev gtvor TnAiko. Xtov kavova TG oAVGidog oAl CUUTEPLPEPETOL MG
i

TNAIKO, TTPAYLLOL TTOV EVKOAVVEL TNV OTTOUVI|LLOVEVGT] TOV KOVOVOL.
Apeon cuvémeln ToL TopaTdve Bempnpatog sival ta eENc:

® H cvvapmon f(X) = X%, a € R —Z givar mapayoyioyn oto (0,+0) kot woyvet f(X) =
ax™", dnhadn

| (Xa)'zax’H 1) |

alnx

Ipaypaty, avy = X* = €™ ka1 Oécovpe U = alnx, T0te §yovpe y = €'. Enopévag,

1 a

1

y':(e”)’:e“ =™ g —=x" = =ax
X

® H cuvapmon f(X) = a*, a > 0 egivar mapayoyioywn oto R kat woydet f'(X) = o'Ina,
onradn

| (&) = o' Inax

M Amodecvieton 611, Y a > 11 f efvan mopayoyicyun kot 6to onusio X, = 0 Ko m mapdywyodg g etvarn fon pe
0, emopévag divetol and Tov id10 TVTO.
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e e Bécovpe U = XIna, to1e éovpe Y = €". Emopévac,

Mpdyuott, avy =o' =€
y = (e")' =e"u' = e"“Ina = «’Ina.

® Houvvépmon f(x)=In|x|, X e R eivou mopayoyion oto R™ kot ioydet

o1
(In[x|)'=-
X

pbyparr
1
—avx>0,10te (In|x|) =(InXx) =—, evd
X
—av X <0, 161¢ In | X |= In(—X), omdTe, av Bécovpe Y = In(—X) Kar U = — X, éxovpe Y = Inu.
Enopévac, , 1 1
Y =(nu) =—u'=—(-1) =~
u —X X
. 1
kot Gpa (In | x|) =—.
X

Avaxepoloidvovtag, av 1 cuvaptnon U = f(X) eivon mapaywyioyn, tote éyovpue:

(u“)’—au“"-u’ cou) = -u’
(Epu) Sovil
Wy =——-u D (—
2Ju nu’u
(nuu)’ = covu.u’ () =e"-u'
(ovvu) = —nuu.u’ (") =a"Ine-u’
(Infuly ==
u

EPAPMOI'EY

1.Nea BpeBovv o1 mapdymyor TOV cVVOPTICEDV

i) F(x) = (3% +5)° ii) g(x)=e™* iii) h(x)= Invx + 1.



118 2 AIADPOPIKOX AOI'IXMOX

AYZH
i) Av 0écovpe U =3x*+ 5, To1e | SLVAPTNON Y = F(X) YpdpeTar
y=u’,
0TOTE £XOVLIE
= () =9t
=9(3x*+ 5)%(3x* + 5)'
=9(3x* + 5)%6x
= 54x(3x° + 5)°.
Opoimg, £xovpe
i) g'(x) = (e ") = e (=x* +1 (Oéoope U=+ 1)
= e (<2x) =—2xe !

iii) A'(x) = (In(vx> +1))' = (Vi +1) (Béoape u =x>+1)

\/_

1 1 ) ,
- (X +))
VX2 +1 24UxF +1
1 X

= > 22X = 5 .
2(x°+1) X +1

2. Na Bpebei n e€icwon g e@amTopévig & TOV 7 @
koKhov C: X° +y° = p’ 610 onpsio Tov M, (X,, Y,). C
P A'(-pp)/ \A(p,O) X
o X
Av Adoovpe v g&icmon Tov KOKAOL ®¢ TTPOg Y,
. . Mi(x1,01)
Bpickovpe 6Tt €

y=+pi—x’av y>0koy=—/p’—x°,avy<0.

Emopévag, o kokhog C amoteleitol omd to oNUER TOV YPUPIKDY TOPUCTACEDY TMOV

GUVOPTNCEWV
f(x)=+p" =X xu f,(x)=—p’ =X
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ot omoieg etval oplopéveg 6To KAELGTO dtdotnua [—p, p] Kot mapayoYicULEG GTO AVOLKTO

Siiotnpa (—p, p)-
Av, tdpa, pe y = f(X) cvuforicovpe ekeivn and TIg TOPATAVO GLVAPTAGELS GTNV OTOin
avnkel to M (X,, Y,), 10T Bo 10y0et

A =1"(x) (1) ko X +fHx)=p° 2
"Eto1, pe mopoydyion Kot t@v 800 peldv g (2), Exovpe
2X+21(X)f'(x)=0

omoTE, Y100 X = X, Oa 1oydet
X, (X)) f'(x)=0.
‘Etot, Adyw g (1) Ba éxovpe

X, +y4,=0
omote, Y y,#0, Oa stvon
—x,
A =—
Nzl

Apa, 1 epantopévn ¢ £xet eElomon;:

X,
y=y=——(-x)

N
1 omoia YPAPETOL S0y UKAL:

I V=X X
XX, + Y0 =x12 +y12
xx, + 9y, = pz, 3)

0o x; +y = p’.

Avy, =0, mov cupPaivel 6tav to onueio M (X,, y,) eivar to A(p,0) | t0 A'(—p,0), 161
g0KoAOL amodeucvoeTaL OTL o1 epamtopeveg ™G C, ota onpeio avtd eivar ot KOTAKOPLOES
gvbeieg

X=p Ko X=-—p

avtiototywe. Kot ot dvo owtés e€iomaoelg divovrot and tov mopamdve tomo (3) y (X, Y,)
= (p, 0) xar (X,, y,) = (=p, 0) avticToiymc.

Me avdAoyo tpoémo PBpickovpe TNV e&icw@oT TG EPUTTOUEVNC OTOLUGONTOTE GAANG
KOVIKNG TOUNG.
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AXKHXEIY

A" OMAAAX

1. Noa Bpeite Vv mapdymyo T@V cLVAEPTNCEOY

i) f()=x"—x"+6x—1 i) f(x)=2x"+Inx—/3
4 3 2
iii) f(x)=x?—x?+%—x iv) f (X) = covX — Bnux + In3.

2. Opoimg T®V GLUVOPTHCEWMV:

i) f(x)=(x2— 1)(x—3) i) f(x)=¢e nux
o
iil) f(x) = iv) f(x)= X+ ovvX
1+ x? 1+ cvvx

v) f(X) = X quxcvvx.

3. Opoimg tv cuvopTNCEDV:

x

i) f(x)= lzx

ii) f(X) = epX + opX

ii) f(X)—neuX iv) f(x)———x—+1.

x+1 x-1

4. Na Bpeite, 6mov opiletat, TNV TAPAYOYO TOV CLVAPTNCEDV:

. 2x°+3x , x<0 X 4nux , X<0
i) f(x):{ {

i) f(x) = :
12Jx+6x , x>0 . x>0

5. No Bpeite Ta onpeio g ypagiknic mapdotaons g f, ota omoia o1 epamtopeveg
glvat TopaAAnieg otov Géova TV X, dtav

x2+1

D) =xes i) =2 D S0

2(x+1) _J}+1+J§—1
-1

6. Av f(x)= Ko g(x)—\/;_1 m,

g’ loyoer f' —g;

va Bpeite 11g ovvaptioeig f/,
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o

. Aivetar n cuvapmon f(x) =

10.

11.

12.

13.

14.

No 0odeifete Tl 01 EPONTOUEVES TOV YPAPIKOV TOPUCTACEDY TOV GUVOPTI-

1 1
ceov f(X) =X kat g(x) = o + 5 670 Koo onpeio tovg 4A(1,1), eivar kabetes.
X

ax+a

, a € R". Na Bpeite Tic TG TOV a1, Y10, TIC
x+a

omoigg 1 kAion ¢ C, oto onpeio g A(0,1) eivar ion pe %

. No Bpeite To onueio g ypagikig mopdotacng T suvaptnong f(x) =x® - 3x

+ 5, oto omoia 1 epanTopévn givat:
1) TapdAinin mpog v gubeia y = 9x + 1

il) k@Betn TPog TNV gvbeia y = — X.

Na Bpeite v e&iocmon g epamtopévng TG Ypapikng mapdotaons g f(X) =
X’ omoia dyetar amd to onueio 4(0, — 1).

Aiveton 1 ouvépmon f(X) = ax® + fx + 9, a, B,7 € R. Na Bpeite Ti¢ Tipée toov
a, B,y €R o 116 omoieg N C /> dUEpyeTan ano 1o onpeio A(1,2) kon epanteton
g evbelog y = X otV apyn TV aZovov.

Noa Bpeite v mopdy®yo T@V GLVIPTICEDV:
i) f(x) = 3x* +4x%)? i) f(x) = (x—1)**
1 1
iii) f(X):nu( 2) iv) f(x)=In (——x]
I+Xx X
V) f(x)=e".
No Bpeite v mopdymyo g cuvapmong f oto onpeio X, otav:
i) f(x)=*N1+x°, %, =2 i) £(¥)=(2%)" +(2x)*°, x,= 4
2
. 2
i) f(x) = X’np’(nx), x, =% iv) f(x)= x2 i , % =3.
=3

Noa Bpeite TV Topdy@Y0 TOV GLVOPTHCEDV:
i) f(x)=x™ i) f(x)=2""

iii) f(x) = (Inx)", x> 1 iv) f(x) = nux.e™

121
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15. Av f(X) = nu’x, va amodsifete ot " (X) +4 f(X) = 2.
B OMAAAX

g 7 g g . 1
1. No amodeifete OTL O YPOPIKES TOPAGTAGELS TOV GUVOPTHCE®Y f(X) = — Kot
X

g(x) = X* — X + 1 £&ovv éva 16vo Kovd GNuEio, GTO 0TOI0 Ol EPATTOUEVES TOVG
glvat kKaOeteg.

2. Na oamodeitete 0tL m evbela Y = 3X — 2 €yel pe T YPOPIKH TOPAGTACT] TNG
cuvaptong f(x) = x* 800 Kowvé onueio kot EQATTETOL AVTAG GE &voL oMb TaL
onpeia avTh.

1
3. Aivovtar ot cuvaptioelg f(X) = ax® + fx+2 kau g(x) = —. Na Ppeite 1o a, ff €
X

R yw ta omoio ot Ypapikés mapacTIGES TOVG £XOVV KOWVY EPATTOUEVT] GTO
onpeio pe tetpunpévn X, = 1.

4. Aivovton ot cuvaptioelg f(X) = € kan g(X) = — X* — X. Now amodeifete 6T 1 £@a-
nropévn g C; oto onpeio 4(0,1) epdnteton ko oty C.

5. Na Bpeite molvmvopo tpitov Babuod tétoro, mote f(0) =4, f'(-1)=2, f"(2)
=4 ko f9(1) =6.

6. Na amodeiete 0T1 dgv vrdpyer molvmvopo f dedtepov Padpov tov omoiov 1
YPOPIKN TapdoTacn Vo epanteTol TV gvbeldv Y = X + 1 kau y = 3X — 1 ota
onpeia 4(0,1) ko B(1,2) avriotoiymc.

7. Av pio ovvapmnon f:R— R elvon nopayoyiowun oto onpeio X, = o, va omo-
dellete OTL

3 (x)-af(@) ,
T = fe)af (@)

i) lim

x—a

eI =@ _ e )+ (@),
xXxX—a

ii) lim
8. Na Bpeite Ta onpelo ™S YpOEIKNS TAPACTACNS TS GLVAPTNONG
f(X) = nu2x - 2nu, x €[0,27],

GT0 07010, 1] EQATTOWEVT TNG EIVaL TAPAAANAT GTOV AEOVA TOV X.

9. Na Bpeite TV Topay®YO TOV GLVOPTHCEDV

i) £ =3, i) £ ="
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Kat 6t ovvéyeto Ty e&icmon g epantopévng mg C, oto O(0,0) o kabepa
TEPITTOON YOPIOTA.

10. 'Eoto f pua mapayoyioyn oto R cuvaptnon yuo v omoio woyvel /(1) = 1 kon
g M cuvéptnon mov opileton amd Ty wwoétnTo g(X) = fF(X* +x+ 1) — 1, xeR.
Na onodeigete ot n epontopévn mg C; oto A(1, f(1)) epdnretar mg C; oto
5(0, 9(0)).

11. 'Eocto po cvvéptnon f, moapoyoyicyn oto didotnuo (—1,1), yio v omoia
eyl
f(nux) = e* cuvx, ywo k4be xe (- / 2, ©/2)

i) Na Bpeite v f'(0)

ii) Na anodei&ete 011 1) gpamropévn g C, oto onpeio 4(0, f(0)) oynporilet
e TOVG AEOVES IGOGKEAES TPIY@VO.

2.4 PYOMOX METABOAHX

2y apyn TOL KEQOAAIOL aVTOV, OPIGULLE TN OTIYULOL0 TOYVTITO EVOG KIVITOD T XPOVIKY|
otypn ty wg To 6p1o
. S(t)-S(t
[ SO-5()

toty t— tO

=S'(t,).

To 6p1o avtd T0 Aépe kol poORd petafoing g TeTUNUEVNC S TOV KIVNTOV OC TPOG TO
xpdvo tm ypovich otrypn t. I'evika,

OPIXMOX

Av 300 petofAntd peyébn X, y ovvdéovrar pe m oxéon Y = f(X), 6tav f givon o
GLVAPTNON TOPAYOYICIUN GTO X, TOTE ovoudlovpe puOpud perafoing Tov y wg
TPOG TO X 6TO GNPEIO X, TNV TOPAy™YO f'(X,).

To mopddetypo, o puOudg petafoAng g TaxdTNTOG MG TPOG TO YPOVO t TN YPOVIKY
otypn t, eivor m mapdywyog v'( 1), ™G TAYHTNTOG D OG TPOG TO XPOVO t TN YpPOVIKY
oty t,. H mopdymyog v'( £,) Aéyeton emdyvvon tov Kivntov T Xpovikn otiyun t) kot
ovuporileton pe a(ty). Eivar dnladn

a(t) =0'(t,) =S"(t,).

Y1y owovopia, To K6otog mapayoyns K, n elonpatn E kot to képdog P ekppalovtot
CLVOPTACEL TG TOGOTNTAG X TOV TaPyOUEVOL Ttpoidvtoc. 'Etot, n mapdywyog K'(X,)
TOPLOTAVEL TO pLOUO peTaBOoANG TOV KOGTOVG K (G TPOG TNV TOGHTN T X, OTOV X = X, KOl
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Aéyetan opLakd k66TOG 6TO X Avaroya, opiCovtol kot o1 £vvoleg oproki siompaln oto
X, K0 0PLOKO KEPDOOG GTO X,

E®PAPMOI'EY

1. Eva pétoaro wov piyxveror o€ pio Aipvn Tpokoiel KVKAKS Kvopatiopd. Mia ov-
oKkevn pETprong deiyver 6tL TN ypovikn otiyps t; wov N aktive I Tov Kvpatiopov &i-
var 50 cm, 0 pvOpég petafoing g I eivar 20 cm/sec. Na fpedei o pvOpog perapoing
70V £pfadod E mov mepikAeieTor amd T0 KUKMKO KOpa, T1 xpovikn otiypd t,.

AYZH
Enedn E = 7-r? xau n aktivo I givor cuvaptnen tov xpévo t, Exovpie
E(t) = m(t),
ondte
E'(t) = 2zr(t)-r'(t).

Enopévac,

E'(t,) = 27r(t,)-r'(t,) = 27.50.20 = 20007 (cm’/sec).
2. Av 10 GOVOMKS KOGTOS TOPAY®YNS X LOVAS®V €VOS Brounyavikov TpoidvTog ivar
K(X) kot n svvoliki| sicmpaén amé v tdI6n Tovg sivar E(X), 1ot P(X) = E(X) —

K(x)
X

K(x) givar T0 6uvohkoé képdog kar K, (X) = gival To péco kboToc.

i) No amodcitete 6T1 0 pOUOG peTaforng Tov KEPIOVG pnodevileTar 6Tav o pvOPoS
RETABOMS TOV KOGTOVGS Kol 0 pvOpog petofoing g sicmpalng ivan icot.

ii) No amodeiere 61 0 poOpdég petafoin)s Tov pécov K66TOVG PNodevileTal 6Tav 10
péco KOGTOG £ivar ico pe TO 0pLOKO KOGTOC.

AYZH
1) O pvOuods petaforng Tov k€pdoug etvat
P'(x) = E'(x) — K'(x).

Emopévac,

P(x)=0< E'(x)-K'(x)=0 < E'(x)=K'(x).
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i) O pvOude petaforng tov pécov KOGTOVGS etvat

K ()= K'(x)-xz— K(x) _
x
Enopévag
K, (x)=0 K'(x)-x=K(x)=0

& K'(x)=@
x

< K'(x) =K, (x).

AXKHXEIY

A" OMAAAX

1. M cpapikn pmdia yroviod apyilet va Advet. H axtiva e, mov ehattdverat,
I3 r 7 2 r 3

divetar o cm and tov Tomo r = 4 — t°, émov t 0 ¥pdvog ce sec. Na Ppeite 10

pLOUO petaforng g empavelag £ kot tov 6ykov V g umdiag, 6tav t = lsec.

(@vundseite 611 E = 4’ ko V = %mﬁ ).
2. O 6yKkog V evog cOUIPIKOD UTAAOVIOD TOL POVCKOVEL ov&dvetat pe puOud 100

cm®/sec. Me 010 puBud oEGveTar 1) oKTive. Tov F 1 YpOVIKN GTIyu t,, mov avT
glvat ion pe 9 cm;

3. To kéotoc mapaymwyne, K(x), konn tiun mdinong, I7(X), X povadwv evoc froumya-
VKOV TTpoiovTog divovrar and Tig GuvapTioelg K (x) = lx3 —20x* +600x +1000

3
ko 77(X) = 420X avtiotoiyws. Na Bpeite mote 0 puOUdg petafoing Tov képdovg,

P(x) = 71(x) — K(x), ivaun Betixdg.

Boppd
4. Avo mhoia 17, kar I1, ovoywpodv cuyypdveg anod (T

éva péve 4. To mhoio 11, Kiveiton ovoToAkd pe
tovta 15 km/h ko to 17, Bopeta pe todnTal d=d()
20 km/h.

x

i) No Bpeite 116 cvvapmoelg Béceng tov 17, Avarolij

Ko I7, A 11,
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. 'Evo. agpdotato 4 apnver 1o

. Mia yovaika dOyovg 1,60 m amo-

ii) No omodeiete 6t n andotacn d = (I7,/1,) twv dvo mholwv av&ivetol e
6tafepd puOud ToV 0moio KAt VoL TPOGHIOPICETE.

. 'Eva kvntd M Eekvd amd v apyn Tov afévev Kot Kveltol Kotd UnKog g

1
KOpmoONG ¥ = sz, X >0. e moto onueio tng KopmdAng o puOUdS HETOBOANC
™G TETUNWEVIG X TOL M glvar 160G e To pLONO PeTaPOANG TG TETAYLEVIG TOV

Yy, av vrotebei 6t X'(t) > 0 yro kébe t > 0.

B OMAAAX

. Av 1 em@dveta pag oaipog ovédvetar pe pubud 10 cm?/sec, vo peite o pvo-

pé e Tov omolo av&dvetat 0 OYKog ovTig 0tov I' = 85 cm.

. "Eoto T 1o gppaddv tou tprydvov O4B nov opilovv ta onpeia O(0,0), A(X,0) kot

B(0,Inx), pe x> 1. Av 10 X petafdAiietor pe pubuod 4 cm/sec, va Ppeite o puOuod
petafoing tov epPadov 7, 6tav X = Scm.

. 'Evag avBpomnoc ompmyvel éva 20“\/

K r 7 4 /
OVTL GTN PAUTO TOV STAAVOD ‘% 5 5m

GYNMOTOG KOl TO KOLTI Kiveiton
pe tayvtnta 3 m/s. No Bpeite
TOGO YPNYOPO OVOYMVETOL TO
Kkovti, SNAadn o pLOUo petafo-
AN TOL Y.

£€00a.po¢ o€ omodotaot 100 m and
évav mopatnpn 17 pe toyd-
ta 50 m/min. Mg moto pvOud 7 100m
av&avetol 1 yovia 6 mov oyn-
patiCer n AI1 pe 1o €dapog
YPOVIKN OTLYU Kotd Ttnv omoio
T0 UmoAAOVL Bpicketal o VYOG
100 m.

pakpovetor and tn Paon evog
QOVOoTATY VYOLG 8 m e ToyD-
mra 0,8 m/s. Me mota tayvnta
av&avetot o ioK10G TNG;
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6. 'Eva meputoMkd A Kwveitor katd HNAKOG NG 1,4y

1
KOPmoANG y = —§x3, X <0 minoialovtog ™V

EUTPOG (Zynpa). Av 0 puBpog petafoAng g te-
TUNUEVNG TOL TEPITOALKOD SiVETOL 0O TOV TOTTO

a'(t)y =—a(t)

va Bpeite o puOud petaforing g TETUNEVIG
Tov onpeiov M g aKTAG 6TO 0TO10 TEPTOLV Ta. SoEMeo sy
POTO TOL TPOPOAEQ T XPOVIKY| GTIYUN KOTE TNV Arcrj

omola TO TEPIMOALKO €)EL TETUNLEVT —3.

oKt Kot 0 TpoPoréag Tov pTilel Katevbeiov a &
A
I
|
I
|
I
I
I
I
|
-

7. Mio okdha pnkovg 3 m givar tomoBetnuévn o’
évav toiyo. To kdtm péPog ™G GKAANG YALGTPA-

€1 010 ddmedo pe pubuo 0,1 m/sec. Tn ypovikn l
otypn ty, Tov 1 KopLET| TG SKAANG OTEYEL 0T
10 ddmedo 2,5 m, vo Ppeite: y 3m

1) To pvBud petafoing g yoviog 6 (Zynua).
ii) Tnv taydTTo pEe TV 0moia TEPTEL 1] KOPLOT|
A g oxkdhog. o x Y \p—»

8. 'Eva kNt Kveitar og KukAky Tpoyid pe eéicwon X° + y° = 1. Kabdg mepvist
, . 1 V3 2 ; g p
and to onueio A > ) N tetaypévn Yy ehottdvetat pe pubud 3 povadeg to

devteporento. Na Bpeite to puOpo petafoing TG TETUNUEVNG X T XPOVIKT| OTLY-
W] TOL TO KV To TTEPVAEL 0O TO A.

2.5 TO OEQPHMA MEXHX TIMHX

Ymyv mapdypago ovt Ba yvopicovpe évo amd to mAEov Pacikd Bempripoto Tov
Awpoptkod Aoyiopol mov givar yvootd og @edpnua Méong Tipne. Apykd dtatonod-
voupe 10 @edprnpa tov Rolle, To omoio elvan edikn mepintmon tov Osmpfpatoc Méong
Twyng kon 6N GVVEYELD SraTvndvoule To Oedpnpa Méong Tyung, To omoio amodetkvie-
Tou pe ) Bonbeta Tov Oemprpartog tov Rolle.
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OEQPHMA (Rolle)

Av o ovvaptnon f eivor:
e cLVEYNG 0TO KAELDTO didotnpa [, S]
® TOPAYWYIGLUN GTO OVOLKTO dtdotnua (a, f) Kot

o f(@)=/(B)

TOTE VIAPYEL £V, TOVAAYIGTOV, & € (o, B) TETO0, DOTE:

f©=0

Tl'eopetpcd, avtd onuoaivel 6TL VLApYEL €val,
TovAdyotov, & € (a, B) Tétol0, MGTE M €QO-
ntopévn g C, oto M(¢&, (&) va eivon ma-
PAAANAN oTOV GEOVA TOV X.

INo mopdderypo, £6T® 1 GLVAPTHON

f(x)=x*—4x +5, xe[L,3]. (Zy. 19)

SR /

Enedn n f eivan cvveyng oto [1,3], mapayw- \ /
yioum oto (1,3), pe f'(X) = 2x — 4 xou f(1) = \ 4 5/

2 = f(3), ovppovo pe to Bedpnua Rolle, Ha 21" N |

v?tdpxat évag apuog & € (1,3) térolog, wote ! M !

fr@©=0. T

4 4 r |

T v €bpeomn tov apBpod &, Exovpe: | ! { .
f(6)=0 < 26-4=0 & £=2. o 1 &2 3 g

OEQPHMA (Méong Tyuig Aragopikod Aoyiopov @.M.T.)

Av o cuvaptnon f eivar:

® GUVEYNG 6TO KAELGTO ddoTnpa [a, £ Ko
® TOpay®Yicun 670 AvoIKTod dtdotnua (o, )
T0TE VIAPYEL £val, TOVAGYIGTOV, & € (o, f) TETOL0, DOTE:

f(B)-f(a)

===,
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T'eopetpcd, oavtd onuoaivel 6tL vedpyel €va,
TovAdyotov, & € (a, B) T€TO10, MOTE 1| EQPOL-
TTOUEVN TG YPAPIKNS mapdotaong g f oto
onueio M(E, f(&)) va givon TopdAinin g gv-
Ogiag AB.

INo mapdderypa, £6T® 1 GLVAPTHON
f(0)=+x,xe[0.4].
Enedn n f eivan ovveyng oto [0,4] ko mopayw-
1
yiown oto (0,4), pe f'(x) =——=, ovupovo
24x

pe 1o Bedpnua péong Tung, Ha vhpyet Evog
apfuog & € (0,4) térolog, wote

f4)-f@O) 1
4-0 2

T v €bpeomn tov apBpod & Exovpe:

f'(&) =

yl
o0
di @D
=z "A(4.2)
M(1,1) |
000 1 Y

f’(é)z%@%z%@ﬁzl@ézl.

E®PAPMOI'EY

1. Na OmodELYTEL OTL:

i) H ovvaptnon f(x) = x° + X* — (1 + 1)x, 1eR’, avomoici Tig vIodéceig Tov
Ocopipatog Tov Rolle 670 dvaotnpa [0,1].

ii) H e&icoon 34x" + 2x — (A + 1) =0, AcR" &g ma, TovAdyoTov, pila 6To did-

otnpo (0,1).

AIIOAEIZH

i) H ouvaptnon f wcavomotei tig vrobéoeig tov Oswpnporog Rolle oto [0,1] apov

® cival ovveyng oto [0,1] g ToAV®VVLUKT

e sivor mapayoyioym oto (0,1) pe f'(X) =3 + 2x — (A + 1) ko

o wyvel f(0)=f(1)=0.
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ii) AQob, Aowdv, yia ) cuvéptnon f(X) =x* + X — (A + 1)x, 4 € R 1oydovv ot vobécerc
Tov Oewpipatog Rolle, Ba vdpyst & € (0,1) tétoto, dote /(&) = 01, 16oddvapa, 34E +
26— (4 +1)=0. Emopévaog, 0 & € (0,1) Oo eivar pilo e e&icoong 34x° + 2x— (A + 1) =0.

2. Na amoderytei 6T Y10 T svvaptnon f (X) = ax’ + fx + 9, a# 0 ka1 Y10 0701031
mote SudoTnpa [X,, X,|, 0 aprOpéc X, €(Xy, X,), TOV IKAVOTTOLEL TO CUUTEPUAGPA TOV
Ozopipatog Méong Tipng, civan To KEvTpo Tov drastiparog [X,, X,], dSnradn civar

X X
0 2 *
AIIOAEIZEH

H ovvaptnon f(X) = ax’ + fx + y eivar cuveync to [X,, X,] ©C TOADOVLLIKTY Kot Toparyo-
yiown oto (X, X,), pe f'(X) = 2ax + . Emopévac, cbueova e to Bedpnplo péong Tipng
VIhpyeEL X, € (X, X,), TETO10, MGTE

fr(xo):f(xz)_f(xl) ) (1)

Xy =X
Eivon dpomg:

J(x,)-f(x) _ Otx22 + Bx, +y—ax12 -Bx -y _ a(x, —x)(x, +x)+ B(x, —x)
Xy =X Xy =X Xy =X

_ (Xz _Xl)[a(xl +X2)+ﬁ] _
= % =a(X +X,)+p.

Enopévag, 1 oxéon (1) yphoetot:
X, + X
2a%, + B =a(X +X,)+p < X, =——= 5 2.

3.Eva ovTokivnTo dujvoce pio dradpopn 200 yrhopéTpov o 2,5 apec. Na amodstr-
%0¢l 6TL KGTOLL YPOVIKY GTIYUN, KATA TN OLAPKELD TNS SLadpOuIG, 1] TAYVTNTA TOV
ovtokivijTov fTav 80 yrdpeTpa TV Opa.

AIIOAEIZH

‘Eoto x = S(t), t €[0, 2,5] 1 cvuvaptnon Béong tov kivnTov. Apkei va deiéovpe 6TL VIap-
xe t, €[0, 2,5], tétown wote v(ty) = S'(t,) = 80.

H ovvaptmon S eivar cuveyng oto [0, 2,5] kot mapaywyicn oto (0, 2,5). Enopévac,
ocoppova pe to Ocopnuo Méong Tung vrdpyet t) e (0, 2,5) t€to10, OGTE

5(2,5)-S(0) 200-0
2,5 2,5

v(t,) =S'(t,) = =80 yMOUETPO TNV DPO.
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AXKHXEIY

A" OMAAAX

1. No e&etdoete moleg amd TIG TOPUKATO GLUVOPTHGELS IKOVOTOLOUV TIG VITOBEGELG
tov Bewpnuatog Rolle oto dtdotnpo mov ava@épeTal, Kol Gt GUVEXELD, Yo
gkeiveg mov 1oy Vel va. Ppeite Oha ta & e (a, B) Yo Ta omoia woyvet f/ (&) = 0.

i) f(x) =X —2x + 1, [0, 2] i) f(x) = nu3x, [0,%”}
iii) f(x) = 1+ cuv2x, [0, 7] iv) f(x)=| x|, [-1,1].

2. No eEetdoete, mOEG Ao TIC TAPAKAT® GLVOPTHCELS IKOVOTOLOVV TG VTOOECELS
Tov Ocowpnpoatoc Méong Tiung 610 S1AcTN e TOL AVOPEPETAL KOL GTN CLVEXELX,
v ekeiveg Tov 1oyvEL To Bedpnua, va Bpeite oAa to & € (a, f) Yo To omoia

1oy08t f'(é):M.
B—a
i) f(x) = X2+ 2x, [0, 4] i) F(x) = 3nu2x, [o,ﬂ
2x+2 , x<-1
iii) f(x):{ . » [-3, 2]
X -x , >—1

3. Av a < B, va anodeitete 1t ot cuvaptiocelg f(X) = €* kot g(X) = Inx tkavomotohv
T1g vrobéoelg Tov ©.M.T. 610 didotua [a, f] Kot ot cuvéyeln OtL:

B
.« e’ —e"

< 1<lnﬁ—lna 1

< eﬂ Kot —

B-a B p-a o

e

INa ) ovvaptnon g(X) = Inx vrobérovpe emmiéov 611 0 < o < f.

B OMAAAX
1. Aivetoi ) suvapnon f(X) = x* —20x* —25x% —x + 1

i) No anodeitete 011 1 e€iowon f(X) = 0 £xet o, TovAdyiotov, pile 610 S1d-
otmua (—1,0) kot e, Tovkdyiotov, oto dtdotnua (0,1).

ii) Na amodeifete 01 eéicmon 4x° — 60x° — 50X — 1 = 0 &xel wa, TOLVAGYIGTOV,
pila oto dotnua (—1,1).
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2. Aivetou m ovvaptnon f(x) = (X — I)nux. Na omodei&ete ott:
i) H e&lomon f7(X) = 0 éyet po, Tovddyiotov, pila oto avowktod dtdomua (0,1).

i) H e&lowon epx = 1 — X €xet pua, TovAdyiotov, pila oto avoiktd didotnua (0,1).

3. 1) Aivetar puo cuvaptnon fue f'(x) #1 ywa kdBe x e R. No amodgi&ete 0t 1
e€iowon f(X) = X éyet 10 TOAD o Tparypotiky pida.

X
ii) No anodeiete 6111 e&icwon n“E =X aAnBedetl povo ya X = 0.

1
SE,waKdOS X eR.

. , ] X
4. 1) Na omodei&ete 011 5
1+X

Vo, 0T0dET-

i) Av f givan pia cuvéptnon mapoayoyicun oto R, pe f'(x) = ol by
Eete 0TL Y10 OMaL T @, B € R 1oyvet: 1+x

If(ﬁ)—f(a)lsélﬂ—al-

5. 'Eoto o cuvaptmon f n omoia eivar cuveyng oto [0, 4] kot woyder 2 < f'(x) <5
v kGOe X € (0,4). Av f(0) = 1, va amodei&ete 611 9 < f(4) <21

6. 'Eoto o ovvaptnon f n omoia sivar cvveyng oto [-1,1] kot woyder f'(x) <1
vy kdBe X € (=1L,1). Av f(-1) =— 1 xan f(1) =1, vo amodeiete 611 f(0) = 0,
gpappolovtag to O.M.T. yio v f og xabéva and ta dwotiuata [—-1,0] kot
[0,1].

7. Na anodeiete pe 10 Oedpnpa Tov Rolle 6Tt 01 Ypopikéc TopacTIcES TMV GL-
VOPTHGE®V
f(X) =2k g(x)=—xX"+2x+1

&xovv axpPac dvo kowd onueia ta A(0,1), B(1,2).

2.6 JXYNEIEIEX TOY OEQPHMATOX
THX MEXHY TIMHY

To Osopnuo Méong Tyung tov dapopikod Aoywopov Bewmpeitarl pio and tig omovdat-
OTEPEG MPOTACELS TNG AVAALGNG, AoV e Tn Pondeld tov amodetkviovtatl ToAAE AL
Beopnuarta. Oa ypnoyoromoovpe Tdpa o @.M.T. yuo va amodeifovpe Ta emdpeva d00
Baod Bempnpata.



2 AIADPOPIKOX AOT'IXMOX 133

OEQPHMA

‘Ecto o cuvaptnon f opiopévn og éva dudotnua 4. Av
o 1 f &ivar cuveyng oo 4 ko

o f'(X) =0y kdBe eomwrepiro onpelo X Tov 4,
toten f eivan otabepn o€ OA0 0 drdotTnua A.

AIIOAEIZEH
Apkel va amodei&ovpe 0Tt yio omoadNmoTe X;, X, € A woyvet f(x)) = f(x,). pdypott
® Av X, = X,, 1018 Tpoavag f(X,) = f(X,).

® Av X, < X,, T0TE GTO doTNUA [X,, X,] N T tkavomotel Tig voBEsElg ToV BewprpoTog
uéong tung. Emopévag, vépyet & € (X, X,) té1010, OOTE

S(x) = f(x)
_x :

Xy =X

7€) = )

Ene1dn o ¢ givar socmtepicd onpeio tov 4, wyder f' (&) = 0, ondte, Aoyw ¢ (1), sivar
f(x,) =f(x,). Av X, < X,, T01€ opoicg amodewkvoetar 6Tt f(X,) = f(X,). Ze OAeg, Aowmdv, Tig
neputoelg eivar f(x,) =f(x,). M

IHOPIXMA

"‘Eotm dvo cvvaptioeis f, g opiopéveg og éva didotna 4. Av
e ot f, g eivar cvveyeic 610 4 ko

®/'(X)=0'(X) yia kGbe ecw TEP 1K O oNUEIO X TOL 4,
to1E VIAPYEL oTABEPE C TETOLN, DOTE Yo KGO X € A va loyvEL:

f(x)=g(x)+c

AIIOAEIEH
H ouwvéptnon f — g eivon ovveync oto 4 won yuo y @
KGOe ecmTepIKd onpeio X € A 1oyvet

y=g(x)+c
fF-9))=,"(x)-g'(x)=0.

Enopévog, coppova pe 1o mapandvo dedpnuo, 1 y=g(x)
ocvvaptnon f— g sivar otabepn 610 4. Apa, vidp-
xel otafepd C tétown, dote Yo kGbe X € A va
woyvel F(X)—g(xX)=c,omotef(x)= g(x)+c. MW
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XXOAIO

To mapandvm Bedpnpa KabBdS Kot T0 TOPIGLLE TOV 1oYD0VY G SIAGTNLLO Kot Oyl € £VOoT)|
SloTNUATOV.
INo mapdderypa, £6T® 1 GLVAPTHON

-1, x<0
1, x>0

f(X)={

[Mapotnpodue 0tL, av karf'(X) = 0 yua k6O X € (—0,0) U (0,+%0), evtovtoign f dev givar
otafepn oto (—0,0) U (0,+00).

EPAPMOI'H

Aiveran pia ovvaptnoen f yie v omoia woyver

f'(xX) = f(X) yo ka0g xeR 4))

x)
givon otaBepn kan

X

i) No amodsiytei 6L suvapnon ¢(x)=
ii) Na Bpebzi o Tomog g f, av diveTran emurhéov 6L f(0) = 1.

AYZH

1) o kéBe XeR Eyovpe:

/() ] GO AOROLN

(ﬂ'(x){ >
(“) e

ex
Enopévamg, n ¢ glvat otabepn oto R.

il) Emedn n ¢ eivon otabepn, vapyet € € R tét010, dote ¢o(X) = € ya k@be XxeR 7, 160-

X
) = ¢ y1a kaBe X € R. Emopévacg

dovaua, —;
e

f(x) = ce" yio ke xeR.
Enewdn f(0)=1, égovue 1 = ¢, onote

f(x) = e* yia kabe xeR.
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o

Movorovia ocvvapTnons

<

Il

=
<

"Ecto 1 cvvapton f(x) = X% Hapatpodpe o1t /‘
ot0 ddotua (—o0,0), oto omoio  f eivar yvn-

clog pBivovsa, woyvet f(X) = 2X < 0, eved 610 dt-
dotpa (0,+00), oto omoio N f givar yvnoing ad- F(x)<0 (>0
&ovaa, woydet f'(X) = 2x > 0. BAémovpe, dmradn,
OTL LILAPYEL Lo GYEON AVALEGO OTN pHovoTtovia >
K0l GTO TPOCTLLO TNG TAPAYDYOL THG GLVAPTNONG.
YUYKEKPLULEVA LOYVEL:

OEQPHMA

‘Eoto o ovvapon f, n omoia givar v veyr¢ og éva didotnua 4.

® Av f'(X) >0 ce kGBe eowtep ik o onueio X tov 4, tote T eivan yvnoing av-
Eovoo g OAO TO 4.

o Av f'(X) <0 ocegkbbe comwtepird onueio X Tov 4, tote | T givan yvnoiong ¢bi-
VOLG o, 6 OAO TO A.

AIIOAEI=ZH

® Anodsikvoovpe to Bedpnpa oty mepintwon wov givor f/(X) > 0.

‘Eoto X,,X, € A pe X, <X,. Ou deiovpe 6t f(x) < f(x,). [Ipdypati, 6To Sdomua [X,,
X,] n f wavomnotei Tig mpovmobiceig tov ®.M.T. Enopévac, vrapyet & € (X, X,) t€T010,

WoTE f(&) = w, 0TOTE £XOVLE

f(x,) —f(x)) = (&)X, — x))
Enedn f7(&) > 0 kar X, — X, > 0, éxovpe £ (X,) —f(X,) > 0, ondte f(X,) <f(X,).

® YV nepintwon mov sivar f'(X) <0 epyalopoote avoroywe. B

INo wapdderypo: 4

— 1 ovvdpmon f(x) :\/;, elvar yvmoiog y=+x
avéovoa oto [0,+90), apod sivar cuveyng

oto [0,+00) kat woydel f'(x) = >0 yw
KkéBe X € (0,+ ). X >
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— 1 ovwvaptnon f(X) = X* — 2X eivar yvnoi- 4 @
o¢ avéovoo oto [l,+0), apod eival cuveyng
ot0 [1,+o) kou f'(X) = 2(x — 1) > 0 yw kéOe
X e (l,+ o), evd eivor yvnoiong @divovca oto
(=0,1], apov givanw ocvveyfc oto (—oo,1] Kot
f'(X)=2(x—1) <0y k4be X € (-o0,1).

—— = —_

1

— 1n ovvipmon f(x)=— elvar yvnoiog @oi-
X

vovoo og Kobéva omd ta dtactnpato (—o0,0),

1
kot (0,+00), agod f'(x)=-—<0 7y x&be
x

X € (—0,0) kot yio kabe X € (0,4 o).

XXOAIO

To avtictpoo Tov Topamdved Bewpnpatog dev
woyvsl. Aniadn, av 1 f eivor yvnoing advéovoa Vi @
(avtiotoiymg yvnoiong edivovsa) cto 4, 1 Topd-
Y®YOG TG 08V gival VIoYPEMTIKG OeTiky (avTi-
OTOlYMG OPVNTIKT) OTO ECAOTEPIKO TOV 4. y=x
o mopadetypa, 1 cvvdaptnon f(X) = X%, av ko
etvat yynoiog avéovoa oto R, evtovtolg €xet mo- O x
péymyo f'(x) = 3x° 1 omoio dev eivor PeTiky o€
6ro 10 R, agov f'(0) = 0. Ioyvel 6pwg f'(x) >0
vy kée X € R.

E®PAPMOI'EY

1. Na Bpedolv Ta SwaoTipata ota omoia  cuvaptnon f(x) = 2x° — 3x° + 1 given
YW oing avéovoa, Yvnoimg gdivovooa.

AYXH

H cvvaptnon f sivon mapaymyicyn pe f'(x) = 6x* — 6x = 6x(x — 1). To mpoéonuo g f’
StveTon 6TOV TOPAKATO TIVOKOL

1) + 0 - 0 +
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Emopévog, n ovvaptmon f:

— givan yvnoing avéovoa 610 (—0,0], apov givar cuveyng oto (—0,0] Kat wydet f'(X)
>0 oto (—0,0).

— givor yynoiong edivovoea oto [0,1], apod eival cuveyrg ato [0,1] kot woydel ' (x) <0
o10 (0,1).

— givar yvnoimg avéovoa 6to [1,+ ), apo eivat cuveyfig oto [1,+00) kot oydet ' (X)
>0 ot0 (1,+ o).

To mpdonuo ¢ ' ko 1o €idog povotoviag e f ota dwwotquata (—0,0], [0,1] kot
[1,+ ) CUYKEVIPOVOVTOL GUVOTTIKG GTOV TOPAUKAT® TIVOKOL:

X —0 0 1 +00
f'(x) + 0 - 0 +

f0) e \ /
f(1)

2. i) Na amodeytel 6TL N ouvaptnon f(X) = X — cvvx — 2, x<[0, #] sivar yvnoimg
av&ovoa kot va. fpeite To GUVOAO TIHAV TS,

ii) Na amodeyytei 611 ) e€icmon 6uvX = X — 2 &gl akpfpdg pa Ao oo [0, 7].

AIIOAEI=ZEH
i) Etvan
f'(X) = (X —ovvx—2)" =1 + nux > 0, yw ke [0, z].

Emopévog, n f eivar yvnoimg av&ovoa oto [0, ). Emedn n T givon cuveyng kon yvnoimg
av&ovoa, cOUPmVa pe TV Tapaypao 1.8, To chvoro THdV ™G givar to dtdotnua [f(0),

f(m)] = [-3, 7 - 1].

ii) 'Eyovpe:
y
GUVX =X—2 << X—ovvX—2=0,
14
< f(x)=0, xe[0,x]. y=ovvx y=x-2
Emnedn to ohvoro tipdv g f eivar to didotn- il T,
pa [-3,7—1], mov mepiéyet To 0, Ba vdpyet Eva 0 w2 2 Lo
TovAGyeTOV X, € (0,7), TéTot0 dote f (X,) = 0. |
|
Enedn emmdéov n f eivar yvnoing avéovoa
oto [0, 7], 1 X, etvon povadwn pila g f(X) =
0 oto dtdotnpa avtd. H pifa avtr, 6nmg eai- 5

VETOL KOl 6TO GyNua 28, glvat 1) TETUNHEVT] TOVL
onpeiov Topng g Y = X — 2 KoL TG Y = GUVX.
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AXKHXEIY

A" OMAAAX

1. Av yw g svvaptioelg f, g ioydoov:

f'(X) = g(x) xar g'(X) = — f(X) y10 k@0¢ X €R,

va amodeifete 611 svvapmon ¢(X) = [F(X)]* + [9(X)]? eivon otabep.

2. No Bpeite 10 SIUGTALOTO LOVOTOVIOG TOV GLUVAPTCEDV:

i)f(x)=x*+3x—4 ii) f(x)=2x*-3x*—12x
X
i) f(x)= T

3. Opoimg tv cuvopTNCEWDV:
4-x* , x<l1

x+2 , x>1

D) f(X)={ i) f(x) =|x" 1|

4. Opoimg tv cLVOPTNCEWDV:

i) f(x):eix i) f(X)=Inx—x i) f(X)=nux+|qux|, x[0,27].

5. Aivovtau ot cuvaptioelg f(X) =X’ + 5Xx — 6 xar g(x) = 2x+x-3.

1) Na amodeitete 0t ot f, g eivon yvnoing avéovoeg.
ii) Na Bpeite 10 GOVOLO TILOV TOVG.

iii) No amodeiEete 0t o1 &lodoels:
X 45X —6=0ka 2J/X +x-3=0

&yovv axpPag pia piCoa mv x = 1.

6. Noa amodei&ete ot
i) H cuvdptmon f(x) =€*— 1 +In(x + 1) eivar yvnoing avéovoa.

ii) H ebiowon € =1 —In(x + 1) £yet akpiBog pio Avon v X = 0.
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B OMAAAX
1. Av yw pia cvvéptnon f mov givar opiopévn 6” 610 10 R 1oy 08t
| /()= f(») | (x~p)’ nadhata x, y €R,
vo anodeifete 6tin f eivor oTabepn.
2. i) Na anodeifete 611 1 suvapmon f(X) = X* — 3X + « sivau yvnoing edivovsa
610 odotua [—1,1].
il) No Bpeite to ovvoro tiumv g f oto ddotnpa [-1,1].
iii) Av—2 <a <2, va anodeifete 6T 1 eéicwon X° — 3X + a = 0 &yel axpPhdg pio
Adon oto daotnpa (—1,1).
3. H 8éon evog kivntod méve o Evav aéova tn ypovikn otiyun t diveton amd ™
Guvéptnon:
X =S(t) = t* — 8t +18t° — 16t +160, 0 < t < 5.

No Bpeite v TogdTTO KOl TV ERXLTAYVVOT TOV KIWITOV KOl GTI GUVEXELD VOl
OTOVINOETE 6TO akOAOVOO EpOTHHATAL
1) [Tote T0 KvnTo €xEL TOOTNTO PNOEY;

i1) ITote o Ktvn1o Kiveiton mpog ta de&id Kot TOTE TPOG TaL UPLoTEPAL;

iii) [16te 1 TorhTTO TOL KIVNTOD AWEAVETAL KOl TTOTE LEIDVETAL,
4. H wym V (og evpd) £vog Tpoidvtog, t unveg Letd v mapaymyn tov, divetat amod

TOV TOTO

25¢°

(t+2)°

No amodei&ete 0TI T0 TPOIOV CLVEYDG VTOTIUATAL YOPIG, OUMG, N TYL TOV Vo
pmopet va yiver ikpotepn amd To GO TS 0pyKNG TIUNG TOV.

V=50

5. Na amodei&ete ot

3

. =9

i) H ovvapmon f(x)= al > lx givorl yvnoimg avéovoa og kabéva amd to dti-
-

OOTAUATO TOV TTEHIOV OPIGHOD TNG Kot Vo Bpeite T0 GUVOAO TV Tu®dV ™G f
oe kaféva and To SLueTNHATO CVTA.

ii) H efiomon X* — ax® — 9X + a = 0 givon 16odvvopun pe v f(X) = a kar ot
oLvExELD, OTL EYEL TPELG TTpayaTIKES pileg Yo kéfe a eR.

6. No Bpeite 11 Tipég Tov o € R™ y1a T1¢ omoieg n ovvépmon f(X) = ax® + 3x* + x
+ 1 elvar yvnoing avcovca oto R.
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7. Noa amodeiete ot

i) H ouvaptnon f(X)=mnux—Xovvx givar yvnoing a0&ovoa 610 KAELGTO S146TH O

]

ii) NuUX — XovuvX > 0, yio KGbe X € [0, %j
. _nux , , B R
iii) H ouovapmon f(x) = — Eivaryvnoiog ©Bivovsa 6To avolkTd ot

o3

8. Na amodei&ete otu:

i) H ouvaptmon £ (X) = 2nux + epX — 3X, X € [O, %j gtva yvneing avéovoa.

i) 2nuX+epX >3X, yio k4be X EI:O, %J

2.1 TOIIIKA AKPOTATA XYNAPTHXHX

H évvoia tov tomikod axpotdtov

210 SmAovO GYNHO EXOVLE TN YPOUPIKY  yA
nopaotoon pog cuvapmong f o’ éva

dtotpa (a, B]. Hapatnpodie 61t 6TO
onuelo X = X, M T ™G GvvapTNONG
elvar peyoddtepn amd ™V TN ™G .
oe K@be “yertovikd” omuelo Tov X, !
v mepintoon ovty Aépe ot n f :
TOPOLCIALEL OTO X, ToTIKO péyioto. To "o 4 Yo X X ﬁ',
310 cvpPaiver kot oto onueio X, Kot X,.

Tevikd éyovpe Tov akdOAoVB0 Oplopod:

A(x0,/(x0))

A

OPIXMOX

Mo cvvapmon f, pe medio opiopod 4, Oa Aépe 611 Tapovcidlel 6to x, € A TomIKG
péyeTo, 6Tay VITdpyeL 0 > 0, T€T010 OGTE

f(x) < (%)) yiokébe x € AN (x, —3,x, +95).
To x, Aéyetou O€on 1 onpeio Tomikoy peyiotov, evd To f(X,) TomKo péyioto g f.
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Avn avieomra f(X) < f(X,) woydet yio kb x € 4, T0Te, OnMS €id0pe TNV TAPEYPAPO
1.3, f nopovcidlet 610 x, € A 0hMK6 péyreTo 1 anhé péyreto, to F(X,).

310 dmhavod OO TOPATHPOVLE
6t oto onueio X = X, n ym mg Y}
ouvaptnong sivatl pkpdtepn omd v
T TG o€ kéBe “yerrovikd” omueio
TOV X,. ZTNV TEPITTOOT 0VTH AEUE OTLN
f mapovsialet 6to X, TOMIKO EAGYLGTO.
To 310 cvpPoiver ko oo onueia X,
kot f. Tevikd, €yovpe tov axdrovbo
opiopo: o

OPIXMOX

Mia cvvaptnon f, pe medio opiopov 4, Oa Aépe 6Tt Topovcidlel oto X, € A TOTIKO
ELAYL6TO, OTOV VTLAPYEL 0 > 0, TETO0 DOTE

f(X) 2 f(x,), niokébe x € AN (x, —5,x, +0).

To x, Aéyetar B0 1 onpeio TomkoV ghayioTov, evd to f(X,) TOTIKO ELGYIOTO
g f.

Avnovicomrto f(x) > f(x,) woyderyokdbe x € 4, 10T, OnwG €idaile GTNV TOPAYPUPO
1.3, frapovcidlet to x, € A olkéd gErdyroTo 1| ankd ehdyioto, 10 (X))

Ta tomkd péylota kot TomKd eAdyiota g f Aéyovior Tomikd axpoTata 1, omAd,
aKpPOTOTA CVTAC, EVO TO onueia ota omoia T mwapoveidlet Tomkd axpdTato Aéyovta
0015 TOMKAOV 0KpoTaT®V. To LEYIGTO KL TO EAAYLOTO TNG f AEYOVTOL OMKE OKPOTUTA
OVTAG.

INo wapdderypa, 1 cuvapTnon

x>, avx<l A
f(xX)=41 @
— , avXx>1
X
mapovcldlet: C;
i) oto X = 0 tomiKd erdyioTo, To f(0)= Ir==2
0, To omoio glvat kat 0ALKO EAAYIOTO !
Ko o 1 X

ii) oto X = 1 tomko péyioto, to f(1)=1.

H ocvvapmon f av kot mapovcidlet tomkd péyioto, eviodtolg dev mapovctdlel (0AKO)
péyioto.
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XXOAIA

1) 'Eva tomucd péyroto pmopet va glvor pikpdtepo and £va tomiko eldyioto (Zy.32a).

’ g @

\

Xy Iﬁ

[y
Hf-——-

=

N

&

/ol xi x X3 Xy X O
(a) )

i) Av i cvvaptnon f napovoidler péyioto, tote awtd Oo givor To peyaAdTepo omd o
TOTIKG PEYIOTA, EVOD OV TaPOLGLAlEL, EAAyLoTO, TOTE 0WTO Oa gival TO [KPOTEPO amd TaL
Tomikd eAdytoto. (Zy. 32B). To peyodldtepo OUMG 0d Ta TOTIKG HEYIGTO oG GUVAPTNONG
dev elvar mavrote péytoto avtc. Emiong 1o pikpdtepo and to Tomikd eAdyloto piog
ouvaptnoNg dev glvat TAVToTE EAAYIOTO TNG cuvapTnong (Zy. 32a).

Ilpoocoropiouds twv TomKwy axpoTaTy

Me pio TPOGEKTIKY TapATHPNOT TOL oynpatog 32B PAémovpe 0Tl av 6 €va EGMTEPIKO
onpeio X, evog S0t aTog Tov TEdiov optopod g1 f mapovsidlet Tomkd akpodTATO KO
emmAéov eivan mapayoyioiun oto onpeio avtd, tote 6to onpeio A(X,, f(X,)) N epoamtopévn
g ypagikng mapdotaong g feivat opilovria, dniadn wydet f'(x,) = 0. Avtd emPePar-
@vetal omd To TapaKkdT® Bedpna, ToL givol YVmotd oc Osdpnpa Tov Fermat.

OEQPHMA (Fermat)

Eoto o cuvapmon f opiopévn 6’ éva Stotnpo 4 Kot X, £Vo E60TEPIKO onpieio
oV 4. Av n T mapovcidlel Tomukd akpoéTATO GTO X, KO Eivol TApAy®YicIUN GTO
onpeio awtd, tote:

(%) =0
AIIOAEIZEH
Ag vrobécovpe ot 1 f mapovsialet oto X, TOmMIKO
péyioto. Emeidn 1o X, efvon ecwtepikd onueio tov 4 V4 @
koun f wapovsidlel 6° avtd Tomkd péyioTo, VITAPyEL
6> 0 1€1010, OGTE S(x0)
(X, —=0,%,+0)C A xau
f(X) < f(X), v kabe X € (X, — 5, %, +6). (1) IRE >
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Enedn, emmiéov, n f elvon mapoywyicipn oo X, 16y 0eL

SO fG) o S-S )

f'(x,) = lim 1
X=Xy x—_xo XX, x—xo
Emopévac,

—av Xe (X, —0,X,), 1018, Aoym g (1), Oa eivor >0, omote Oa Eyovpe

S~ (%)
X

- X,

SO=fG) 4,

f'(x) = lim
X=X X=X, (2)
— v X € (X,,%, +9), 1018, Moy g (1), O elvan MSO, ondte Ha Eyovpe
X—X,
fl(xo): hm f(x)_f(x()) SO (3)
xox; X=X,
‘Etot, ano Tig (2) kar (3) éxovpe f'(X,) =0.
H amddeién yo tomucd erdyioto ivar avaioyn. |

XXOAIO

ZOUEOVOL LE TO TPOTYOVHEVO DD, TO E0MTEPIKE onpeia Tov A, ota omoia 1 T/ givar
drapopetikn amd o undév, dev ivar 0€celg tomikmv axpotdtmv. Emopévac, dnwog paivetot
kot ota oynpata 29 kot 30, ovwifavég Béoeig TOV TOTIKDOV AKPOTATOV IOG
ocvvaptnong f ¢’ éva didotnua 4 givat:

1. To eomTEPIKG onpeio Tov 4 oto omoia 1) Tapaymyos TG f undevilerar.
2. To, gomTepkd onpeio Tov 4 oto onoian T dev mapoyoyilerar.

3. Ta axpa 100 4 (v aviKovv 610 Tedio OpIGHoD TNG).

Tacowtepikd onueiotov 4 ota omoion f dev mopaywyileton  n wapdywydg g eivar
ion pe 1o undév, Aéyovrar kpiswpuoe onpeio g f oto ddotnua 4.
INo mopdderypo, £6T® 1 GLVAPTHON

A
| ’
X x<l1

5>

f(x):{(x—z)z x>l o

H f givar cuveyng oto R kot mapoymyi- 1
oun o€ 6A0 10 R gktdg amd To 1, pe:

o ¢
=v

3x? , x<1 [9) 1

f'(x):{z(x—z) x>l

O1 pilec g ' (X) = 0 givar o1 0 ko 2.
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Enedn n f' undeviCeror ota onpeio 0 kot 2, evd dev vrdpyet oto 1, ta kpicwo onueio
™mg f etvar ot apBpoi 0, 1 ko 2. Opwmg, 6mwg paiverar 6to oynpa, ta onpeia 1 ko 2 givon
Béoelg Tomkdv akpotdtev, eved To onpeio 0 dev givar B€om Tomko axpoTdToL. Apa dev
gtvat 6L ta kpioa onpeio Oéceig Tomkdv akpotdtmv g f. Emopévag, ypsialdpaote
éva KpUTP1o 1o omoio va oG TAnpo@opet ot and to. kpicwo onueio g f eivon Béoeig
TOTUKAV 0KPOTATMV ALTNG. ZYETIKA LOYVEL TO TAPAUKAT® BedpN Lo

OEQPHMA

‘Ecto wo cuvaptnon f mapaywyioyn o’ éva diotnpa (o, £), ne eéaipgon iowg Eva
onpeio Tov X,, 610 omoio 6pG N f elvor cuvexfg.

1) Avf'(x) > 0 670 (a1, X,) Ko f'(X) < 0 670 (X, f), T0TE TO f'(X,) EIvaL TOMIKS [EYIGTO
™mg f. (2. 350)

ii) Av f'(X) < 0 o7o (a, X,) kar f'(X) > 0 670 (X,, f), TOTE T0 f (X,) VO TOMIKO ENG-
yoto g f. (Zy. 35B)

iii) Av n f"(x) Stomnpei mpoon o 670 (a, X, ) U (X,, ), 101 T0 £ (X,) OV eivar TomiKd
akpotaro ko f givon yvnoimg povotovn oto (a, B). (Zy. 35y).

AITIOAEIEH
i) Emeidn ' (x) > 0 yio xdBe X € (o, X,) kot 1 f eivon cuveyng oto X, 1 f eivar yvnolog
avcovoa 610 (a, X,]. Etol éxovpe

f(x) < f(x,), Yo k&Be X € (o, X, |- (1)

Enedn f'(X) < 0 yio k60 X € (X,, f) o 1 f eivar ovveyng oto X, 1 f eivar yvnoiog
¢Oivovoa 610 [X,, f). ‘Etot éovpe:

S (X) < f(x,), yio kB X €[X,, B). (2)
y y
| fxo)
o a % p X 0

Enopévag, Aoym tov (1) kot (2), woydet:
f(x) < (x,), Yo xébe x € (a, f),

nov onpaivet 6t to f(X,) etvor péyioto g f oo (a, f) Kat dpo TomKd PEYIGTO AVTNG.
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ii) Epyalopacte avaloyms.

o

iii) 'Eoto 6Tt

£/(X) > 0, y10. k60 X € (ct, X,) U (X, B).

yA P Yy 7750 @

I

I

| >
O| a Xo p X 0] a Xo B X
Enedn n feivat cuveyng oto X, Ba eivat yvnoing adéovoa oe kabe Eva amd Ta Stactnpato
(a, X,] o [X,, B). Emopévag, yio X, <X, <X, woyoet f(x,) <f(x,) <f(x,). Apa to f(X,) dev
givon tomkd axpotato g f. Oa deilovpe, Tdpa, 6t n f eivar yvnoimg avéovoa oto (a,
B). Hpbypaty, éotw X, X, € (o, B) ne X, <X,.
—AvV X, X, €(a,X%,], enednn f eivaryvnoing av&ovoa oo (a, X ], B woyver f(x,) <f(x,).
—AV X, X, €[X,, B), emewn n f eivaryvnoiong avéovoa oo [X,, ), Oa oyvet f(X,) <f(X,).

— Téhog, av X, <X, <X,, T0Te omag gidape F(X,) <f(x,) <f(x,).

Emopuévog, og 0heg Tig meputdceis woydet f(X,) <f(x,), omoten feivar yvnoiong avéovoa

oo (a, ).
Opoiwg, av f'(X) < 0 yio k@be X € (o, X)) U (X,, ). W
o mapaderypa, éoto 1 cvvaptnon F(X) = x* — 4x° mov sivon opiopévn oto R. H f givon

nopayoyiown oto R, pe £(X) = 4x3 — 12x%. Ot pilec ™g /'(X) = 0 givou X = 0 (dumAq) 1 X
=3, 10 g mpocomuo g f' paiverar oTov TopaKdTo TivaKa:
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X —0 0 3 +00
f'(x) - 0 - 0 +

TOpQOVO [E TO Tapomave Kprtiplo, M ovvaptmon f eivoar yvnoiong @bivovco oto
dtbotnpa (—0,3], yvnolog avovoa 6to ddotnua [3,+0) kot mapovctdletl évo Hovo
TOTIKO OKPOTATO, CUYKEKPLUEVE OMKO gAdyioTo Yo X = 3, to f(3) = -27.

XXO0AIA

® Onog cidope oV amo6delln T0L ToPaTdve Be®PLOTOE 6TV TPOTN TEPITT®ON TO
f(x,) eivar  péyom twn mg f 1o (a, f), evd ot dedtepn mepintoon 1o f(x,) etvorn
erdyotn T g f oo (a, f).

® Av pia cuvaptnon f givar cuveyng o’ éva khetoto ddotnpa [a, f], dOnog yvopilovue
(@edpnua § 1.8),n f tapovoialet péyroto kat eAdyioto. ['a TNy €0pEGT TOL HEYIGTOV Kot
eMdytotov epyaldpacte wg eENg:

1. Bpiockovpue to kpicya onpeio g f.
2. Yrmoloyilovpe Tig Tipéc T T 610 onpeio 0vTd KoL 6TO GKPO TOV SLOGTNRATOV.

3. Am6 avTéc TIg TIHEG 1| pEYOADTEPT EIVOL TO PEYIGTO KOL 1] LIKPOTEPT TO ELAYLOTO
mg f.

o mopadetypa, €010 1 cvvapmon f(X) = 2x° — 15x° + 24x + 19, x €[0,5]. ‘Eyovue

f/(X) = 6x* — 30x + 24, x €[0,5]. Ot pilec g f'(X) = 0 givon o1 X = 1, X = 4. Emopévac,

ta kpioo onueia g f eivantax =1, x = 4. Ovtyég g f ota kpioa onpeio kot ota

axpa Tov draotnpatog [0, 5] elvon

f(1) =30, f(4)=3, f(0)=19 ko f(5)= 14.

Apa, n uéytom T g foto [0, 5] eivon ion pe 30 ko mapovotdletar yia X = 1, evd n
erdyotn Tl g fstvar ion pe 3 xon Topovolaleton yio X = 4.

® [0 vo. €QOPUOCOVIE TO TPONYOOLEVO Oedpnio amalteital vo. TPpocdlopicovpe 1o
npdonpo g ' exatépwbev Tov X, Otav o mpocdiopiouog avtdg dev sivon gvkorog
N eivar addvartog, TOTE TO TOPUKAT®O Oedpnua, Tov omoiov 1 anddeEn mopoAeineTal,
UTOPEL VOl LG TAPOPOPTIGEL OV TO X, Efvoil O€om ToTIKOD AKPOTATOV.

OEQPHMA

‘Ecto o cuvaptmon f mapaywyicym oe éva dibotnua (a, £) kot X, Eva onpeio Tov
(o, p) oo omoion f givar dvo Popéc Tapaywyicun.

o Av f'(x,) =0 xon f”(x,) <0, 16te 10 f(X,) EIVOL TOMIKO UEYIGTO.
® Av f'(x;) =0 xon f”(x,) > 0, 161 10 f(X,) EIvaR TOMIKO EAGYIOTO.
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INo mapddetypa, £ot® 6Tt OEAOLLE VO BPOVLLE TOL TOTTKE OKPOTATA TG GUVAPTNONG

f(x) = x + 20vvx, X € (0,27).
"Eyxovpe

f'(x)=1-2nux kot f”(X) =—-2cvvX,
, , ;o T 57
ondte ot piCec g ' givor ot — ko —.

To X=%,sivou f”(%j:— 3<0,evd yo x:%r,eivou f”(%j:\/g>0.

"Etot éyovpe

) f’(%j =0 Kkat f”(%j <0, onoteto f (%j etvat tomikod péytoto g f.

p) f '(%) =0 ko f ”[%Tj >0, onote 10 f [%j givon tomko eldyioto g f.

EPAPMOI'EY

1. Nea Bpeozci 1o x e [0, \/§] £101, OOTE TO
opBoyavio ABIA Tov durhovod oyfpatog vo Vi
&yl péyroto epPado.

AYZH /
7 A

To euPado tov opboywviov givat

E(X) = (4B)(44) = 2x(3 — X°) = — 2X° +6x. 0
B(—x0) | A0\ x

"Eyovpe E'(X) = — 6X* + 6 = — 6(x + 1)(x — 1).
Opilecmc E'X) =0 eivanorx=—1,x=1.H
povotovio kot to axpdtate g E gaivovton y=3-x
GTOV TTOPUKAT® VoK

X 0 1 V3

E'(x) n 0 -

4
E(x) / max\
0 0

min min
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Apa, 1 péytot Ty tov epPadov eivar ion pe 4 ko mapovoidletat 6tav X = 1.

2.’Ecto 1 suvaptnoen f(X) =X -1 - Inx. y

i) No peretn0ei og mpog 11 povotovio Kot to.
aKpoéTUTO.

ii) No amodsyytei 6t INX < X— 1, yvo kG0 X > 0.

AYZH

. 1 -1
i) Exovpe f'(x)=1-—= x—, X € (0,+0). H &&i-
X X

ocwon f'(X) = 0 &yel pia povo pile, v X = 1.
H povotovia kot ta akpdtoto g f aivovran
GTOV TOPOKATM TIVOKOL:

X 0 1 +o0

() - 0 +

N

min

ii) Emewdn 1 f yuo X = 1 mopovoidlet ohid ghdyioto, yio kdbe X € (0,+0) woydet:
f(x)=>2f(1) < x—1-lnx>0
S Inx<x-1.
H 1o6mrta 1oydet povo otov x = 1.
3. Mia Bropnyovia keBopiler v Tip tdInoNg I1(X), 6€ EVPp®, KGO povadag evog
TPOIOVTOS, CVVUPTIGEL TOV TAO0VS X TOV HOVASMV TOPAYMYNS, COUPMVO IE TOV
1omo I1(X) = 40000 — 6X. To kbéoTOG TAPUYOYNS Mg povadag sivar 4000 copd. Av
Propnyavio aanpavel @opo 1200 svpd yio kKGAOE povado mpoidvtog, vo. fpedel mooeg
HOVADES TPOTOVTOG TTPETEL VO TapdyeL 1) Propnyavia, @GTE Vo £XEL TO PEYLOTO OVVO.TO
KéPOOG.
AYZH
H eionpaé&n amd v tdAnon X Lovadmv mapaymyng eivat
E(X) = xJ1(X) = X(40000 — 6X) = —6x* + 40000X.
To k6610G amMd TNV TOPUYOYT X LOVAd®V givat
K(x) = 4000x.

To olik6 KOGTOG HETA TNV TANP®UN TOV POPOL Elvat:

K_,(X) = 4000x + 1200x = 5200x.
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Enopévac, 1o képdog g Propnyaviog etvor
P(x) = E(X) - K, (X)
= — 6X* + 40000x — 5200x
— 6X° + 34800X.

"Exovpe P'(X) = — 12x + 34800, ondte 1 P'(X) = 0 &xer pila v X = 2900.

H povotovia kat ta axpdtata e P oto (0,+0) eoivovtal 6Tov Tapakdto Tivoko:

X 0 2900 +00
P'(x) + 0 —

50460
P(x) / max \

Emopévac, 1o péyioto képdog mapovataletat dtav 1 fropnyavia mapdyet 2900 povédeg
amo to TPoiov ovtd Kot ival ico pe 50460 yhddeg vpd.

AXKHXEIY

A" OMAAAX
1. H mopdywyog puog cuvaptmong feivat
fr(x)=3(x— 1)°(x - 2)*(x - 3).

INa moteg Tipég tov X N f mapovoidlel Tomkd péyloto kot yio moleg mopovstdlet
TomKd EAGYLOTO;

2. ) No pereti|oeTe OG TPOG TN LOVOTOVIO KoL TO AKPOTOUTA TIG GUVOPTHCELG:
)f(x) =x*—3x+3x+1 ii) g(x) =x* - 3x + 2
iii) h(x) = 2x* - 3x* - 1.
B) Noa Bpeite T0 TANB0g TV TpayLATIKOV pLLOV TOV EI0DCEMV:

=33 +3x+1=0, X*-3x+2=0, 2-3x—-1=0.
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10.

. No peletoete ®¢ TPOG T LOVOTOVIO KO TOL 0KPOTATA TIG GUVOPTNOELS:

. No peletnoete ©¢ TPOG T LOVOTOVIO KO TOL 0KPOTATA TIG GUVOPTNOELS:

. Na Bpsite Ti¢ Tipéc Tov @, B € R y1a T1g omoieg 1 suvapon f(X) = ax® + px°

. No arodei&ete 011, and 6Aa T0 01KOTEDA GYNLLOTOG opBoymviov pe gpfado 400

. Me ovppatdémieypo pkovg 80 m OEAovie vo teptppdéov e 01kdnTeS0 GYNLULOTOG

. Mia dpa petd ) Afyn x mgr evOog avTITLpETIKOD, 1 peimon g Oepuokpaciog
3

. Alvetor tetplymvo ABIA t0v Summhovod GYNUOTOS UE A

2

) f(x) = {:

xP=2x+1 , x<lI
xP—4x+3 x>1

, x<l1

ii)g(x)={
, x>1

i) f(x)=¢e"-x i) f(x)=x",x>0.

—3x + 1 mapovoiélet tomikd axpotota oto onpeia X, = — 1 ko X, = 1. Na ko-
Oopicete 10 160G TOV AKPOTATMV.

m?, 1o TETpay®VO YPetdleTon T HKPOTEPT TEPIPPALN.

opBoymviov. Na Bpeite Tig S106TAGEL TOL OIKOTESOL TTOV £XEL TO LEYAADTEPO
euPadodv.

gvog acbevong dtvetar amd tn cvvapmon T(x) = x° —%, 0 <x<3.Na PBpeite

TOoL0, TTPEMEL VAL €iva 1 OGN TOV AVTITVPETIKOD, MGTE 0 PLOUOG PETABOANG TG
peimong g Beprokpaciog ™G TPog X, Vo, Yivel HEYIGTOG.

mAevpd 2 cm. Av 10 TETpAy®Vo EZHO £yet TIg KOPLOEG
TOV OTIG TAEVPEG TOL ABIA,

O
1) va ekQpacete TV TAELPE EZ cuVapTHGEL TOL X.

ii) va PBpeite 10 X €101, dote T0 eRPadov E(X) tov EZHO 4

va yivel EAdyLoTo.

To KOGTOG TNG NUEPTIOLOUG TAPAYMYNG X LOVAd®V EVOG Plopmyavikod Tpoidovtog
1

sivon K(x) = ng —20x +600x +1000 gvpd, y1a 0 < x <105, evd 1 iompaén

amd TV TOAM N TOV X povadav eivot E(X) = 420X — 2x* eupd. No Bpebei n nue-

PNOLO TOPOYMYN TOV EPYOCTAGIOV, Yo TNV OToin TO KEPSOG YiveTal PEYIOTO.
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B OMAAAX
1. Aivetaum ovvapton f(X) =2nux—x+ 3, xe€[0,7]

i) Na peretnoete v f wg mpog tn povotovia kat axpotata.

i) No amodeifete 6t e&icwon nux = %X —% £xel axppag pia pila oto (0, 7).

2. 1) No peletoete G TPOG TN LOVOTOVIO KO TOL 0KPOTOTA TN GLUVAPTNON
f(X)=Inx+x-1

Kat va, Bpeite Tig pileg kot 1o TPOHOUO TN,

ii) No HELETNOETE MG TPOG T1| LOVOTOVIO KOl TOL 0KPOTOTA TN CLUVAPTNON

p(X)=2xInx +x*—4x +3

iii) No amodeiete 0Tl 01 YPUPIKEG TAPACTAGELS TMV GLVOPTICEDV

g(x) = xInx ko A(x) = _%xz +2x—%

£€Youv évol LOVO KOO oNLElo GTO 0moio £(OVV KOl KOV EQOTTOUEVT.

3. Na amodei&ete 011 yio kabe X > 0 1oydel

)o)e'>1+x ii)oc)cmvx>l—%x2
x 1 2 1 3
B) e >1+x+5x B)nux>x—gx

iii)a) (1+x)">1+w,veNpgv>2

=D

B) (1+ %) > 1+vX+~ xLveNpev >3

4. No amodeiete 011, av yw o ocvvaptnon f, mov eivonr Topaywyiown oto R,
1oy0EL
23 + 6F(x) =2x+ 6x+ 1,

tote M f Ogv éxel akpoOTATOL.
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5. Zto dSmhovo GOl £XOVLLE TIG YPOUPIKES
TapacTdoel 000 TapPay®YICIUOV GV- 79
voptioewv f, g ¢’ éva ddotnpa [a, A].

To onpeio & e(a,B) eivar to onpueio

0TO OTOI0 M KOTAKOPLPN OTOGTOON g(d
(4B) peta&d tov C, ko C, maipver m
peyoaldtepn Ty. 0
No anodeitete 0TL 01 €QATTOUEVES TOV

C ka1 C, ota onpeia A(, (&) kon B(E,

g(%)) eivon mapdAinies.

6. No amodei&ete 6T 1| GLVAPTNHON

() = (x—a)’(x =)’ =), pea<f<y

€xel Tpla TOMKA EAAyIoTO KOt 000 TOTKE HEYIOTOL.

7. Mg éva cvppo PiKovg 4 m Kotaokevalovpe Eva 1I60TAEVPO TPIYOVO TAELPAS X
m Kot £va TETPAY®mVO TAELPAG y m.

1) Na Bpeite 10 dOpoicpa tov epufaddv Tov d00 GYNUATOV GUVOPTHCEL TNG
TAELPAG X TOV IGOTAEVPOV TPLYDVO.

ii) [lo ot Tipm Tov X 1o gpPadov yiveral eErdyioto.

8. Aivetar m cuvdptnon f(x) = Jx kat to onpeio A(%,O).

i) Na Bpeite o onueio M g C, mov améyel amd 10 onpeio 4 ™ pkpoTepn
amOCTAON).

i) Na anodeifete 611 1 epantopévn g C, oto M eivon k6betm otnv AM.

9. Onwg yvapilovpue, o otifog Tov KAaGTKOD
abntiopov amoteleitat amd Eva opboydvio
Kat 600 nukdKAa. Av 1) TEPILETPOG TOV
otifov eivar 400 m, va Bpeite Tig S0oTd-
O€1G TOV, MOTE TO PSSV Tov opboywviov
LEPOLG VaL Yivel LéYLoTO.

E(x)

10. H vadvroon pog kpovallépog amaitel cuppetoyn tovAdytotov 100 atopmy. Av
drovouv axpPdc 100 dropa, To avritipo avépyetar e 1000 evpd to dTopo.
INo kéBe emmAéov dTopo To avTiTILo avd ATopo peldvetal katd 5 evpd. [1oca
ATOpO TPETEL VAL SNADCOVY GULLLETOYT], DOTE VO £(OVLLE TOL TEPLGGOTEPT £G00Q,;
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11. '‘Ecto E 10 gufaddv Tov KuKAKOD SOKTUAIOL TOV
Sumhavod oYfHoTog. YmoBETovpe 0Tl T YPOVIKN
oty t=0 efvou r, =3 cmxou r, = 5 cm ko 611 Y10 .
t> 0 n axtiva I, av&aveton pe otabepd puduo 0,05
cm/s, v 1 axtiva I, avédveton pe otabepod puouo
0,04 cm/s. Na Bpeite:

1) wote Ba undeviotel 1o PPadoOV TOL KLKALKOD S0KTVALOL Kot

ii) mote Bo peyioromomBei to epPaddv Tov KVKAKOD daKTVAIOV.

12. @éhovpe Vo KOTOOKELAGOLUE VO KOVOAL TOL
omoiov M kéOetn datoun ABIA @aivetor 610 dt-
AoV oYL

i) No omodeifete 0Tt T0 gUPadov TG SloTopNG
ABIA gtvon o0 pe

E = 4npé(1 + ocvvd)

ii) ['lo ot Typn tov 6 to epPaddv e KAOETNG StaTOUNG HeYIoTOTOLEITOL,

13. "Evog kolvpupntig K PBpicketototn OGAacca
100 £t poxpié amd 1o TAncIEcTEPO oNpEio X
A g ubdypapung aKTS, EVO TO GTITL TOV
2 Bpioketar 300 ft pokpvd omd to onueio
A. Yro0étovpe 6Tt 0 KoAvUPNTNG pmopel va ;
KoAvppnoet pe toydra 3 ft/s kot vo tpéet ATITM 300 ft
oTNV oKty pe tayvtnto S ft/s.

100 ft

1) Noa amodei&ete oty va dtaviocel T dtadpopn KM tov dSmhavod GyfLoTog
ypewaleTa xpovo

100% + X2 +300—x
3 5

i1) T wowa Ty tov X 0 koAvuPng Ba xpelaotel T0 AyoTtEPO dLUVATO YPOVO
v vo eOdoEL 6T0 omiTL TOV;

T(x)=

14. 'Evog epyordfog embopei va yricet %é {g%
éva omitt 670 OpOHO TOL GULVOLEL
dvo epyootdowa E, xou E, ta omoia ﬁ—?& e fﬂﬂi/\_
Bpickovtar ce amdotacn 12 km kot El'_x_'fl - E
m >

EKTEUTOVY KOTTVO pe mopoyés P kot

M1 ft = 30,48 cm
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8P avtiotoiyme. Av 1 TuKvVOTNTO TOL KOTTVOL o€ o amdotoon d amd éva
TETOLO0 €PYOCTAGLO €ivat ovEAOYN TG TOPOYNG KATVOD TOV €PYOGTUGIOV KOt
AVTIOTPOPMS AVALOYT TOV TETPOYdVOL TG amdotacng d, va Ppeite og mola
anéotaon X and 10 gpyoctdcto E, mpémer o epyordfog va yricer to omitt
Yy va €xet ) Atydtepn dvvarty pomaven. (Iapoyn kamvod pog kamvodoyov
€VOG £pY00TAGIOL AEYETAL 1| TOGOTNTO TOL KOMVOD TOL EKMEUTETOL OO THV
Kamvod0Yo oTr| Lovada Tov ¥pdvov).

2.8 KYPTOTHTA - XHMEIA KAMIIHY XYNAPTHXHY

Koiia - kvopta covaptnong

® 'Ecto ot suvopticelg F(X) = x> kon g(x) = /| x| (Zx. 38).

Ot minpoogopieg Tig omoieg pag S6ivel 1 TPAOTN TOPAYOYOS Yo TH GLUTEPLPOPE KO
pog omd Tig 600 GLVOPTNCELS, OTMG PaiveTol Kot 6To oynpa 38 eivar ideg. Aniadn ot
GULVOPTHGELS,

— givan yvnoing pbivovseg 6to (—=,0]

— etvan yvnoing avgovoeg oto [0,+ o)

— mapovotdlovv Tomkd eAdyioto Yo X = 0, To omoio gival ico e 0.

Ouwmg, ol GLVOPTACEI OVTEG EYOVV OLOPOPETIKES YPUPIKEG TOPACTAGELS. AnAadn,
“avépyovtar” Kot “katépyovior’ e SoPOPETIKO TPOTO Ge KAOE £va amd To. SIUGTHLLOTA
(—0,0] ko [0,+ ). Emopévac, ot mAnpopopieg mov pog divel to TpdoNUo TS TPDOTNG

TAPAYDYOL OeV £lvat IKOVES Yol T YEpagn TS YPOEIKNG TPAGTAONS LLOG CLVEPTNONG.

Ac Bswpnoovpe TOPA TIG YPUPIKEG TOPUCTACEL, TOV TOPUKAT® GUVOPTHCEDV GTO
dtdotnpa [0,+ ).
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y=x

/

y=+x

X

o X
N
® \\ Kofdg 10 x owédvetat )
' Meeomtopévn g Ci
GTPEPETOL KOTA T1) Oe-
(@  tucr opé (p)

Topatnpovpe 6Tt KaBmG To X av&hvetat:

Kabdg to x av&avetan
N gpantopévn g G,
OTPEPETOL KOTO TNV
OPVNTIKN QOpa

—n kAon f'(x) g C, av&dvetar, dnhadn n f'eivar yvnoimg avéovca oto (0,+ ), evd

— n kAion mg g'(X) g C, erattdvetar, dnradn n g’ eivar yvnoiog bivovsa oto

(0,+ o).

v TpodTn mepintwon Aéue 0T 1 cvuvaptnon f otpépetl Ta koila mpog T Gve o610
(0,4 ), evd ot devtepn mepinTmon Ape OTL 1| § GTPEQEL TO KOTAN TPOG T KAT® GTO

(0,4 ). I'evikoTepa, divove TOV TAPAKAT® OPIGUO:

OPIXMOX

eowtePiKko 0V 4. Ou Aépe OTL:
YVNGimg adEOVCN 6T0 T W TEPLKO TOL A.

vt yyneing eBivovcsa 6to eaw tep ik o TOL A.

‘Eoto pia cuvaptnon f cvveyrn¢ o’ éva dbotnpe 4 kor zapaywyiciun 6to
e H cuvaptnon f otpépet 1o Koika Tpog ta dvem 1 eivar kopti oto 4, avn f'eivan

e H cuvapton f otpépet ta koida mpog ta kaT® 1 givon kKoikn oto 4, av n f'&i-

Emontikd, pio cuvdptnon f eivar kopt) (aviiotoiymg koidn) oe £va didotnua 4, otav
£va Ky to, Tov Kveiton Téve ot Cf, Yo vo, dtaypayet To TOE0 TOV aVTIGTOLXEL GTO J1di-
omuo 4 mpénet vo, otpagel katd ™ 0eTikn (avTioToiyms apvnTikn) eopd. (Zy. 40)
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INa vo dnidoovpe otov Tivaka petaformv 6Tt pua cuvapton T eivatl kupt (avtictoiywg
KoiAn) o€ éva ddotnra A, ¥pNOIULOTOIOVUE TO GUUPBOMOUO \ A (AVTIOTOLY®G MY).

XXOAIO

Amodeucvogtal OtL, av puo cvvaptnon f eivar kupt (avtictoiywg koiln) 6° éva dtdotua
A4, TOTE M EPATTOUEVT TNG YPOUPIKNG TapdoTacns g f o€ kKabe onueio tov 4 PpickeTon
“KOT®” (avTIoTOlY®G “TAVE”) amd TN Ypuekn g Tapdotacn (Zy. 39), pe egaipeon to
oNpEl0 ETAPNS TOVG.

® H pehétn pag cuvaptmong g mpog o Koila kot kKuptd dtevkoAdvetar pe ) Bondewa
TOV €nOUEVOL BE®PNLOTOC, TOV £lval GUEST] GUVETELD TOV TPOTYOVLLEVOL OPIGHOV KOt

Tov BeppaTog povotoviag.

OEQPHMA

‘Ecto pia cuvapmon f ooveyrc o’ éva didompa 4 Kot 5vo popég Topoymyiotun
CTO E0CWTEPIKO TOL A.

o Avf"(X)> 0y kGbs ecwtepird onueio X tov 4, tote n f givan kvptn 610 4.

o Avf"(X) <0y kGbe ecwtepird onueio X tov 4, tote n f eivan koidn oto 4.

o mopadetypa, 1 covapmon f(x) =x3 (Ty. 41), y

— givan koidn oto (—0,0], apod f”(X) = 6X <0, ya
X € (—0,0) ka1 f givor cuveync oto (—0,0] evad, 3

— givar kvpth 010 [0,+00), agod f”(X) = 6X > 0, yio >

X € (0,+0) xoun f eivor cvveync oto [0,+ o). o )
2XOAIO

To avticTpopo Tov Bewpripatog dev oyvet. o mapd- ¥
derypa, éoto 1 cuvapton f(x) = x* (Zy. 42). Eneion

N f'(x) = 4x’ eivon yvnoing avéovoa oto R, 1 f(x) =x*

gtvar kupt oto R. Eviovtoig, n 7 (X) dev eivan Betkn -
610 R, agov " (0)=0. 7
2nueia kaprng

211 Ypagikh TapdoTacn g cuvdptnong f(x) =x° 0 o
(Zy. 41) mapanpodye ott,

(a) oto onpeio O(0, 0) n ypapikn TapdcTocn TG
f éyel epomropévn ko
(B) exatépwbev Tov X, = 0, N KLPTOTNTO TNG KOUTOANG CALALEL.
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Xy mepintoon avtn Aépe 6tLn Ypoeikn mapdotacn g f “kaumtetor” oto onueio O(0,
0). To onueio O Aéyeton onpeio kapmig Tng C,. ['evikd divovpe TOV TAPAKETO OPIGUO.

OPIXMOX

‘Ecto pia cuvapmon frapayoyicwn 6’ éva didotnpa (a, £), e eEaipeon iomg Eva
onpueio Tov X,. Av

e 1 f sivon kupt 670 (a1, X)) KO KOTAN GTO (Xy, ), | AVTIGTPOPEG, KOl

o n C, &gt epomtopévn oto onueio A(Xy, f(X,)),
T61e T0 onueio A(X,, f(X,)) ovopdleton onpeio KapmNG TG YPAPIKNG TAPUGTACNG
g f.

Orav 10 A(X,, f(X,)) eivar onpeio kopmfic g C,, t6te Aépe 61 n f mapoverdler oo X,
Kopm ko 1o X, Aéyetar 0£om enpeiov kopmc. Xta onpeia kounng n epantopévn mg C,
“damepvé’” TV KOUTOAN. ATodeikvoetat, emmAéov, Ot

OEQPHMA

Av 10 A(X,, T(X,)) eivar onpeio kopmig g ypagpumg mapdotacns mg f kain f eivan
dvo popic mopaywyioym, tote (X)) = 0.

SOpeevo pe 0 Topamiveo Bedpnua, To ECOTEPIKE y

onueio evog dootiuatog A ota omoio M f” elvan

dtapopetikn amd to Pndév dev etvan Bécelg onpeimv

kopms. Emopévag, o1 mifavég Oéoeigc onueiwv

kauni¢ pagovuvapmong f o’ éva didotnpa 4 givor:

i) 10 eomTEPIKA onpeia Tov 4 ota omoian " pn-
ogviletal, Kot

il) To E6OTEPIKA onueia Tov 4 6TA 0TTOid dHEV VG-
pyern ' (Zy. 43). 0

INo mapdderypa, £6T® 1 GLVAPTHON

y X
X , x<l1
(Zy. 44)

f(x):{(x—z)“ x>l

H f &ivor 800 @opég nopayoyion oto R —{1} pe

—_ -2
[\
=Y

6x , x<1 0

f”(x)z{IZ(x—Z)z . x>
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"Etot éyovpe Tov mapakdto mivako:

X —00 0 1 2 +00
f(x) - 0 + + 0 +
AL KoiAn KUpTH KupTh KupTh

Eneidn n " undeviCeton ota onueia 0 ko 2, evd dev vdpyet oto 1, o1 mbavég 0éoelg
TV onueiov Koprng etvor to onueia 0, 1 kon 2. Ouwe, 6Twg PoiveTonr 6GTOV TOPATAVE®
nivako kol oto oynua, ta onueio 1 kot 2 dev sivarl Béoelg onueimv kapmng, agov o’
avtan f dev aAlaler koptotTa, evd To onueio 0 givar 0£on onueiov kapumng, apov 6To
0(0, (0)) vrapyet epamropévn g C, karn f oto 0 adlaler kvptotnta. Mopatnpodpe
Aowmov Ot and tig mbavig Béoelg onueinv Koumc, 0¢on onueiov kapumng eivol pdvo to
0, exotépwbev Tov omoiov 1 f” aAAdler mpoonuo. I'evikd:

‘Eoto o cuvaptnon f opiopévn 6’ éva dtdetnua (a, f) kot X, € (o, ). Av
® 1 /" aALGLEL TPOCTLO EKATEPMOEV TOV X, KoL
o opileton epomropévn g C, oto A(X,, f(X,)),

1618 T0 A(X,, F(X,)) ElVOn oMpEio Kapmg.

E®PAPMOI'H
No Tpocdrop1600vV To S1UGTINOTO GTA 00N 1) GLVAPTI G
f(x)=x"-6x*+5,
givar KupT 1] Kol Kot vo, BpeBolv Ta onpeio KOpmNG TG YPOQIKIG TS TOPACTACG.

AYXH

i) H feivou dvo popég napaymyiown oto R, pe f"(X) = 12(x — 1)(X + 1). To wpdonpo mg
f" paivetar otov akdovbo mivaka:

X —00 -1 1 +o0
f7(x) + 0 - 0 +
f(x) oo 0
K 2K

Enopévag,m f eivat kupt o kabéve omd ta Stootipora (—o,—1] Kat [1, +oo) Kot KoiAn
610 dtdotnua [—1,1].
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Enedn n f” undeviCeton ota onueio —1, 1 kot exatépobev alralel Tpoonpo, To onueio
A(-1,0) ko B(1,0) eivar onueia kapmnig me C,. Ta cvunepdopata avtd katoywpodvial
OTNV TEAEVLTALO VPO TOV TOPATAVE® TIVOKOL.

AXKHXEIY

A" OMAAAX

1. Noa Bpeite ta dreoTpoTo GTE OOl O TAPUKAT® GLUVOPTNGELS efval KUPTEG N
Koileg Kot va mpocdilopicete (av LITAPYOLV) TO GNUELN KOUTNG TOV YPAPIKOV
TOVG TOPACTACEDV

3x* -2
i) f(x)=3%° —5x*+2 i) g(x) ==
X
2. Opolmg o TIc GLVOPTNCELG:
i) f(x)=xe"™ ii) g(x) = X*(2Inx — 5)
—3x% +1 x<0
iil) A(x) = ’ .
) &) {—x3+3x2+1 , x>0
3. Opoimg yuo TIg GVVAPTNCELS:
D f@=e” if) g(0) = 50X, X e (—ﬁ,ﬁj
22
iii) A(x)=x|x| iv) o(x) = /| X|

—J-x , X<0

V)W(X)z{ Jx R x>0

4. X710 TOpoKATO GYNLLO SIVETOL 1) YPOUPIKN TAPAGTACT TG TOPAYdYOL Hiog GLVAP-
mong f oto ddompa [-1,10].
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Na mpocdiopicete to dotiuata oto oot n T elvon yvnoing advéovoa, yvn-
ciog edivovsa, Kupt, KoiAN Kot TG O£0EIC TOTIKMOV OKPOTATOV KOl OTUEIDV
KOUTNG.

. . . x=5(1)
5. Zto dumhovd oynpo SIvetol 1 YPOQIKN

napdotacn C g cvvhptnong Bécemg X x=S(1)
= S(t) evog kiynTod oL KveiTol TAVED GE

évav a&ova. Av 1 C mapovctdletl Kopumr 5!
TIG XpoviKég oTrypés t, ko t,, vo Ppeite: o

i) [1ote 10 KMo Kiveiton kaTd T Oett-
K1 QOPE KoL TOTE KOTA TV OPVNTIKN POPA.

it) [Tote N ToyhTNTO TOL KIVNTOV OVEAVETOL KOt TTOTE LELDVETOL.

B OMAAAX
1. No Bpeite To. onueio KOUTNG TG YPUPIKNG TAPAGTAGTC TG GUVAPTNONG:

x
x*+1

S(x) =

Kot va, 0modeiete 0Tt dV0 amd QVTA EIVOL GUUIETPIKG G TPOG TO TPITO.

2. No amodeifete 0TL 1 YPOPIKY TAPEGTAGT TG GLVAPTNONG:
f(x)=2e“-x*

&xet v kéBe T tov o € R, axppdg éva onpeio kapmng mov Ppicketot oty
mapoforn y = — x> + 2.

3. Na amodeifets 6t y1a k60e o € (=2,2) n ovvéptnon f(X) = x* — 2ax® + 6x° + 2x
+ 1 givar kvpti| 6€ 6A0 T0 R.

4. Aivetann ovvapon f(x) = x3 - 3x° + 2.
i) Noa anodeifete 01 f mopovoidletl éva tomikd péyioto, Eva Tomkd EAAyIoTO
Ko évo onpeto Kopmg.

ii) Av X, X, etvar o1 0é6e1g TOV TOMKMOV 0KPOTATOV Kol X, 1| 0€om Tov onpeiov
Koumg, vo omodei&ete 6Tt ta onpeio A(X,, f(X,)), B(X,, f(X,)) kot I'(X,, T(X,))
elvat cuvevBeloKd.
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5. 'Eoto f o cuvaptnon, dvo @opéc mapaywyiown oto (—2,2), yo v omoio
lepqital

FA)-2f(x)+x*=3=0.

Na armodeifete 6Tim T dev €xel onpeia Kopmng.

2.9 AXYMITQTEY - KANONEX DE L’ HOSPITAL

Acbunrwtes

® 'Ecto n cuvaptnon f(x) = 1 (Zy. 45).
x

Onwg eidape:

. .1
lim f(x) = lim — = +o0.
x—>0" x>0 x

AVt onpaivet 6tL, Kobdg 10 X Telvel oto 0 amd OeTiKEG
TWES, M ypapkn Tapdotacn g f teivel va copnéost pe
v evbeia X = 0. Xty mepintmon avt Aée 6T 1 eveia
X = 0 eivar kataxépven acdprtoTy g C,. Ievid:

OPIXMOX

Av éva tovAdyiotov and ta Opta lim f(x), lim f(x) etvon +00 1| —co, TOTE M EVOETQL
XX o

X=X

X = X, AEYETOU KOTOKOPVPY] GGOUTTOTY TG YPAPIKNG TopdoTacng g f.

® [0 TV 10100 GLVAPTNOT TAPATNPOVLUE OTL:

. .1
lim f(x)= lim —=0.
X—>+0 X—>+00 x
Avtd onuaiver Ot1, kabdg 10 X TEivEl 6TO +00, N YPAPIKH Tapdotacn g f teivel va
ovumécet pe v evbeioy = 0. Ztnv tepintmon avti Aépe 6tin gubeia y = 0 eivor oprlovTia
acopntot) ¢ C, 610 +00.

Eniong mapatnpodpue 6t

lim f(x)= lim 1 =0.

X—>—00 X—>—00 x
Avtd onpaivel 611, koD TO X TEIVEL 6T0 —00, M YPAPIKY mapdotoon g f teivel va
ocvunécet pe v evbeiay = 0. Znv tepintmon avtn Aépe 6tin gubeia y = 0 eivor oprlovTia
acOprToT T C, 670 —00. I'EVIKA:
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OPIXMOX

Av lim f(x) =/ (avtiotoiymg lirp f(x)=1),téte n gvbeiay = £ Aéyetor opriovTia

GGOPATOTN TG YPAIKNG Tapdotacns T f oto +oo (avtiotoiywg 610 —w).

® 'Ectm 1 cuvaptnon

f(x)z)c—1+l
X

Kot 1 gvbeia

gx)=x-1 (Zy. 46).

. .1
Eneidny lim[f(x)—g(x)]= lim — =0, xabbdg T0
X—>+o0 X+ x

X teivel 610 400, ot Tég tng f mpooeyyilouv Tig 0 1 X
TG g g. Anladn, 1 ypogiky mapdotaon g f -1
npoceyyilel v evbeio y = X — 1. v mepintoon

avt Aépe 6tim evbeioy = X — 1 givor aedpatoty (Thdyia) mg C, oto +oo. evikd:

OPIXMOX

H gvbeia y = Ax + S Aéyetan acOpuaTOTH TG YPUPIKNG Topdotacng g f oto +oo,
OVTIOTOLY MG GTO —00 , OV

lim[ £ (x)=(Rx+ B)] =0,

AVTIOTOl ™G

lirzlm[f(x)—(lx+ﬂ)]:0.

Hoaocountom y =Ax + feivaroprlévria ov =0, evd av A # 0 Aéyetar wAdyto acOUTTOT).
I"o Tov TPoGdoPIoUd TV ACVUTTOTOV LLOG GLVAPTIONG LoYVEL TO TOPUKAT® Bedpnia,
TOV 01010V 1) UmddEEN TapaieineTaL.

OEQPHMA

H gvbeia y = Ax + f givan acOumto™ g Ypapikng topdotacng g f oto +oo, avri-
GTOlYMG GTO —c0, OV KoL LOVO oV

lim M=ﬂ. e Rxot lim[ f(x)-Ax]=pB €R,
X—>+00 X X—>+00

aVTIOTOl ™G

limM=}teR Ko lirgo[f(x)—/lx]:ﬁeR.

X—>—00 X
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2XOAIA
1. Amodeuwcvieton OTL:

— Ot moAvovopkés cuvaptnoels Pobpod peyodldtepov 1 icov tov 2 dgv €youvv
OCVOUTTOTEC.

P(x)
O(x)
Katd 500 Tov ooV TOV TAPOVOLAGTY, OEV £XOVV TAAYIES ACVUTTOTES.

— O1pntéc ovvopTioElg , pe Babud tov apBun P(X) peyordtepo tovddyiotov

2. ZOUQOVO E TOVG TOPATAVE® OPIGHOVG, OGVUTTOTES TNG YPOUPIKNG TOPACTUCNG LIS
ocwvaptnong f avalnrodue:

— ¥10 GKpa TV SIGTNUAT®V ToV Tediov opiopov g oto omoio 1 f dev opiletar.
— X0 onueio Tov mediov optopov e, oTo omoia 1 f dev glvat cuveXNC.

— 10 +00, —0, EPOGOV 1] GLVAPTNGT| Eival OPIGUEVT OE SLAGTNO TG LOPPNS (or, +00)
aVTIOTOlY®G (—90,0).

E®APMOIH
Noa Bpedodv or acOpPTTOTES TNG YPOPIKNS TOPAGTAGNG T1G CUVAPTNONG

1
f(X)=x+ X
AYZH

Enedn n f éyel nedio opiopod 1o R™ kar givar cuveyrc o avtd, Oo avalntoovpe
KaTakOpLEN acOURT®T 670 0 Kol TAAYIEC GTO —00 KOl +00.

Eivan

lim f(x)=+00 kot lim f(x)=—o0,

x—=0" x—>0"
Apa, 1 gvbeio X = 0 givar kKatakOpLEN ACOURTOTN TNG YPUPIKNS TapdoTaong g f.
E&etdlovpie, Tdpa, oV VITAPYEL GTO +00 AGVUTTOTN THG LOPPNS Y = Ax + . "Exovpe:

f(x) X2 +1

lim = lim

x40y x40y

=1, ondte 1 =1 xon

2

lim (f(x)—Ax) = lim (x +1—xj: liml:O,onéra,[)’=O.

X X400 x
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Emopévmg, 1 evubeia y = X givar mhdyto acOUmTo T ¢ Ypoeikng topdotacng g f oto
400,

Avdroya Bpickovpe 6tin gubeia y = X elvat TAGyLo 0cOUTTOTN TNG YPAPIKNG TOPAGTAONG
™m¢ f kot 610 —0.

Kavoveg de L’ Hospital
e’ -1

— . I'a va eEetdoovpe av n evbeio X = 0 givar katakdpLEnN
X

‘Ectonovvdpmon f(x) =

acvuntot g C,, ypetdletat va vroroyicovpe to

.oet -1
lim
x—0 X

(1

Hopoamnpodpe 6t1, av epapudcovpe tov Kavove tov opiov mnAikov, mapovolaletot
0

QTPOGIOPLETIO TNG LOPPNG 0 Ot 100601 TOL EPUPLOCALE GTO KEPALOLO TOV OPIOV Y10

™mv épomn g anpocdioptotiog (amromoinom KTA.) dev epappoloviatl 6To mo Tave Op1o.

0 o
I to 6pio TNAiKOL TOV 031 YOVV G€ OTPOGIOPLOTES LOPPES —, Lo > LOXDOUV Ta ETOpEVKL
00

0 +
Oeopnuata (n omddelén tovg Topaieinetat), Tov eival yvaotd og kavoveg de I’ Hospital.

OEQPHMA 10 (uop(pr’] %)

Av lim f(x)=0, lim g(x) =0, X, € R U{~o0,+ 00} kar vrapyet to lim i ,Ex; (mte-
XXy X=X, =N g(X

TEPAGUEVO 1) ATELPO), TOTE:

tim £ _ i L)
=0 g(x) % g'(x)

"Etot 1o mapandvo dpro (1) vroroyiletarl mg e&ng:

"Exovpe:
lim(e* =1)=0, limx’ =0
x—0 x—0
Kol
. X _1 ! . X
m—(e 3 ) = € 3 = 400
x—0 (x )’ x—0 3x
Enopévac:
et -1
lim = +00,
x>0 x

7ov onpaivel 0t M gubeia X = 0 givarl KATOKOPLEN ACHUTTMOTN TNG YPAUPIKNG TOPACTACTG
mg f.
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+
OEQPHMA 20 (p.opq)l'] 4—_2)

Av lim £(x) = +20, lim g(x) = +20, X, € R U{-o0,-+ 0} ke vépyet 7o lim L Exi
X=Xy X=X X%, g 7
(memepacévo 1 AmePo), TOTE:
tim L)y L
XX g(X) o @ (X)

x

. e
INa wapdderypo, o vToAoyiopdg tov lim — yiveton wg eERc:
x>+ x

‘Eyxovpe:
lim e¢* =+o0, lim X = 4o
Ko
tim €~ fim & = 4oo,
x>+ (x)’ x>+ |
Enopévac:
.e
lim — = 4o0.
x>ty
YXO0AIA
, , , +00 —00 —00
1. To Bsdpnua 2 1oyveL KO Yo TIC HOpQpég — , —, —.
—00 +00  —00

2. Ta mopomdve Bempfoto 1IoyHovV Kot Y10 TAEVPIKE 0pLo, Kot LTopoVLLE, av ypetdleTal,
VoL TO EPUPLLOCOVLLE TTEPICTOTEPES POPEG, OPKEL VoL TANPOVVTOL O TPOVTOHEGELG TOVG.

EPAPMOI'EY

X

1. Aiveron n ovovaptnon f(X)=x+2- . No amoderytei 6TL:

e*+

i) H gvleia y = X + 2 givon acopnrot) m¢ C, 610 —©

ii) H gvBgia y = X — 2 givan acvopatrot e C, 010 +00.
AIIOAEIEH

1) Apxkel va deiéovpe 0Tt

fim [ £(x) — (x+2)] = 0.
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[pdypatt, £xovpe

lim[ f(x)—(x+2)]= lim —de ﬂ:O.
AR et 41 0+1
i) Apket va deiovpe 0T
lim[f(x)=(x-2)]=0
[pdypoati, £xovpe
. . 4e* .
lim[f(x)—(x-2)]= lim | 4- = lim =0.
X400 X—>+00 ex +1 X—>+00 e" +1

2.Na BpeBovv 01 ACVUTTOTES TGS YPUPIKIS TOPACTAGNS TNG GLUVAPTN GG
f(x) = i
AYZH

Emedn n ovvapmon f eivan cvveync oto R 1 ypagikn g mapdotaon dgv Exel Kato-
KOPLPES ACVUTTOTES. Ol vl TIGOLLLE, ETOUEVMC, ACVUMTOTEG GTO —o0 KOIL GTO +00.

® [0 va eivoun y = Ax + f acopntom mg C,; oto —oo, apkei ta 0pra A = lim S) Ko
X—>—0 x
B = lim[f(x)~Ax] S _ fim e = 400,
X—>—00 x X—>—0

C, 68\/ £€YEL ACVUMTMOTI GTO —o0.

® [0 va givarn Y = Ax + f acvuntom g C, 610 +o0, apkel ta 0pto A = lim —— flx )
B= lim [f(x)—Ax] va eivor Tpaypoticol ocp16u01. "Eyovpe: e

A= hmf() lim 1=0Ka1

x>t0 x>+ e"

B = lim[f(x)—Ax] = lim =
xX—>+00 X+ o

B w

= @) (Kavévag De L Hospital)
X—>+0 e

= limLzo.

x40 o

Apa, n gvbeia y = 0, dnhadt| o a&ovag x’x, efvon acvunto mg C, 610 +00.
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AXKHXEIY

A" OMAAAX

1. Na Bpeite (av vTapyovV) TIG KATAKOPLOES ACVUTTMOTEG TOV YPOPIKAV TOUPUCTA-
GEMV TOV GLVOPTICEWDV:

B f()=— i) (%)= ex, Xe(‘%%)
2 3,40 x , x<0
if) /() === W01
X

2. No Bpeite T1g 0p1lOVTIEG ACVUTTMTEG TOV YPAUPIKDVY TOPUCTAGEDY TOV GLUVOPTIGEMV:

i f(x)=xxf—jl” i) £(x) = +1-1x.

3. No Bpeite T1g 0oOUTTOTEG TOV YPUPIKDV TOPUCTACEDY TOV GUVOPTICEDV:

=== ol iii) £(x)=x* +x.

D) ="—"= i) f(x)=

2_
x—1 X —

4. No vroloyicete T0 mapaKdTo dpio:

o IR : oy g =

i) lim i i) th‘tvx iii) hmm.

x>0 In(x +1) x>0 X x=0 1 —govX
B" OMAAAX

1. Aiveton 1 ovvapnon f(x) =Vx’ +2x+2 kot ot gvbeicg gy =—x-1xa
&,y =X+ 1. No anodeilete 611

i) He, eivar acvountom mg C, oto —0, eva 1 ¢, eivar acopntom g C, 610 +oo.

ii) T k60e X € R 1oyt X* +2X+2 > (X +1)* > 0 ka1 611 cvvéyeto va omodei&ete
omin C, Ppioketar mdvem amd TV &, KOVTE 6TO —90 Kol AV Ond TNV €, KOVTA
GTO +00.
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2. Na Bpeite t1¢ acdumtoTeg TG Ypapikng napdotoong me f otav:

. x’ .. Inx
) f()== i) f(x)=—.
2 X
3. No Bpeite 11 TIpéG TV o, B € R, doTE 1) GLVAPTHION
nux+a , X<0
f(x)=
(x) { e x>0

va gtvon mapoywyioun oto X, = 0.

m O<x=1
4. Aivetaun oovdpmmon f(x)=< 1-x .
-1 , x=1
No anodeiEete Ot
i)n f eivon cvveyng i) f'(l)= —% .
5. Aivovtoi o1t GUVOPTNGELG
In(x* —2X+2) x> , av x<1
— =, av Xx=#1
f(x) = x—1 kot g(X) =4 Inx :
I+— , av x>1
0 , av X=1 X

Noa anodeitete ot
) H fetvon cuveyng kou mopayoyioym oto X, = 1, evd

ii) H g eivar cuveyng oAk pun mopaymyioyn oto X, = 1.

6. Atvetarm cvvéptnon

f@-=1{ el
X) = .
(I-e)Inx , xe(0,1]
1) Na vmoAoyicete ta Opta
imi = ka  limxlnx
x—0 X Xx—=0

i) No amodei&ete 6tin f givor cuveyng oto 0.

iii) No Bpeite v e&icmon g epantopévng g C, oto onueio O(0,0).
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2.10 MEAETH KAI XAPAEH THY I'PA®IKHX
HAPAYTAYHY MIAY XYNAPTHXHY

Y mapdypao outh Ba SovE TG, L T Porfela TV TANPOPOPLOY TOL ATOKTNGOUE LEXPL
TAOPO, LTOPOVLLE VO YUPAEOVLLE TN YPUPIKT TAPEGTOGT) LIS GUVAPTNONG LLE IKOVOTONTIKY|
axpifeto. H mopeio v omoia axolovBovpe Aéyetar pehéTn TG CUVAPTONG Kot TEPIAOpPAVEL
T TOPOKATO PripoTo

1o Bpiokovpe 10 medio opiopon g f.
20 E&gtalovpe ) ovvéyeta g f oto nedio opiopov g,

30 Bpiokovpe tig mapaymyovg f' kot f” kot kataokevalovpe TOVG TVOKEG TOV TPOCH OV
Tovc. Me ) Bonbeta tov mpoonpov ¢ f’ mpocdiopilovpe Ta dtouothpaTe povotoviog
KoL T0, TOTKG akpodTata g £, evd pe ) Pofbsio tov mpoofpov g " kabopifovpe ta
daotipata oto onoia N feivar kupti 1 KoiAn kou Ppickovpe Ta onueio Kopmng.

40 Meletob|le TN “CUUTEPLPOPE’” TG GLVAPTIONG OTO AKPO TOV SLOGTNUATOV TOL TEGIOV
0pIoHOV NG (OPLOKEG TILES, ACVUTTMTES, KTA.)

50 ZvyKEVIPMOVOLLLE TO TAPATAV® GUUTEPAGLOTO G’ VO GUVOTTIKO TIVOIKO TTOV AEYETOL KoL
mivokag petoforov g T kot pe ™ fonBetd Tov YapdocovpEe T YPUPIKN) TAPAGTACT] TNG
f. T koAvTepn oyediaon g C, kotackevalovpe Evav mivoko Tipdv mg f.

XXOAIO

1) Onog eivar yvooto, av pa cuvaptnon f e medio opiopod to 4 eivandpria, 1016 M C,
éxel aova cuppetpiag tov aéova y'y, eved av eivanrep iy, n C; éxel kévrpo cuppetpiog
mv apy tov a&dvav O. Emopévac, yio tn LeAétn [wog TETolos cuvapTnong LTopoLe va
TEPLOPIGTOVE 6T X € A, pe X > 0.

2) Av i ovvaptnon f eivanwepirodikn pe nepiodo T, 10te meplopilovpe n peAéTn g
C, o’ éva ot pa mAdtovg 7.

EPAPMOI'EXY

1.Na peretn0ei ko vo Topootadel Ypagikd n ovvaption

f(x)=x"'—4+11.
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AYZH
1. H f éye1medio opiopon 1o R.
2. H f givar ouveync oto R g moAvmvo k.
3."Exovpe
f/(x) = 4% — 12x° = 4x°(x — 3).

Ot pilec g f’ elvar o1 x = 3, X = 0 (duwAn) Ko TO

—00 00

TpOoN o TG divovTal 6To dumAavo mivaka, amd Tov -
01010 mPocdlopilovpie Ta SLOCTHUATO LLOVOTOVING )

0 3
0 - 0 +

KO TOL TOTUKGL 0KPOTOTOL.

T~ e

)
"Exovpe emiong
£ (X) = 12%° — 24x = 12X(x — 2).
X —00 0 2 +o0
Ot pieg g " eivarotX =0, X = 2 ko To TpOONUO 77() 0 - 0 +
g divovtat 6to dumhavo Tivaka, amd ToV 0Toio
npocdiopilovpe T Sactpate oto omoia 1 fetvol J(x) \}2111( mz_; U

KLPTH 1 KOiAN Kot BploKOVLLE To OMUEID KOUTNG.

4) H cuvaptnon f dev éyel acOuntmteg 610 +00 Kot —oo, apov £ivat TOAD®VLLIKY TETUPTO

Bobpov. Eivar dpmg:

lim (x* —=4x* +11) = lim x* =+

X400 X—>+00

Ko

lim (x* —4x’ +11) = lim x* = +o0.

5) Zynuatifovpe Tov wivaka petaforodv g f kol yapdocovue t ypagikn tapdotacn

g f.

X | —» 0 2 3 +00
(%) — 0 - -0 +
/') + 0 - 0 + +

/00 \> 11
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2. Na peretn0ei ko vo Topaotadel ypagikd n cvuvaptnon

2_
fx)= X 2XE4
x-1

AYZH

1.H f éye1medio opiopon o R —{1}.
2. H f givan ouveync og pnn.
3.’Exovpe

X —x+4 _ Cx-Dx-1)—-x>+x—4 B x2—2x—3_
(x=1)’ (x=1)*

x—1

f'(X)=(

OupiCegg f' eivor—1, 3 kot 1o TpdoNuUd TG T | — ] 1 3
dtvovtar 6o Sumhavo mivaxo, amd Tov omoio () T 0 - o =+
nmpocdtopifovpe Ta S10GTHLATO LLOVOTOVIOG

KoL ToL 0epOTOTOL. fx) T_ls\/[\ \ 5 7/

+00

"Exovyie emiong LL
" 2x=2)(x-1*-2(x-1)(x*-2x-3 8
fy = G D) 220 )__8
(x=1) (x-1)
H " dgev éyer pilec ko 10 mpdonpod g diveTor 6To Y | —» 1 o
duthavd mivaka, amd Tov omoio mpocdiopilovpe Ta () _ T

dwotpata ota oroion f givan kupth 1 koikn.

A RN

4) Enedn lim f(x) =400, lim f(x)=—o0, n evbeio X = 1 givar kotaxdpv@n acOURTOT
x—1" x>0
msC,.
E&etalovpie TP 0V VTLAPYEL GTO 00 ACVUTTMOTH TNG LOPPTG Y = Ax + . Exovpe:
2

. . -x+4
tim 2 _ i %
X—>+00 X X—>+0 X —Xx
Ko

=1,omoteA=1

2 —
lim (£ (x) - Ax) = lim ["—x;“ - xJ ~ lim —%— — 0, on6te f=0.
X—>+00 X—>+0 x p— X—>+0 x —

Enopévag, 1 evbeio y = X stvon acduntm g C, oto +oo.

Avaroyo Bpickovpe 0Tin evbeio y = X efvon acduntwm g C, kot 610 —oo.
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Eniong éyovpe:
. . X —x+4 . . X —x+4
lim f(x)= lim % =—oo kot lim f(x)= lim % = +o0.
X—>—0 X—>—00 - X—>+00 X—>+00 x -

5) ZymuortiCovpe tov mivaxa petaformv g f kot yopdooovue T ypaeikn The mapdoTaoT.

'
X —0 -1 1 3 +00
S ) 0 - - 0 +
/7 - | - + |+
+00 +oo
) -3 \
! f. T.M. k» 5 7/ -
—0 —0 T.E X
AXKHYELY
A" OMAAAX

1. No peletnoete Kol Vo, ToPACTHGETE YPOPIKA TIC GLUVAPTNOELS:

x+1

i) f(x)=x>—3x"—9x +11 ii) f(x)z—1 iii) f(x)=x"—2x2
TP
2. Opoimg T GLVOPTNGELS:
2
. . —x-2
) e e i) flx)=""2"=.
X x—1

3. No HEAETNOETE KO VO TAPAOTHGETE YPOoPIKd TN cuvaptnon f(X) =X+ nux oto
dbotnpa [z, 7.
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I'ENIKEY AYKHYEIY

I'" OMAAAX

. 1
1. i) Na anodeifete 0Tt 01 YPUPIKEG TAPUOTAGELG TOV cLVAPTHoE®Y [ (X) =— Kot
X

g(x) =x*—3x+3, X e (0,+) &xovv Kown epantopévn oto onpeio A(1,1).

ii) Na Bpeite  oyetikn H¢on tov C; kon C; 010 didotnpa (0,+ ).

2. Avf, g eivar mapaymyioyeg cuvaptioels oto R, pe
f(0) =g(0) xou f' (X) > g'(X) yio. ke X € R,
va anodeitete OTL
f(x) <g(x) oto (—0,0) ko f(x)>g(x) oto (0,+ o).
3. Ioookehéc Tplymvo givar eyyeypapévo o€ KOKAO pe oktiva 1. Av 6 eivorn yovio
peto&d TV iomV TAEVPOY TOV TPLYMVOL, Vo, arodeifete Tt To euPaddv Tov eival £

= (1 + ovvO)nub. Na Bpeite v tipm g yoviag 0 € (0,7) yio v omoio eppaddv
TOV TPLYMVOL LEYIOTOTOETOL.

4. 'Eva cOpua pixovg 20 m dwotifetor yio
mv mepippadn evog avOOKNTOV GYNHATOG
KukAkoV topéa. Na Bpeite v aktiva r G r

TOV KOKAOL, av ETLOVLOVLLE VOL EYOVLLE TN

HEYOADTEPT] OLVOTH EXLPAVELD. TOV KNTOV. @
<“— 1m —
5. Avo diadpopot mAdtovg 1 m tépvovrat Ké- A
Beta (Zynpo). Na Bpeite to peyoaidtepo \
duvaTd PNKOG oG GKAANG TOV UTopEt, ___OD>
av petagepOel op1iovTia, va oTpiyet ot r 0, 1
yovia. i Im
A NGB |
Ynooeien:

i) Na gkppdoete ta. OA4, OB cuvaptioel g yoviag 6, 0 <0 < % .

1
owvé =/

1
i) Na anodeilete 011 (AB) =——+
nuo
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174
iii) Na Bpeite v tipn g yoviog 8, yuo v onoia 10 AB yivetat eAdy1oTo.
6. 1) No PEAETNOETE KOL VO TOPOUGTIGETE YPAPIKA T cuvapTnon f(x) = thX
ii) No amodeifete 6tia”" > (a + 1) y10 k60 o > €.
iii) Na anodeitete 6tiyio x>0 woyvel 2° = x° < f(x) = £(2) ko 611 cuvEKEWL
va anodeiete 6Tin eéicmon 2 = X’ &yt §Ho akppdg Moelg, Tig X, =2,X,=4.
7. 1) Ava, f>0xkaykdBe X € R woyoel a* + B* > 2, va omodeifete dtraff = 1.

i) Av a> 0 kot ywo kéOe X eR oyvel a* > X +1, va arodeifete 6tLa = €.

8. i) Na amodeitete 6T cvvaptnon f(X) = €* etvon kupth, evd N g(X) = InX eivan

KoiAn.
ii) Na Bpeite v epoantopévn g C; ot0 onpeio A(0,1) kon mg C; ot0 B(1,0).

iii) Na omodei&ete Ot
a) e >2x+1, xeR B)ylnx<x—-1, xe(0,+x).

[161e 1600VV o1 160N TES;S

iv) H G, Bpioketon méve and myv C,.

9. 1) Na Bpeite v eAdylot TIUN TG GLVAPTNONG
f(x)=e"—ix,1>0.
ii) Na Bpeite tn peyoldtepn Tun tov A > 0 yo v omoia toyvet
€' 2 Ax,ywkdbe X € R.

iii) T v T Tov 4 mov Oa Ppeite Topandve va omodeifete dtin gubeia y =
JX EQATTETAL TNG YPOPIKNG TapaoTacng TG cuvaptnong g(x) = e*.

e, x£0
X .

X
10. Aivetoun ovvapon f(x) =
0 , x=0
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Noa anodei&ete 61

i) H f sivar mapayoyicyun oto X, = 0 ko1 611 cuvéyeta 6tin gvbeia y = 0 (o
G&ovag x'x) etvon 1 epantopévn g C, oo O(0, 0).

ii) O d&ovagx'x &xet pe mv C; dmepa kowd onpeio, aporo ov epanteton g C,.

iii) H evbeioy = X eivor acdpntm g C, 6710 +00 Kot 6T0 —c0.

11. A.’Ecto puo cuvdpmnon ¢ tétotd, doTe

»(0) =0, ¢'(0) = 0 ko ¢"(X) + p(X) = 0 y10 kGO X € R (1)

Noa anodei&ete ot
i) H ovvapmon w(X) = [¢'(X)]* + [¢(X)]? eivor otabepi} ot0 R ko va Bpeite Tov

TOTO TNC.
i) o(X) =0y kabe x eR.
B.’Ectm 600 cuvaptoelg T kot g tétoteg dote:
f(0)=0, f'(0) =1 ko f"(x) + f(x) = 0 yiw k60e x € R
9(0)=1,9'(0) =0 xar g"(X) + g(X) = 0 yro k6Be X € R.

Noa amodeitete ot

i) Otovvaptioes g(x) = f(X) — nux kot w(X) = g(X) — GLVX IKAVOTOLOHV TIG VTTO-
Béceic (1) Tov epoTpaTOC A.
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i) f(X) = nux kot g(x) = ocvvx yo kGbs x € R.

12. Xto duthavo oynpa o KOKAog €xet axtiva 1 cm
Kot € epantetal o€ avtodv 6to onpeio 4. To
1050 AM givan 6 rad ko To gvb. Tupa AN givon
0 cm. H gvBeio MN tépvet tov dEova x'x 610 0 A(1,0)

onueio P(X, 0). No deitete otu: P(x0) 0 / I3
_ Oovvl —mpo

i) X - =X(0) ii) }gré X(0) =-2.

M _s N(1,0)

4 km/h

13. "Evag melomdpog 11 Eekvaet amd éva onpeio 4
Kot PadiCet yopm amd o KukAkn Apvn axtivog
p =2 km pe toydmta o = 4 km/h. Av S givar A
10 PiKoG Tov TOE0L AIT Ko £ To pNKog TG
anoctaons AI1 tov nelondpov amd to onueio
ekkivnong ) ypovikn ot t:

A) No amodei&ete 611
. S 0 .
1)9=E Ko €=4nu5, ) S=4t,0=2t woau ¢=4nput.

B) Na Bpeite to pOuod petafoing me andotoong £ og mpog tov xpovo t. [lotog
glvat o puOpog petafoing g amodctaons £ wg tpog Tov xpovo t, dtav

a)G:Z?ﬂ, Byo=rx Ko 7)9:4%;

14. 'Evog aypdtg 0€het va tpocAdfet epydreg yio va poféwouy 12500 kil viopdtes.
Ka0g epydng palevet 125 kikd v dpa kot TANp@OVETOL 6 €upd TV dpa. [ to
GLVTOVIGUO KOl ETIGTAGI0 TV EPYATAOV 0 aypOTNG B TposAdfet Kot Evav emoTdTn
tov omoio Ba mAnpdvet 10 gupd v dpoa. O aypdtng, entmAéov, Ba TANPMOGEL GTO
COUATEL TOV EPYATOV E1I0PoPE 10 gVpd Yia TOV EMGTATN Kot KABe epydrn. Na
Bpeite TOGOVE epyaTEC TPEMEL VO TPOGAGPEL O AypOTNG Y10 VO, TOV KOGTIGEL TO
gMdy1oTo duvaTdv Kot Toto Ba ivat To EAAYIGTO KOGTOG.




2 AIADPOPIKOX AOT'IXMOX 177

EPQTHXEIY KATANOHXHXY

L.

Ye koOepnd amé TIC TAPUKATM TEPIMTAOGELS VU KUKADGETE TO Ypappa A, av o
16 VPO P0G gival ain g ko to ypappa ¥, av o 1oyvpLtopog eivar Yyevong otkal-
0ALOYAVTAG GLYYPOVAOS TNV aTTVINGT GUG.

1. Avn ovvaptnon f eivar ovveyng oo [0,1], mapaywyicyn oto (0, 1)
Kot f'(x) #0 yw 6ho to X € (0,1), tote f(0) = f(2). A Y

2. Av n ovvaptmon f rapaywyiletar oto [a, B] ne f(p) <f(a), to1e
vrapygL X, € (e, B) tétoto, dote f'(X,) < 0. A V¥

3. Av ot f, g eivan cuvapticec mapayoyices oto [a, £, pe f(a) = g(e)
kon f(B) = g(B), tote vIdpyEL X, € (@, B) TéTO010, DOTE OTAL oNuEinn A(X,,
f(x,)) ko B(X,, 9(X,)) 01 epamtoOpEVES VOl Efvor TapAAANAES. A VY

4. Av f'(x)= (x— 1)’(x - 2) y1a k60e X € R, To1E:

a) to f(1) elvon tomkod péyioto g f A ¥
B) o f(2) eivar tomikd eldyioto g f A VY

5. a) H ypaoikn mapdotacn Hiog TOAV®VUUIKAG GUVAPTNONG APTIOV
Babpov €xet mavrote opllovTIO EQATTOUEVT). N

B) H ypaoikn mapdotacn LG TOAOVOUIKNG CUVAPTNGNG TEPLTTOD
Babpov &yel TavTote 0ptlOVTIO EQATTOUEVT. A Y

6. H cuvapmon f(x) = ax®+px° +yx+d pe o, B,7,6 e Rxar o #0
&xer mavrta £va onuelo Kopmm|g. A b

7. Av ot ouvaptioeig f, g éxovv 610 X, onpeio Kaumng, TOTE Kot
n h=1.g éxet 670 X, onpeio kopmngc. A Y

8. Aiveton 6tim ovvaptnon f mopayoyiletor 6o R kot 6TL 1 YpopiKi g
mapdoTaon eival Tave amd Tov dEova x x. Av vdpyel Kamolo onpeio
A(X,, T(%,)) g C; tov omoiov 1 amdcTacT 0md ToV GEova x'x eivar
uéytetn (M eldyrot), Tote 6€ avTo TO onpeio M epomTopévn g C,
tvan op1{ovTia. A Y
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9. H gvbeia X = 1 gival Katakdpuen AcOUTTOTN THG YPAPIKNG TOPAGTUONG TNG

ouVapTNONG:
2 pa—
@) f(x)= X w42 A Y
x—1
¥ =3x+2
X)=—— A VY
B ===
10. Av ypagpwn mapdotacn g ovvaptnong f diveton oo to mapakdtm
GYNLLOL, TOTE:
y
o 1 4 X
. . , 1
1) T0 €10 OPIGHOD TNG T gtvar to (1,4) A Y
. , , 1 .
ii) T0 mEH10 OPLGHOV TNG T glvar 7o [1,4] A VY
iii) f'(x)> 0y k60e x € (1,4) A VY
iv) vmapyer x, € (1,4) : f'(x,)=0. A ¥

11. H suvaptnon f(x) =x3+x+ 1 éyeu:

o) pa, TovAdytetov, pila oto (0,1) A VY
B) wa, axppac, pifa oto (—1,0) A VY
v) TPELG TpoypLaTikEG pileg A Y

12. Av yw g Ttopayoyicipes 6to R cuvaptioels f, g woydovv
f(0)=4, £7(0)=3, £(5)=6,9(0)=5,9'(0) = 1,9'(4) = 2,
018 (f 0 £)'(0) = (g £)'(0) A Y
I1.

Y& Ko 0o TIS TUPUKATO TEPITTAOCELS VO, KUKADGETE T1) 6MGTI ATAvVTIN G
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a(p(n+hj—8(p76t

1. To £1n3 1GOVTOL [LE:
3 4 3
A) V3 B) - /3 A)0O E)=.
3 3 4
-
2.To £1n(}w 1600TOL JLE:
1 2 1 2
A) — IB) =— ) == A) —— E) 0
X X X X

3. Avf(x)=5"16ten f'(X) 100T0N pie:
53)(

3In5

A) 3-5% E) 5%In125

A) 3x5*! B) I)3-5*

4. Avf(x)=owv’(x + 1) t6te 1 f'(7) 1000TON pE:
A) 3ovvi(z+ nu(r + 1) B) 3ovv(z + 1)
I)3ow’(z+ Dnuz+1)  A)3nowv(z+ 1)
5. Avf(x) = (X — 1)’ 1618 1 £Pdoun mapdymyog ovtig 6To 0 16ovTaL pe:
Al B)-1 o
A) 27 E) dev vmdpyet.

6. Av o1 epantopeve Tov cuvaptioeav f(X) = Inx kat g(X) = 2X° ota onueio pe
TETPMUEVN X, Efvon TapdAAnAeS, TOTE TO X, etvat:

1 1
A)0 B) — I — A)1 E) 2.
) )5 ) 3 ) )
7. Av f(x) = e, g(x) = ™ ko (@] = &, TOTE TO S G GLVAPTNOT TOV @
1600TOL [UE: g(x) g'(x)
2
A) a—21 B) a ) atl
a a+l1 o
a’ a’
A E
) a’-1 ) o—1

8. Av f'(X)> 0y xéOe x e[—1,1]xan f(0) =0, tot¢:
A) f(1)=-1 B) f(-1)>0
I f(1)>0 A) f(-1)=0.
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I1I.

1. Na avtiototyicete Kobepd amd TG GLVOPTHCELS a, B, 7, & o€ ekeivn and TG Gv-
vapmoec A, B, I, A, E, Z mov vopilete 61t eivor | mapdryoyog .

y (a) y V2))
1
X (0] x
y ») y ()
o X
(o) X
y A) y4 (B) y (I
0] X 0] X v‘ / X
il
y %)) y (E) E (¥4)
0 ; 0 B 0 B
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I12XTOPIKO *HMEIQMA

H évvoia Ty mapaymyov

Ot apyoiot EAANveg ovopalov eQamtopiévn oG KoUmoAng Ty gubeia mov et Eva
pUovo kovod onpeio W’ avtyv, ¥opig va Ty TEUVEL Kal TNV Kotaokevalav pe Bdon
YEOUETPIKEG 11OTNTEG TOV OTOPPEOLY AL’ AV TOV ToV 0ptod. ‘Etct Ntav yvmotdc o
TPOTOG KATACKELNG EPATTOUEVOV GTOV KOKAO KoL TIG KOVIKES TOMES (EAAEWYN, TOPOL-
BoAn, vtepPoin). Emiong, ne mpocpuyn cg kKivnpatikég nebodovs, o Apytuong sixe
EMWVONoEL LEDOSO KATOOKELNG TG EPATTOUEVNG HLOG KOUTOANG OV EIvVOl GTjLEPQ
YVOGT O “EAKo Tov ApyLumon”.

H emdpevn eEEMEN oto Otnpo avtod €yve oTig apyég Tov 1700 audva, 0TV ApyLoe
1 CLGTNUATIKN EPAPUOYT ahyeRpiKdV neBddmV ot yempetpio. To exdpevo mapd-
delypLo. OgiyveL ToV TPOTO e TOV 0moio 1 AAyeBpa epapoleTal 6TOV TPOGOIOPIGHO
NG EPATTOUEVNG LLOG TTOPOPOANG.

‘Eoto y = f(X) = X* 1 e&icoon pag mopafolic
e KOPLOT TV apyr| TV a&ovev kot M(X,, Y,)
éva onpeio g, 6to omotlo {nreitat va KoTo-
okevootel po epantopévn &. H kataokeun
ot pmopel va yivet ov Tpocsdlopicovpie Eva
GALO YOPOKTNPLOTIKO ONLLELD TNG &, OGS T.Y.
to onpeio 7 6to omoio TEUveL TOV GEova TV
TETUNUEVOV.

Beopovie Eva aAAo onpelo TG TapaoAns, To
N(X,, Y,), TOA) YeLToviKo Tov M, TET010 MGTE X,
=X, + h (1o h Beopeiton €3 o amepoghdiyt-
ot peTaBoAn ToV X,). XNV mepintmon ot ta opboydvia tpiywve MPT kon NXT
pmopovv va BewpnBolv Katd Tpocéyyion dpota Kot apa Ba 1oyveL Katd TPocEyyion

NXY 2T
n avoroyio —— = ——. Av Bécovpe TP = S, 10te dradoykd Ba 1oyvet:
MP TP

v, s+h, h), h . Y=Y _ )
= ny1=yo[l+_jnyl_y0=yo_n —=t==2(1)
Yo s s h s

To TpdTO PEAOG QLTINS TNG KATA TPOGEYYLON 1GOTNTOG YPAPETAL:
f(x)—f(%)  f(x+h)—f(x) (X+h)?=x5 x;+2xh+h*—x

= = ¢ =2%,+h
h h h h
karétoun (1) yiveron 2x, +h = %0 Ay TOpa BEcouye, OTOG ot pabnuaticoi tov 1700
s
atdva, h = 0 Bpickovpe amd v televtaio 0Tt 2x, = el i 5= 20 I'vopifovtag
s

%o

houtdv 1o onpelo emaprig M(X,, Y,), mpocdiopilovpie amd mv televtaio to unrog 7P = S
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7oV pag divel apécms o onpeio 7. H gvbeia MT givar ) tntoduevn epamtopuévn g
napafoAnc. H mponyodevn dtadikacio ntav Evog amd Tovug SpOpovg Tov odnyncoy
1GTOPIKA, GTIV £VVOL0L TNG TTOPOLYDYO.

Kavoves mapayoyiong

310 de0TEPO IGO0 TOV 170V aLdVa, Ot pabnpoatikol gy KaTopHDGEL VoL LETACYNUOTI-
GOVV OA1] T1 LOKPOGKEAT S1001KAG IO TALPAYDYIONG GE EPUPLOYT OPICUEVOY KAVOVMV
Kol TOTOV, e T Bondeia katdAAnia entheyuévav coporav. Ilpmtondpot Tpog
avtv v katevbuvon vmp&av ot I. Newton kat o G. Leibniz. O Leibniz coppoile
TNV amEPOEAAYLOTN LETOPOAN Lo TOcOTNTAS X e dX (d1apoptkd Tov X) £T01, T,
Y10 TH GLVEPTHON Y = X° TOL TTPOTNYOVLEVOD TAPASEIYLOTOC, 1| aVTIGTOLYM HETOBOMT
7oV Y (S1apoptkd TOL Y) NTov:

dy = d(x®) = (x + dx)? — x? = x* + 2xdx + (dx)* — x* = 2xdx + (dx)°.

Hopaleimovtag v oD pucpy (cuykpvopevn e Tig 6Akec) mosdtnta (dX)* mpoéiv-
nte 1 dy = 2XdX (ed® N mwapdywyog 2X ovopdloviay “olapoptkdc GUVTEAEGTNS ) Kot
TEMKA M d_y = 2x, £€vag GLUPOMGLOG TOL dlaTnpeitan LEYPL ONHEPA, XDPIG OGS VAL
x

€xeLvonpo tnAikov. Me tov tpomo avtod o Leibniz anédei&e to 1677 tov kavova yio
TOV VTOAOYIGHO TNG LETAPOANG TOV YIVOLEVOL dVO HETOPANTAOV X KOL Y, TTOV OTOTE-
Ael o “mpoTdyovn” HOPON TOL GTLEPIVOD KAVOVO TNG TOPOUYDYOL EVOG YIVOLEVOD
GUVOPTNGEWV

d(xy) = (x +dx)(y + dy) —xy
= Xy + xdy + ydx + dxdy — xy
=xdy + ydx + dxdy.
Iapodeimovtog kot €5d TV oA pikpn tocdtnta dxdy, taipvovpe t oyéon
d(xy) = xdy + ydx.

Me v gioaymyn Kot KaBEpmon ovTdV TdV Kavovav Kot cLUBoAcoudv, 1 évvola
™G TopaydyoL eEeliyOnke 6’ éva eEPETIKA OTOTEAEGULATIKG EpYAAETD KOl SLEVPLVE
o€ peydro Babuod tig epappoyég e panpatikng avaivong. [Hapdiinia dpmg, ot
OGGOELEG TTOV EMICTLLAVALE OTOTEAOVGAV LU0 SLOPKN TPOKANGT| Y10 TOVS [LobnLoLTt-
KOVG TOL aVTILETOMLAY e KPLTKO Tvevpa To. Oepédia Tng emotiing Toug. O TpdTog
QVGTNPOG OPLGLOG CVTNG TG EVVOLAS, TOV oTnpileTat oty Evvola Tov opiov, 600nKe
v TpdT Popd o 1823 and tov A.L. Cauchy:
“ Orav n ovvaptnon y = f(X) mapouéver ooveyiic o’ éva diaotnuo. te uetofAnTig x Kot
000¢l ¢’ avtn T peETAPANTI Lo T TOV AVAKEL G ODTO TO O1GOTHIUA, TOTE KGOE amelpo-
eldyiotn avénon tne peTafANTIS TOPAYEL Lo OTEPOEAGYIOTH QDENTH THS COVOPTHOHG.
2vvenag, av t€bel Ax = i, T0t€ 01 dVO OPOL TOV TNATKOD JLAYPOPDOV

Ay _ fa+)- ()

Ax i
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Oo etvaun ameipoelayiotes moootntes. AALG eva awtoi o1 dvo opot Bo wpoaeyyilovy ex’
ATELPOV KL TODTOYPOVO. TO OPLO [I]OEV, TO THAIKO UTOPEL VO, GUYKAIVEL TPOS KATTOL0
aAdo opio, Betiko i apvyTico. AvTo T0 OpLo, OTOV DIEGPYEL EYEL IO OPIOUEVY] T YIOL
ka6 oVYKEKPLEVO X, 0AAG ueToforletan uoli e o X.

H popon g véag avvaptnons mov Bo exppadler to opio tov 1oyoo

Sx+)-f(x)

l

Oo. eCopraror omd T popen e doouévng ovvaptnong y = f(X).

Lo vo. Eeyapioovue avtny v eéaptnon, divovue oty véa GOVOPTHON TO OVOUO. TAPaG-
ywyog covaptyen kai ) ovufolilovue, ue wm Ponbeio evog tovoo, y' i f1(X)”.

Me agetnpio ovtdv Tov 0picpd, o Cauchy VTOAOYIGE TIG TOPAYDYOLG TOV PAGIKOV
OLVOPTNOEMVY Kol anédel&e TOVG KavOVEG TNG mapaydylong. IL.y. yia tov Woitepa
ONLOVTIKO KOvOVa, TNG TOpaydYoU Liag cOUVOETNG GuVAPTNONG, £0MGE TNV aKOAoVON
amodEEn:

“Eotw z o 0edtepn ovvaptnon tov x, oovoeduevy ue v mpaty y = f(X) uéow tov
tomov z = F(Y). H z ij F[f(X)] eivou ot mov ovoudaletar ooviptnon miog coveptnons
NG UETOPANTIG X KOL OV 01 OTEPOEACGYLOTEG KOL TOVTOYPOVES OVENTELS TV X, Y KOL Z
ovufloriorody ue Ax, Ay, Az avtiororya, tote Qo eivar

Az _F(y+Ay)-F(y) _Fy+Ay)-F(y) Ay (1)
Ax Ax Ay Ax
Ao avtiv, TEPVOVTAS OTA OpIa, EYOVUE

Z=F(y)-y'=FTf(0] £ (0

©Eva adbvoro onusio ovtig g omddeiéng, mov agopd v wwomta (1), sivor 6Tt yro pikpéc, un
undevikés Tég tov Ax, pmopei vo wybder Ay = f(x + 4x) —f(x) = 0.




OAOKAHPQTIKOX
AOI'l2XMOX

3.1 AOPIXTO OAOKAHPQMA

Apyixn ocvvaptyon

TToAAéG @opéc otnV TPAEN Tapovatalovtat TPoPAILOTO, TOV 1) AVGT| TOVE AmaLTel TOPEia
avtioTpoen g Topoydyions. Tétowa TpofAnuata givar yo Topddery o To TopaKaTo:
— H g0peon g B€omg S(t) evog kivntov T ypovikn otiypn t, av sivar yvewot) 1 toydTa
oV 0(t) mov, Omwg Yvopilove, gival n Tapdywyog e cuvaptnong 6éong X = S(t).

— H &dpeon g tayvrog o(t) evog kivntod ™ ypovikn otiypn t, av gival yvoot) 1
emtdyvvon tov y(t) mov, dnwg yvwpilovpe, givol  Tapdywyog g cuvaptmong v = o(t).
— H gdpeon tov tAinbuopov N(t) poag koweviag Boktnpidiov tn ypoviky otiyun t, av
glvat yvootdg o pubpog avénong N'(t) tov TAnbvcpov.

To kowd yapakTNPIoTIKO TOV TPOPANUATOY aVTdV gival Ott, divetar pra cuvaptnon f ko
{nretton va Bpebdel pia GAAn cvvaptnon F yuo v onoia va woyvel F'(X) = f(X) o€ éva
dtdotnpa 4. Od1yodUAcTE £TCL GTOV TOPUKAT® OPIGUO.

OPIZMOX

‘Eoto f wa cuvéptnon opiopévn og £va d1Gotnpo 4. Apyiki] cuvapTiion 1 wopd-
yovea s f 610 A® ovopdleton kGBe ocvvaptnon F mov eivar mapaywyioymn oto 4
KoL 10y 0EL

F'(x) = f(X), yio x60e x € A.

O Amodeucvietar 611 kGe cuveRNg GLVAPTNON o8 SLdoTIa A ExEL TUPEYOVGO. GTO SIGGTNHO oVTO.
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o mopadetypa, n ovvépmon F(x) = x° sivan pa mapdyovsa mg f(X) = 3x° 610 R, 0o
(x*)" = 3x°. Hopatnpodpe OTL Ko OAeC ot cuvapTioelg ™G popeig G(X) = X + ¢ = F(x)
+ ¢, 6mov ceR, eivar mopdyovoeg e f oto R, apod (X° + €)' = 3x% Tevikd woyvet 10
TapaKiT® Bedpnpo:

OEQPHMA

‘Eoto f ua cuvaptnon opropévn oe éva didotnua 4. Av F givan puo mapdyovsa g
f oto 4, to1e

® OAEC 0L GLVUPTICELS TNG LOPPNG
G(X) =F(X) +c,ceR,
givar Tapdyovoeg g foto 4 ko

® G0e GAAn Tapdyovca G g foto 4 maipvel T popen
G(X)=F() +c,ceR.

AIIOAEIZH
® Kdabe ocvvaptnon g popeng G(X) = F(X) + ¢, émov ce R, givar o mapdyovoa tng f
010 4, g0l

G'(x) = (F(x) + ¢)' =F'(x) = f(X), yio. k60¢ X € A.

® Eoto G givar o AN mapdyovoa g f oto 4. Tote ya kdbe X € A woydovv F'(X) =
f(x) ko G'(x) = f(x), ondte

G'(X) = F'(x), yia kéBe X € A.
Apa, cOUP@VO, pie To TOPLo TG § 2.6, vITdpyel otadepd C T€Tola, MOTE

G(X)=F(X) +C,yiokibe xe A. A

AopioTo oloxinpoua,
To 60VOAO OAMV TOV TOPayoLoGOV oG cuvaptnong f o’ éva didotua 4 ovoupdletan
a6proto ohoxkMpopa g fotod, copuporileton I f(X)dXx kot drofdletor “orokApmpa

€ TOV X vte X”. Anhadn,

Jf(x)dsz(x)+c, ceR,
omov F wia tapdyovoa g foto 4.

TNo mopddetypa,

JGDVXdXZ NuUX+ €, a@obd (MuX)’ = GLVX.
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Amd ToV TpOTO TTOL OPIcTNKE TO AOPLETO OAOKANPWLLA TPOKVTTEL OTL:

INa k66 cuvapmon f, topaywyicun oe éva didotnua 4, 16)det

If'(x)dx=f(x)+c,CeR

H dwadikacio ebpeons Tov adPLGTOV OAOKANPOLOTOS Elval avTioTpoen Topeia TG
TopUyOYLoNG Kot Aéyetat ohokMjpwon. H otabepd ¢ Aéyetar 6T1a.0gpd ohokipmongc.
And tov Tivako TV Topaydy®v PasIKOV CUVAPTNCEMV BPICKOVLLE TOV TOPOKAT® TIVOLKL
aOPLOTOV OAOKANPOUATOV.

Ot tOmot Tov Tivaka aVToL 16YVoVY 6€ KEOE d1EGTNIE GTO O0TTOI0 Ol TAPAGTAGELS TOV X
oV epeavifovtot £xouv vonpua.

IMINAKAY AOPIZTQN OAOKAHPQMATQN
1. Ide =c 6. Inuxdx=—cuvx+c
2. Ildx=x+c 7. jouvzx dx = epx+¢
& J‘%dx:ln|x|+c 8. Inuzxdx:—ocpx+c
4. Ix“dx=aa:1+c az-1 9. | [erdx=e+c
5 Iouvxdx =NUX+C 10. Iade= IZ; +C

YVVETELD, TOV OPIGHLOD TOV AOPLETOL OAOKAPDLATOS KOL TMV KAVOVOVY TOPUYDYIoNG eivat
ot &Ng Vo 11O TEG:

Av ot cuvaptioelg T kot g éxovv Tapdyovoa 6’ Eva didotnpa 4, ToTE

* [Af()dc=A[f(x)de. he R

o [(f(0)+ g =[ f(x)dx+ [ g(x)x

SOUQ@OVO [LE TOVG TOPATAVE® TOHTOVS EYOVLLE Y10l TALPCLOELYLLOL:

3

j4x2dx = 4Jx2dx = 4%+c
[ 3nux—2¢*)dx = [ 3nuxdx— [ 2e"dx

= 3Inuxdx - 2j e*dx



188 3 OAOKAHPQTIKOX AOT'IXMOX

=-3cuvx—2e* +¢

j%dﬁj%dx—j%dx

= 3_[ x%dx —I x%dx

o
:3?—T+c:2x —-2x?% +c.
2 2
E®PAPMOIEXY

1. Na Bpedei ouvapon f tétown, dote N Ypa@iki TS Tapdotacn va SiEpyeTar amwd
10 onpeio A(2, 3) kau va woyver T'(X) =2x -1, Yo ka0e X eR.

AYZH
Emedn f'(x) = 2x — 1, éyovpe d1080)1Kd:

[ £Goy = [ @~ Dyetx

f(xX)+¢ =x"—x+c,, C,C, eR
f(x)=x"-x+c,—¢, C,C, €R
f(x)=x*-x+c, CeR.

o va Siépyetonn f amd to onpeio 4(2, 3) mpémet kan apxet f(2) = 3 1, 16odOvapa, 2° — 2
+¢ =3, mAadn ¢ = 1. Emopévag, f(X)=x*—x+1.

2. H sionpatn E(X), amé v mdinen X povadov evég mpoidvrog (0 < x <100) pag
Propnyaviag, perafdrietor pe poOpd E’'(X) =100 — X (o€ y1hradeg vp®d avd povaoa
TPOIOGVTOG), EVM 0 pLONOS PETEPOAIS TOV KOGTOVS TUPAYMYNS EivaL 6TAOEPOS KA 1GOVTAL
pe 2 (o€ uddes evp® ava povada mpoidvrog). Na Ppedei o kEpdog TS fropnyaviag
om6 v wapayoyn 100 povadwv Tpoidévrog, vroditovras 6TL TO KEPOOS givar unodév
otav 1 propnyoevio dev Tapayel Tpoidvra.

AYZH
Av P(x) givan to k€pdog kot K(X) givat 1o k66Tog Tapaymyhg yio X HOVAdES TPOidvTog, TOTE

P(x) = E(x) - K(x),
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ondte
P(X)=E'(X)-K'(xX) =100 —x-2 =98 -x.
Aniodn
P'(x) =98 —x,
ondte
j P'(x)dx = j (98 — x)dx
Ko Gpo

2

P(x):98x—x7+c,CeR.

Ortav 1 Bropnyavia dev Tapdyst Tpoidvta, To kEPOog eivat undév, dnradt| woyvet P(0) =
0,0mote € = 0. Emopévac,

2

X
P(x)=98x——.
(x) 5
Apa, 1o k€pdog amd 100 povadeg mpoidvtog eivat

100°

P(100)=98-100— =9800 — 5000 = 4800 (o€ YMAdES EVPD).

AXKHXEIY

A" OMAAAX
1. Na vrohoyicete To OAOKANpOLLOTO
2
i) ,[ X“+x+1
X

) j(x3 +MuX + cvvx)dx dx

i) [ 3xxdx iv) jx3++28dx
X

V) I(ex—%+cvv2xjdx Vi) I[ L ]dx

oov’x mux

x+3
x+2

dx.

vii) j
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2. No Bpeite T cvvaptnon f, pe tedio opiopod to didotnpa (0,+ ), yio. v omoio
lepqital 1
f'(x)=— ko f(9)=1.
Jx

3. Na Bpeite ) cvvapmon f, yu v omoia wyder f"(x) =3, f'(1) = 6 kou f(0) =4.

4. No Bpeite ™ cvvapmon f, yio v omoia ioydet f"(X) = 12x* + 2 kar 1 Ypopiki
g mapdotacn oto onueio ™ A(1, 1) €xet khion 3.

5. O mnbvopog N(t), oe exatoppdpia, pog Kowoviag faktnpidiov, avEavetot pe

/20

1
pvOud N'(t) = 2—0e avd Aentd. No Bpeite v avénon tov TAnbvopod ota

npmta 60 Aemtd.

6. Mo Bropnyavia €xet domiotdoet 0Tt yio Bdopadiaio Tapaymyn X eEopTnUiTmy
gys1 0pLaKd KOGTOG X + 5X (supdd avél povédo mpoidvtoc). Na Bpeite T cvvaptnon
KOGTOVG TG efdopadiaiog mapaymyngc, av eivol yvaotd 6t to otadepd efdopadiaio
£E0da g Propmyaviag, 0tav dev mapdyel kavéva e&dptnua, givat 100 (gvpd).

7. Muo véa yedtpnon eEmpuéng netpelaiov £yl puOud dvtinong mov divetat amd Tov
wono R'(1)=20+107— % t*, 6mov R(t) eivon 0 apBudg, o€ xhddeg, Tov Bapedv

oL aVTANONKAY 6TOVG t TPDTOLS PNVeS Aettovpyiag Te. Na Bpeite moca Papéia
Ba £xovv avtinbel Tovg 8 TpdToVg PNVES AgtTovpyiag TNG.

B OMAAAX

1. H Beppokpacio T evdg cdpotog, mov neptPAretol amd £vo YoukTIKO vYpo,
ghattdveton e pubuod — xae ™, 6mov a, K sivon BeTikég oTabepés Kat t o ypdvoc.
H apyum Oeppoxpacio T(0) Tov copatog etvar T, + a, 6mov T, 1 Ogppokpacio
TOL VYPOV 1 omoia e KoTdAANAo unydvnue dtotnpeitar otabepr|. No Bpeite
Beprokpacio TOL GOUATOG TN YPOVIKT| GTLypn t.

2. "Evag fropnyavoc, o omoiog emevovet X YIMAdeg evpd 6T PEATimon TG Topay®yng
TOV £PYOGTUGIOV TOV, AVAHEVEL VO £XEL KEPDOG P(X) y1A1ddes evpd amd vt TV
enévouon. Mia avaluon g mapaymyng £6eiée 6Tt 0 puBudg netaBoAn g Tov KEPIOLG
P(X), mov opeileTan oy emévduon oy, divetar amd tov Tomo P'(X) = 5,8¢* ™. Not
Bpeite 10 cuvolikd kKEpSOG oL opeiieTar o abHENON TG Emévdvong amd 4.000.000
gupo o€ 6.000.000 gvpo.

3. Ao Vv TOANGCT €VOG VEOL TTPOTOVTOG LL0G eTOpeiag StomioTdOnke 6Tt 0 puOudg
petafoing tov k6otoug K(t) divetar and tov tomo K'(t) = 800 — 0,6t (o€ evpd TV
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nuépa), evéd o puBpds petaforng g eionpaéng E(t) oto téhog v t nuepdv divetar
and Tov Tomo E'(t) = 1000 + 0,3t (ce evpd v nuépa). Na PBpeite 10 cuvoikd
KEPOOG TNG eTapeiag amd TNV TPITN £WG KOL TV EKTN NUEPO TAPAYDYNS.

4. 'Eoto f, g 800 ovvaptioeig pe f(0) =g(0), f(1) =g(1) + 1 xou f"(X) = g"(X) 1o
kabe X € R. No amodeiete ot
i) f(X)=g(x) + X, yo kébe X € R.

ii) Av n cuvaptmon g €xet 6Vo pileg a, S e a <0 < S, tote | cuvapton f Exet
Lo TovAdyotov, pita oto (a, f).

3.2 ME®OAOI OAOKAHPQXHX

O mivakog TV aOpLoT®V OAOKANPOUATMV, TOV SOGOLE TOPUTAV®, dEV elval apKETOS Yio Vol
VIOAOYIGOVLLE TO OAOKANP®LLOL LLiOG OTTOLOGONTOTE GLVAPTN GG, OTWG TL.). TO. OLOKAT POLLOTOL

IZx\/ x” +1dx ko I xe*dX. Te téTo1e¢ MEPITTOGELS 0 VTOAOYIGUOC YiveTal AmAOVGTEPOG pUE
™ Ponfeia TV TopakdTo HeBOSOV OAOKAP®OTG.

MEBod0S 0A0KINPWGNHS KATA TAPAYOVTES
H péBodog avtn ekppdaleton pe tov tHmo:

[ 1009’ (9dx = £ ()g(x) - [ /() g(x)dx

7OV V0L GUVETELDL TOV KOVOVOL TTOPOYDYLGTS TOV YIVOUEVOD SV0 TOPUY®YIGLMV GUVAPTHGE®DV
f, g og éva didonpa 4.

pdypartt, yio kabe X € A, Eyovpe

(FC)g () =f'()g(x) + f(x)g'(x),

onodte
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fOg'(x) = (F()g(x))" — ' (x)g(%).
Enopévag

[ 7' dx = [(/(x)g(0)dx= [ f'(x)g(x)d

1, lodvvaa,
[0 (dx = F(0g(x)+e [ f'(x)g(x)dx. (1)

Ene1dn 1o oAokAnpaopa tov devtepov pérovg g (1) mepiéyet pa otabepd oAOKA PO,
70 C pumopet va Taparelpbei, omdTe EYovpe TOV TOPUTAVE® TVTO. M

O mopomdvm TOTOG YPNGLOTOLEITAL Y10 TOV VITOAOYIGHO OAOKANPOUAT®V LE TV Tpobnddeon
071 10 oOloKkANp®Lo Tov B HEAOLG VITOAOYILETOL EVKOAOTEPQL.

To Topdderypa, oG VTOAOYIGOVIE TO OLOKA PO j xe*dx. Eyovpe:
J-xexdx = J.x(ex)'dx = xe" —J.exdx =xe" —¢e" +c.
Av, TOp0, SOKLLAGOVLLE VO VTTOAOYIGOVLLE TO TOPUTAV®D OAOKANP®LL, AAAALOVTOG TOVG

pOrovg TV X Ko €, Bpickovpue

fxexdx = J{%j e'dx = éex —J.ée"dx.

To tekevtaio, dpwc, ohokAnpopa etvat o cvveto and to apyKd.

E®PAPMOI'EY
1. Ne VTOAOYIGTOVV TO. OLOKANPAOUATO
i) _[xzexdx iii) Ixande
iif) [ (4x° +1)Inxdx iv) [e*nu2xdx.
AYZH
i)' Exoope

J.xzexdx = J-xz (") dx=x"e" — I (x*) e“dx = x’e" — J‘2xe“dx
=x’e" —J.Zx(e")'dx =x’e" —2xe" + J.Ze"dx

=x2e" —2xe" +2¢ +c.
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Me 1oV 810 Tpdmo vToroyilove OAOKANPOLLATA TN LOPPTG

J' P(x)e“*dx

6mov P(X) moAvdvopo tov X kot o € R
i) Exovpe
_[ 2xdx = lJ.x(—cmv2x)'abc = —leDVZx + lJ‘cn)vaa’x = —lXGDVZX + 1 2x+c¢
e 2 2 2 2 4 s ’

Me 1ov 1510 Tpdémo VITOAOYILOVLE OAOKANPOLATO TG LOPPONG

[ POOM(ax)dx, [P(ovv(ax)dx

6mov P(X) moAvdvopo tov X kat o € R
iii) Exoope
.[(4x3 +1)In xdx = j(x“ +x) Inxdx = (x* + x)lnx—j(x4 +x)ldx
X

4
=(x* +)c)1nx—J.(x3 +1)dx = (x* +x)1nx—x7—x+c.

Me 1oV 510 Tpdémo VTOAOYILOVLE OAOKANPDOLATO TG LOPPONG

j P(x) In(ax)dx,

6mov P(X) moAvdvopo tov X kat o € R’
iv) @étovpe | = Iexnu(2x)dx, omoTE EYovpLE
I = J'(eX)’np(Zx)dx =e*nu(2x) - ZIexouv(Zx)dx
= e nu(2x)—2 j (e¥)'cuv(2x)dx
=" nu(2x) —2e*cuv(2x) — 4[ e* nu2xdx
= e Nu(2x)—2e*cov(2x)—4l.
Enopévac,
51 = e nu(2x) —2e*ouv(2X) +C,,

onote

1= %e‘nu@x} —%e*cvv(Zx) +c.
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Me 1oV 810 Tpdmo vroroyilovie OAOKANPOLLATA TNG LOPPTG

[enu(Bxdx, j e suv(AX)dx

omova, B eR’.

2.0 aiBvopog P(t), 0 < t < 20, pog ToIng, Tov TPoikvye amd cvyxdveven 10 kot-
vOTNTOV, 0vEaveTal pe puOpod (o€ drtopo ava £1og) mov divetar amd tov Tomo P'(t) =
te”’, 0 < t < 20, é6mov t givar 0 ap1Opég TV eTOV petd ™ ovyydvevon. Na Bpebei o
N 0vopog P(t) Tng moing t ypovia petd T cuyydvevon, av yvopilovpe 6tL 0 TAn0voNog
frav 10000 kGTotkol KATA TN GTLYII TI|G CLYYMVEVGIC.

AYXH
"Exovpe
j P'(t)dt = jte“mdt
=10 j (e")'tdt
=10e" -t —1OI e'"dt
=10t —100e"" + ¢,
ondte

P(t) = 107" — 100" + ¢, 1o kémoto € € R.
Orav t=0, o tAnBvopog givar 10000. Xvvendg:
P(0) =10000 <> 10e” -0-100e’ + ¢ =10000 <> ¢ =10100 .
Apa, 0 TANOVGUAC TG TOANG, t XpOVIC LETA TN GLYYXMDVEVOT), Elval

P(t) = 10ze"*° — 100¢"° + 10100.

OloKlijpwon ue avTikoTdotocy

Me ™ pébodo avt vworoyilovie OAOKANP®UATA TOV £X0VV 1] LTOPOVV VO TAPOLV TN
LopO1| J. f(g(x)g'(x)dx. H 1€6080g 0LOKANPOONG e OVTIKOTACTOOT EKPPALETAL [ TOV

okOAoVO0 TOTO:

[ 7(2(x)g (¥ = [ £y,
omov u = g(x) kot du = g'(x)dx

O mapomdve TOToG XpNooTOoLEiTaL pE TV TPoimdhest 0Tl T0 OAOKAN L. J f (u)du tov
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devTEPOL LLEAOLG VITOAOYILETOL EVKOAOTEPOL.

H an6deién tov 1Hmov avtov ompiletol 6To yvooTd KOvove Tapay®d@ylong cOvOeTng
ovvaptnong. [pdypart, av F givon pua Ttopdyovoa g f, tote

Fr(u) = f(w), )
ondte
F'(g(x)) =f(g(x))
Kot épa

[ f(g()g ()dx = [ F'(g(x))g'(x)dx
= [(F(gpydr  (apod (FEM)' = F(9))g'))

=F(g(x))+c
= F(u)+c, (6mov U =g(x))
:Jf(u)du (Moyo mg (1)) m

INa mapddetypa, oG vToLoyicOvE TO OAOKAPOU j2x\/x2 +1dx. @étovpe u = x>+ 1 kon
du = (x* + 1)'dx = 2xdx, omdte T0 OAOKAPMUOL YPAPETAL:

I2x x> +1dx = J.\/Udu
:J.u”zdu
:zu3/2 +c
= %(x2 +1)? +¢

:gxl(xz +1)’ +c.

E®PAPMOI'EY

1. Na VT0A0Y16000V TO OLOKANpONATO.

. e’ .
l) .‘-mdx ll) J.S(deX .
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AYXH
i) @étovpe u =1 + &, omdte du = (1 + €°)'dx = €“dx. Emopévac,

* d B 1
JOjT)zdx:Iu_?: J.u Zdu:—;+c:—1+ex

+c

i) Exovope ISQXdX = J‘H_HX dx. Eropévamg, av Bécovpe U = ouv, omdte du = (cuvx)'dx
OLVX
= — nuxdx, éyovpe:

fscpxdx :—jldu =—In|u|+c=—In|ocvvx|+c.
u

2. Na VT0A0Y16000V TO OLOKANPpONATO

D [ ﬂﬂ(Zx-i—%jdx ii) jl 12de i) jx(x2 —1)”dx.

AYXH
o T , )
1) @étovpe u = 2x+€, omote du = (2x+gj dx =2dx.

Emopévac,

1
Inu(2x+ 6) =— jnp(2x+ 6] 2dx=zjnpudu
1 1 V4
=——0oVu+c=——0ovv| 2x+— |[+cC.
2 2 6

i) @¢tovpe U = 1 — 2x, ondte du = (1 — 2x)'dx = — 2dx.

Enopévacg,

[ ! dxz—lflduz—lln\uHc=—lln\1—2x|+c.
1-2x u 2 2
iii) @étovpe U = X* — 1, omdte du = 2xdx. Apa
u1oo

c——(x -D" +c.
2100 200

Ix(x ~1)”dx = Ju” du=1
3. Na VoA0Y6000V TO 0LOKApONOTO
2x+1 x'-3x+7
ii) | ——dx
) J.x 5x+6 ) J.x2—5x+6
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AYZH
. , 2x+1 , , , .
1) Hovvépmon f(x) = 5———— éxernedio opiopod to R—{2,3} konypaepeton
’ X" =5x+6
2x+1
J)=—"
(x=2)(x-3)

Avontodpe tpoaypatikovg aptipovg 4, B €161, GGTE Vo IoYVEL

2x+l = A + B , v kébe X eR —{2,3}.
(x-2)(x-3) x-2 x-3

Me amodo1pr] TOPOVOUAUGTAV EYOVE TEMKA:
(A+B-2)x=34+2B+1,y0ki0e xeR —{2,3].
H televtaio 166t t0 1oydet yio ke X € R —{2, 3}, av ot povo av

A=-5

A+B-2=0
B= 7

1, 1600VVOLLL,
34+2B+1=0 1 : {

Enopévac,
J-22x+1 :I( _5+ 7 jdxzj
X —5x+6 x—2 x-3 x—2

=—5In|x—2|+7In|x=3|+c.

Me 1oV id10 Tpdmo £pyalOIOGTE Y10, TOV VITOAOYIGUO OAOKANPOUATOV TNG LOPPTG

J- KX+ A

mdx, He ,82 —40!)/ >0

ii) Av extelécovpe 1 dlaipeon Tov ToAmVOLOL X° — 3X + 7 j1g To ToAGVVLO X — 5X
+ 6, Bpickovye 611

x2—3x+7_1+ 2x+1

X2 —=5X+6 X —5X+6
Emopévac,
—3x+7
j dx-jm J 2x+1
x> —5X+6 5x+6
=x—5In|x-2]|+7In|x=-3]+c¢ (AOy® tov (i)).

Me 1oV 510 Tpdmo vToroyilov e OAOKANPOLLOTO TG LOPPTG
P(x
J. # dx ,
aX™+ fx+y

6mov P(X) moAvdvopo Tov X Padpod peyardtepov 1 icov tov 2 ko 52 — 4ay > 0.
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AXKHYETY

A" OMAAAX

1. No vroloyiceTe To OMOKANPDLLOTOL

i) [x’e™dx ii) j (3x> —2x +1)edx iii) j x* Inxdx
iv) IZXZHHZXdX ) I4x<suv2xdx Vi) jlnxdx,
. [Inx s [y . .
vii) j7 dx viii) Ie ovv2Xxdx iX) _[e nuxdx

2. No vmoAoyicete To. OAOKANpOLLOTOL

i) _[mﬁxdx i) j (4x* —16x+7) (x — 2)dx
X+3 . X2
|||).[(X 6% dx |v)jmdx

V) I xa/x +1db.

3. Na vrohoyicete To OAOKAN PO LT

><

i) e nuedx i) jefildx i) IX\/_

1
x 1)
iv) Je—dx Ix—zxd

V) X.
(e" +DIn(e” +1)

B OMAAAX
1. No vtoloyiceTe T0 OMOKANPDLLOTOL

) jnu—uzdx i) Ietpx~ln(csuvx)dx iii) J-cmvx-e"“xdx.
I+ ovv'X
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2. No vohoyiceTe T0, OLOKAT pPDLLOTOL

3. Na vmoAloyicete T0. OAOKANPOLOTO
i) sz In x2dx ii) j(lnt)zdt iii)je“owede.

4. Noa vroloyicete T0 OAOKANPOLLOTOL

1) | epxdx
) '[ i ouv3X

i1) J‘GDZX dx wat J‘—dl+c;)vx X
nu-X nu-x

iii) jnpﬁxdx Ko Icvv3xdx.
5. Mg ) Pondeia TV OOV
) l-ouw2a 1+ouwv2a

2
o0=———— KOl oV a =
ny 5 >

VO VTOAOYIGETE TOL OAOKANPOLLOTOL:

6. Mg 1) Pondeia TV OOV
2npacovp =nu(a— ) +u(a+ f),

2cvvacuvf = cuv(a — f)+ovv(a + )
2nuempf = ovv(a — ) —ovv(a + f)
V0L VTTOAOYIGETE TOL OAOKANPMLLOLTOL:
i) J-Y“JXGI)VZXdX i1) cvv3xovv5xdx iii) jnumeMXdX
7. No vrohoyicete T0 OLOKAN pOLOTO

2x-3 3x+2
) | 57— —dx i)
x2 —3x+2 x? —3x+2

3_
i) | 2
X +3x+2

P+ 1 . X 5
|)J X_a.x—4dx ||)dex |||)Jxln(x +1)dx.

i) [’ xdx ii) [ ouv?xdx iii) [ nu*xovv? xdx.
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3.3 AIADPOPIKEY EEIXQSEIY

I'svika

Y10 mponyobpevo Kepdiato gidope 0tL, 0tav yvopilovue tn cvvdptnon Béong y = S(t)
€VOG KIYNTOV, UTOPOVLLE VO BPOVLLE TNV TOYVTNTA KOL TNV EXLTAYLVOT] TOV Kivitov. [ToAAEg
Qopéc, OUMC, eivarl yvwotn 1 taydmTo v = v(t) N n extdyvvon a = a(t) Tov KvnTod Kot
{nteitor n Béon tov. [0 Topddetypo:

— Av éva Kvnto Kiveitat evbuypappmg pe otabepn TodTa C, Y10 Vo TPOGIIOPIGOVLE
™ Béon tov y = S(t), apkei va Aboovpe wg Tpog Y v e&icmwon

y'=c. (M

— Av og éva omdpa palog m ackeitor dovaun F = F(t), tote o odpo kiveitat pe emrdyov-

on a = a(t) n onoia, cOUP®VA PE TO 20 VOO TNG UNYOVIKAS, diveTot amd tov Tomo F = ma

1, 16odvvapa, F =my”, émov y = S(t) n cuvaptnon Béong tov cdpatog. Eropévac, yio va
npocdiopicovpe ) BEom y = S(t) Tov cdpatog, apkel vo Avcovpe v e&icmon

my”=F. 2)

E&iomoeic ommg ot (1) kot (2) Aéyovrat dra@opikés eéiedasrs. [evikd,

OPIXMOX

Awogopiki) eEicmon Aéyetar kbBe e&lowon Tov TEPIEYEL TN LETOPANTY X, Lol AyVo-
ot ovvaptnon Yy = f(X) kot kdmoleg and tig mapaydyovg gy, Y, ...

TNo mapdderypa, ot E1I6MGELS

y'=26y =2y +y=0

glvat dtapopiég e&l0DOELS.

H peyoldtepn omd tig t6Eeig Tov mapaydymv mov epeavifoviat oty e&icwon ovopdle-
Tat TN g dtpopikng e&icwong. 'Etot ot e€iodoetg Y = 2X kat Y’ = 2y ivor Stapopikég
elodoelg TpmTNG TaEeme, evd 1 YY" +Y = 0 givon devtépag TdEems.

Kabe ovvaptnon y = f(X) mov emaindeder tn dapopiky e&icwon Aéyetar Avon g e&i-
MO,

o mopddetypa, 1 covépon Y = X eivar pa Ao g Stapopikng eéicoong Y’ = 2X,
apov Y’ = (X°)' = 2X.

To 6VUvolo OV TV AMGEMV [ag dLapopikng e&icwong Aéyetat yevikn Ao g e&ico-
one.
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o mopddetypa, 1 yeviky Aon g eéicmong y' = 2X eivar 1y = X° + ¢, Ce R. Zvyvd
Ontaue exeiv ) Moy = F(X) g Srapopikig e£icmong OV IKOVOTOLEL [ apyuKn
ouvOikn y, = f(X,). T va Bpodpe ) Aoon o, Ppickovpe TpdTa T YeVIKY Do TG
e&lomong kot pe ) Pondeta g apykng cuvOnkng Tpocdtopilovpe ) {nrovpevn Aon.

INa Topdderypa, 1 Aon y = f(X) g dapopikng eElowong Y’ = 2X, TOL KAvOTolEL TV
apykt ouvdniim f(1) = 2, eivarn ovvapmon y = X2 + 1, 0god amd ) yeviky Abon y = X2
+C,yuXx=1xoy=2¢elvauc=1.

1 ovvéyeto Oa aoyoAnBovue LoVo e SO EOIKEG LOPPES SLOPOPIKDY EEICMGEMY TPO-
™mg tééemc:

® T eliomoelg pe yoploueveg petafAntég kot

® Tig ypopKES dLaPOpLKEG EELCMGELS TPMTNG TAEEMG,.

Arapopikés eE16OGEIS e YWPILOUEVES HETAPINTES

"Exet amodeiytel meipopatid, 6t o pududc petafoing, og mpog o ypdvo, Tov TANOLGLO
y = P(t) wog kowwviag, n omoio dev emnpedletal omd eE®TEPIKOVG TAPAYOVTES, &ival
avaA0yog Tov TANBLGLOV. Andadn, WyLEL

P'(t) = aP(t),
omov ¢ Betikn otabepd.
Av o apyog mAnBvopog g kowveviag givan Py, dniadny P(0) = Py, yia va Bpodue tov

mAnOvopd P(t) votepa amd xpovo t, Ba Adcovpe v Topamdve dtagopikn eEicmon.

Enedn y = P(t) > 0, n e&lowon ypapetol

P _
P(t)

0mOTE OAOKANPOVOVTOG KoL ToL dVO HEAT TG, £XOVLLE SLodoyLKd:

Imdtzjadt
P(t)

InP(t) =at+c,

b}

P(t) — eul+C1'

P(t)=ce™, ye c=e*
Enewdn P(0) = P, eivau ¢ = P, onote

P(t) = Poe™.
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H napaméve dapopikr e&icwon Aéyetar dStapopikn| eElcmon e yopiopeveg petafin-
1ég. ['evika,

OPIXMOX

Awgopwki) eicoon pe yoplopeveg petafintés Aéyeton kabe e&icwon g pop-
g
a(y) -y =B (1),

onov y = f(X) n dyvootn cvvaptnon, a(y) cvvéptnon tov Yy kot S(X) cvvaptnon
TOV X.

I'a va Moovpe v e€icmon avt oAoKANpdVovLE Kot Ta 00 PEAN TNG ®G TPOG X.
"Exovpe

[ay)ydx=[ A(xdx.
Eneidn y = f(X), eivar dy = ' (X)dx = y'dx, ondte £xovpe

[a@)dy = [ p(x)ax. )
Av A(y) givon pua Tapdyovoa ay) kot B(X) pio mapdayovoa tng S(X), tote 1 (2) yphpetol

Aly) =B(X) +c, ceR. 3)
Amd v tedevtaia e&icmon mpoodiopilovpie T yeViKN Ao TG dapoptkng e&lomaong.
XXOAIO

H womta (2) pog enttpémet va ypdpovpe ) dtapopikn e&icmon (1) oty “dromn’ popen
me
a(y)dy = A(x)dx

KO VO OAOKANPOVOLLE TO PLEAT TNG, TO LEV TPAOTO HEAOG TNG G TPOG Y, TO Og deVTEPO
LELOG TNG OC TTPOG X.

E®PAPMOI'H

Na 20000v ot drepopikég eiromaerg
)2y—-xy'=0, x#0 kory>0
i)y’ =2xy’, y=#0
iii)x+yy'=0, y>0.
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AYZH

i) Xe kabéva omd ta dreotpatoe (—0,0) ko (0,+ o), n e&icmon ypaeetat:

1, 2
;J/:; g c:2@

1d 2 -

ydx x |

o= —

la’y:zdx. 2
y X

1 2 y>0 N

j;dyzj;dx 0] x

Iny=2In|x|+c¢,=Inx"+¢, ¢, €R
2 2
y :elnx +e eCO . eln,\ :sz, c>0.

Apa, o kabéva and Ta Swacthpota (—o,0) kot (0,+00) givory = X%, 6mov ¢ >0

ii) H e&lomon ypdopertar: VA
dy 2
“Z_9
dx a
p o
—)2} = 2xdXx.
y
J' d—)z/ - _[2xdx
y
-—=x*+c
y
Apa, y = ————, 6mov € e R (Xy. 2).

X +c
iii) H e&lomon ypdoetar dtadoyikd
dy
x+y—=0
Y
ydy = —xdx
I ydy = —I xdx
2 2

Yo,
2

x*+ y2 =c,c>0

Apa, y=+c—x*,6movc >0 (Zy. 3).
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I'papuixés orapopikés e€16GEIS IPOTHS TALEWS

And ™ Dvon yvopilovpe 6Tt 60 dStwAavd KOKA®- L @
po oyvet o kavovag tov Kirchhoff. Aniadn, \QQQQ/
di(t)
L'7+R'1(f)=V(f)- 1 r vI
IN'a vo Tpocdiopicovpue v éviaon, I(t), Tov pevpo-

T0G¢ OV Sluppéel To KOKAwa, etvar avaykn va Av- @
covpe ™ dwpopikn e€icwon (1). H e&icmwon avtn

Aéyetor ypappikn dapoptkn e€lcmon Tpmng Taée-

oc. I'evucd:

OPIXMOX

Cpoppi) dwogopiki) eEicmon TpdTNG TAEEMS AéyeTal KAOE eEIGMON TG LOPPTIG
y' +a(x)y = B0,

omov y = f(X) eivan n dyvootn cvvaptnon kat a(X), S(X) cuvapTioELS TOV X.

I v enthivon g e&lomong avtc:

— Avalnrodue o mapdyovoa A(X) tng cuvaptnong a(X) Ko Exsita

A(x)

— MoAlamhaciblovpe ta péAn g e&lomong e e
"Etot, £ovpe dtadoyikd
ye' + a()e %y = e
ye® + APy = f(ge”
ye' + (" O)y = fx)e’®
ey = fe"
j(yeA(x))’dx = Jﬂ(x)eA(X)dx
ye' = B(x) +c,

omov B(X) wa mapdyovoa g A(X)e®.

E®PAPMOIH
1. Na awosi 1 dwwopwki] e€icwon

y'+2y=2.
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AYZH

Enedn pua mapdyovoa g a(X) = 2 givarn 4(X) = 2X, molhomhactdlovpe kot ta 5vo PéAN
¢ e€icmong e €. Etot, xovpe dtadoyid

y;eZX + 262xy = 262)(
(yeZX)r — (EZX)/
2X 2X

ye=e t¢C

y=1+ce® ceR.

AXKHYEIY

A" OMAAAX
1. No Moete T1g d10popikég EI6MDGELS:
i)y’ =~4xy’,y >0 i)yy=xy>0

iii) Ly’ =2 iv) y' = e”’cuvX.
Xy

2. Noa Aoete Tig dapopikés eEloMoELS:
i)y +2y=3 i)y +2y=¢”

i)y’ +y=2x iv) y' +2xy = X.

3. Na Bpsite T Mon g Stopopikig eéicmong Y’ = 2x°y°, y < 0, g omoiag 1 ypo-
Q1| Tapdotacn dpyetol and to onueio 4(0, —3).

4. No Bpeite ™ Ao g dwpopikig e&icwong Y’ = 2 — 3y oV IKAVOTOLEL TN GLV-
Onkn y(0) = 2/3.

5. Noa Aoete Tig dtapopikég e5loDoELS:

o 1
I)y+ > V= ) ,(lVy(O)Z—S
GLV X GLV X

i) (x+ 1)y +y=Inx, av y(1) = 10.
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B OMAAAX

1. H évtaomn tov niektpcod pevpotog I oe éva NAEKTPIKO KOKAMLL tKovomotel TV

e&lomon %+ I =nut. Av 1(0) = 0, va Bpeite tnv évraon I(t).

2. Na Bpeite ™ Abon g dwogpopikrg e&lowong ye” ’ y' = e”, n onoia SiépyeTon omd
to onueio 4(2, 2).

1
3. Na Moete ) dwpopikn e&icmon y'—=y = x, X > 0.
X

4. H «Aion g gpamtopévng pag ypouung (C) pe e€icwon y = y(x), y > 0 oto on-
peio M(X, y) eivar ion pe Xy. Na Bpeite v e&lowon g (C), av givar yvwotd o1t
diépyetan omd to onpeio A(0, 1).

5. 'Eoto a, 8,1 €R otabepéc, pe a > 1> 0.

i) No Woete v eéicmon Y + ay = fe™.
i) Avy = y(t) etvou pio Avom g eEicmong, vo omodeifete 0Tt oyvEL (11120 »(#)=0.

6. 'Eyet amodetytel mepapotikd 0Tt o puBudg petafoing mg Oeppoxpaciog 6 evog

oopoTog, 0tav avtd Ppedel o mepiPdirov otabepng Beppoxpacioc 7 e 6 > T,
elvan

a6 =—k(©@-T),k>0.
dt
No Bpeite ) Beppoxpacio O(t), av 6(0) = 6,
7. O mnBvopog P = P(t) woag yopag petovaotedel pe otabepd pvbud m > 0.
Aivetar 60Tt 0 pOudc avénong Tov TANBLCHOY P, av dgv VIPYE N HETAVAGTEL-

on, Oa ftav avdroyog tov P.

i) Na dikaroroynioete 61t 0 TAnBuoude P ikavomotei v e&icwon P’ = kP —m,
k > 0 otadepd.

ii) No Bpeite ™ ovvapon P = P(t), av P(0) = P,
iii) No anodeiete otu:

— Avm <kP,, 1618 0 mAn6voLOG ov&hveTar.
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— Avm > kP, t6te 0 mAN6LGCLLOG pEIdVETOL.
— Avm = kP,, t6te 0 mAnbucpog mapapével 6tabepds.

8. 'Ecto y = y(t) to Dyog ko V = V(t) 0 6ykog Tov vepoD piog SeEQUEVHS TN YPOVIKN
otypun t. H defopevn adetdlel omd o kukAikn) omn pfadov o mov PpickeTon
otov mobpéva g, Zopemva pe to vopo tov Torricelli o puOude petafoing Tov
OYKOVL TOL VEPOL gival

‘;—It/ =—oyJ2gy, g =10 m/s’.

1) Av 1 de&apevn elvar kKuAwvdpikn pe vYyog 3,6 m,
axtiva 1 m kot n aktiva g omng tva 0,1 m, va
amodeifete 0TL TO Y wKavomotel v e&iocwon

, 5
y_—%\/y

ii) Na Bpeite to vyog y(t), av givor yvwotd ott
xpovikn otryun t = 0 n delapevn NTov yepd.

iii) [16cog xpdvog Ba ypetaotel yio va adeibost teheimg 1 de€apevn; (Atveton 0Tt
0 dyKog TV KVAIVEpov eivar V = 7p).

9. 'Evog Pnuatoddtng amote-
Agiton omd po pmatapio Ko
évay TUKVOTN, EVO 1 Kop-
i mailer to poho TG avti-
6TOoNG, ONWG QOIVETOL GTO
oyquo. Otov o dokdTING
S Ppioketor ot Béon P, o
TUKVOTNG  QopTiletal &vo,
otav Pploketatl ot Béon Q,
0 TUKVOTNG ekopTileTat Kot
mpokorel MAEKTPIKO €PEDL-
opa otV Kopodd. Katd m ot-
apketo vt otV Kapdid epapudletot nhektpeyeptiky dvvapn £ mov kavomotel
mv e&lomon

& __ L <<t
dt RC

omov R, C otabepés. Na Ppeite mv E(t), av E(t,) = E,,.
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10. Zvpeova pe tov kavova tov Kirchhoff yia to R
KOKA®LLO TOV SUTAAVOL GYLLOTOG 1Y VEL VWA
Ry E(@). CED L
. dt
i) AVR=12Q,L=4H,E=60V, 6\

a) vo Bpeite mv évioon I(t) tov pedua-
T0G, t sec LeTA TO KAEIGLO TOV KUKADUOTOG.
B) va Bpeite to lim /(¢). Tt cupmepaivete;
il) Av o010 KOKA®UO avti ylo. proatopio Tov divel otabepr] MAEKTPEYEPTIKT
dovaun E ypnoipomomcovpe pio yevvitpla mov diver E(t) = 60nu3t, va
Bpeite v évtaon I(t).

3.4 OPIEMENO OAOKAHPQMA

Eupfoadov mapafoiixod ywpioo

"Eoto 611 0éLovpe va Bpolpe to epPaddv Tov ywpiov £ mTov TepIKAEIETOL OO TN YPOPIKN
napaotacn ™G cuvapmong f(X) = X2 tov dfova Tmv X kat Tig svdeisg X = 0 ko X = 1
(IMapaporkd ywpio Zy. 5).

y o y ylc

y=x

{ /

x ol 1 2... -1 | X
v v

Mia péfodog va mpoceyyicovpe to {nrovpevo eufadov eivor n e€ng:

1
Xopilovpe to ddotua [0,1] oe v 1counKn vIOdOGTALATH, WAKOVG AX = —, LE AKPO
Ta onpeio: v
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1
Xg=0, Xp =50 X, =

® >ymuatifovpe to opBoydvia pe PACELS TO VTOSACTIOTO CVTE KOt VYT TNV EAGYLOTN
) g f og kabéva omd avtd. (Zy. 6). Mia pocéyyion tov eufadod mov (ntdape ivar
10 Opotoua, &, Twv epPadmv Twv Tapandve opboywviov. Ankady, To:

v V)V V)V 14 14

o[ (e 5]

:%[l2 +27+ ek (V=17
1%

1L (v-D-v@v-1) 2v*-3v+l

Vv 6 6V
: ®
® Av, tdpa, oynpaticovpe to opboymvio pe Pé- y=x2
GELG TOL TOPOTAVED VTOSALGTALLOTO Kot Vyn TV Lé- |
yiomn Ty mg f og kabéva an’ avtd (Zy. 7), t0te 7
10 GdOpotcua 7

v)v v v v)v
Tov eupaddv Tov opboyoviov avtdv givar puo
KON TPocEyyion tov nrovpevov epfadov. Eival

)2
S ORGEEE]

1 Lvv+DQv+1) 2v*+3v+1
:F(12+22+"'+V2) :_3 ( )( ): .

v 6 6v?

o

<|—
<[
<
|
—
=
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To {nroduevo, opwg, epfadov E Pploketon petad tov g, ko E. Anladf ioydet

g, <E<E  onote

limg, <E<IlimE,.

V0 Vo0

. . 1 1
Enedn lime, =limE, :g, éyovpe E =§.

Vo0 V—00

® Av, tdpa, oynuaticovps to ophoymvia
pe Pacelg to. TOPATAVEO LTOSGTHLLOTO
X, X1, c=1,2, ..., v o dyn v Tipn
onueto &, x=1,2,...,3, ..., v, kabevog d1-
aoTHROTOC, (Zy. 8), TOTE TO ABpotoa

NG GLVAPTNONG GE OTOLOONTOTE EVOLAUEGO L i %

S, =L e+t re) et re)
Vv A% A%

-

TV eUPfaddv Tov opfoyoviov avtdv gival
[ aKOUN TPocEyyion tov {NTodevoy -

Badov. Emewdn f(x,_,) < f(S) < f(x,) na ol é&é&
k=1,2,...,v, 0a elvor

Lra y<trer<tre.
\% \% Vv

omote O 1oy Vet

Etvan 6pog, lime, = lim E, = E. Apa 0o woyvet limS, = E.

vV —>+0 V0

Opiouog sufadod i

‘Eoto f o cuveyng cuvaptnon og éva
dtbompa [a,f], pe  f(x) >0 7y kébe

Py
|
|

/!

X €la, B] ko Q 10 ywpio mov opileTon ot T

amd ™ ypagikn mopdotacn e f, tov

|

|

|
) X Oeiec X = a, X = f. :
a&ova Tmv X kat Tig gvbeieg X = a b Az f(. )
I va opicovpie 1o epPaddv Tov yopiov :
Q (Zy. 9) epyaldpocte OTOG GTO TPON- |

|
|
S5

yobpevo mapddetypo. Aniadn: 0

=X & X1 & Xoew X & X
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bl 04
, e
1%

® Xwpilovpe to dotnpa [a, f] o€ v IGOUNKN VTOSUGTHUATA, HKOVG AX =
To ONpEio o = Xy < X <X, <. <X =f.

® ¢ d0e vmoddoua [X,_,, X, ] emdéyovpe avbaipeta Evo onueio & ko oynpatilovue
0. opBoydvia Tov £yovv Bdon Ax ko vy to F(E). To dBpotopa twv epfoddv twv op-
Boyoviov avtdv givar

S,=f(EAx + (&) Ax + .o+ f(E)Ax = [f(&E) + ... +1(&)]4x.
® Yroloyilovpe to 11:20 S,.

ATodgkvoETaL OTL TO }1_)1{10 S, vmapyet oto R ko eivan aveEapro omd v emhoyn| Tmv

onpeiwv &. To 6plo owtd ovopdletar epfaddv tov emmédov yopiov 2 kot cvpBoiileton
ue E(Q). Eivon gavepd 6t E(2) > 0.

H évvoia tov opiouévov oLokANpouaTos
‘Ecto wa cuvaptnon f oo veyii¢ oto [a, fl. Me ta onpela o = X, <X, <X, <... <X, =
B-

v

L yopilovpe to dtdotnua [a, f] 6€ v IGOUNKT VTOSOGTLOTO LKOVG AX =

g ®)
/:\\y=f(X)

1IN
1N & ;

1 >
0Ol a=xy fl X1 52 X7 \I\ | ! / X1 év Xv:ﬁ

“"X\

Y ovvéxelo emdéyovpe avlaipeta éva & €[X ,, X ], v k@0e x €{1,2,...,v}, xat oyn-
patifovpe to dBpoicpa

S,= f(&)dx+ f(E)dx + ..+ f(E)Ax+ ...+ f(&)Ax

10 omoio cupPoriletal, cOvTopa, oG eENG:

S, =3 f(E)Ax D,

® 10 aBpotopa avtd ovopdaleton éva aBpotocpo RIEMANN.
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Amodeikvoetan 0T,

“To 6pto Tov abpoicpatog S, dnradh to lim (Z f(&) Ax} (1) vmépyet oo R wou etvort
v =1

ave&apTnTo amd TV emAoYN TwV evdlduecwv onueiov &7

To mapandve 6pio (1) ovoudletor opropévo ohokApOpa ¢ cuveXoDg cuviptnong f

and 10 o 670 f3, cupPorileton pe fﬂ f (x)dx xou drefdleton “ohokAipwpa g fomd 1o a
670 7. Anhadn, ¢

[’ f(x)dx:vli_rﬂ[zv: f(gk)ij

To cvuforo I opeiietar otov Leibniz kot ovopdletor sopforo olokinpmonc. Avto &i-
VOl ETPNKLVOT] TOL apyLKoD YpAaupatog S g AéEng Summa (é0powspa). Ot apBpol a
kot S ovoudlovtot épra g olokAnpmong. H évvota “opla’” € dev €xet v 1d1a Evvota
TOV 0piov TOL 20V KePoAaiov. XTnV EKQpacn Lﬁ f(x)dx to yphppo X givar puo petaPan-
™ Kot pumopel va avtikataotadel pe omotodnmote dAro ypaupa. Etot, yio mapdderypa,
Ol EKQPAGCELG Lﬁ f(x)dx, jf f(0dt copPorilovv 1o 1510 OpIoUEVO OAOKANP@LLE KOt givarl
Tpaypatikdc aplduog, o avtifeon pe to J- f (X)dx mov efvar éva GHVOLO GUVOPTIHGEDV.

Eivat, dpoc, xpMoyLo va emeKTEIVOVLLE TOV TOPUTAVE® OPLGHO KOt Y10 TIG TEPMTAOCELS TOV
glvata > N a = p, og eénc:

o [\ fede=-[ fd

° j F(x)dx =0

Amd T0VG 0PGBS TOL EUPASOV KOl TOL OPIGIEVOD OLOKATPDLOTOG TPOKVTTEL OTL:
Av f(x) 20 yio ka0e X € [a, B], TOTE TO OAOKANPGO- yT @

Qo IB f(x)dx diver 0 guPadov E(Q) tov ywpiov Q

7oL TEPIKAEiETOL amd TN YPaPIKN wapdotaon g f
Tov a&ova x'x kot Tig evbeieg X = a ko X = f (Zy. 11).
Anhaodn,

[ feoax = E@).

Enopévac,

|
|
|
|
|
|
1
:
(0] a p X

AV ()20, t6te || f(x)dx 20,
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E®PAPMOI'H

Na amodery0si 6Tu I 2 edx = c(p-a), 1o ortorodimote C € R.

AHOAEIZEH

1) Av a = f, tote J-:cdx:O:c(a—a) =c(f-a).

i) Av a < S8, tote, emedn n f(X) = ¢ eivan cvveyng oto [a, B], xovue

Lﬂ cdx = .[: f(x)dx
= Hm[(f(§)Ax+ (&) Ax +---+ f(G,))Ax]

—lim 2=

V=0 \Y

[FE)+ F(E)++ (5]

=1im(ﬁ_a(c+c+---+c)j
\%

- lim[ﬂ —¢ ~vcj —c(f-a)
iii) Av o > f, tote

J[ cdtv == cdr =c(a~p) = c(B-a).

2XOAIO
Av ¢ >0, tote 10 I ! cdx exepalet To epPadov evog yT @
opBoywviov pe Baon f — o kot vyog € (Xy. 12). y=c

R ]
e
=

1010THTES TOV OPIGUEVOV 0LOKINPOUATOS

Me ™ Bonfeta Tov 0pIGHOY TOV OPLGHEVOL OAOKANPDATOS OTOSELKVOOVTOL TO, TOLPOKAL-
T Oempnpata.
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OEQPHMA 10

‘Eocto f,9 cvveyeic cuvapmioelg oto [a, f] ko A, i eR. Tote 1oydovv

. j” Af()d =4[ ﬂ F)dx

o ['1re)+e@an=[" reydn+ [ gy

KOLL YEVIKA

o ("1 f )+ ngldr = 2[" f(dr+ uf” g ()

OEQPHMA 20

Avn feivaiooveync oe didompo 4 kot o, B,y € A, TOTE 1G)DEL

Lﬁ S (x)dx =Ly f(x)dx + LB 7 (x)dx

INo mapdderypo, ov j; f(x)dx =3 ko J-: f(x)dx =7, 10t¢

[ r@ax=[ f@ydc+ [ f)de == feodv+ [ fx)de=-3+7=4.

YHMEIQXH
Av f(x)20 kot a <y <p (Zx 13), n tapamdve 1616- yT @
mra dMNrodvel OTL
y=/(x)
E(©) = B(@) + E(2) T
apov i i !
| [JI 1 [Jz |
14 B | : |
E@)=[ f)de, E(@) =] f(x)d | i |
| |
Kot ol « y ﬁ ~

E(Q):jj £(x)dx.

OEQPHMA 30

‘Eoto f o cvveyic ovvapmmon og éva ddomua [a.f]. Av f(x) =0 yio kébe
X € [a, B] ko cvvapmon T dev eivar Tavtod pndév 6to oo awTd, TOTE

[ ’3 F(x)dx > 0.
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AXKHYEIY

A" OMAAAX

1. Av ff(x)dx =9, I:f(x)dx =11 ko .LS f(x)dx =13, vo Bpeite 10 OAOKANPO-

LLOITOL:
) [ i) [ (x)alx
i) [ f (0 iv) j:f(x)dx.

2. No amodeiEete 0T

[ nan :Llln%dt.

3. Na vmoAloyicete 10 k €161, OOTE

K y2 _ 1
I XZ 4dx—'[ 25 dx =3.
1 X +1 K

X +1
3
4. Av J']S f(x)dx =5 xan Il g(x)dx = =2 vo, vmohoyicete 10, OAOKANPpOLOTO:

i) [/ () -6g(x)dx i) [/ () g@)dx.

3.5 HZYNAPTHEIH F(x)=[ f(t)dt

O vmoAoYIo oG EVOG OLOKANPOUOTOG J.ﬁ f(x)dx xatevBeiav amd tov opioud ivar cu-
vBmg pio. SVOKOAN Kot TOAD KOTIGTIKY dtadtkacio. Xty mopdypapo vt Oa avo-

nmoovpe TPOTO VITOAOYIGHOD OAOKANPOUAT®V X®PIG TN ¥PON TOV 0PIGHOL. X ovTd
Bo pog Bondoet 10 yvowotd, oc Oepuelivdes Gewpnua tov 0lokAnpwtikod
Aoyiouod. H anddeitn tov Bewpnpatog avtov otnpiletor oto emduevo Bedpnua, o
onoio pog eocpaliCel v vmapén mapdyovoag pag cuveyobs cuvaptmong f oe éva
dtompa 4.
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OEQPHMA

Av f givon o cuveyng cuvaptnon o€ éva didotnua A kot a givat £vo onpeio Tov A4,
TOTE M CLVAPTNON

F(x)=| F(t)dt, x e A,

givon pua Topdyovoa g f oto 4. Anhadn woydet:

’

(I:f(’)df) = f(x), 1o kabe X € A.

INo mopaderypo
(onnuztdt) =m X Ko (J'lentdt) =Inx.
YXOAIA
® Emontikd T0 GUUTEPUGLLO TOV Toparive Bempnuotog tpokdmtet (Xy. 14) wg e&ng:
x+h y
Fx+h-F(x)=["" f@dr | y=f)
= EpPoadov tov yopiov Q2 | |
[ |
~ f(x)-h, yuo pupé h > 0. ! | i
7, r r | IQI
Apa, yio pukpd h > 0 givon i 1) i i i
F(x+h)-F(x) _ ! n lox
. h ARk ol a x xth  p
onote
F!(x) = klnf(}w = f(x)

® And 10 mopomave Bedpnpa kot To Bedpnpa wo-
paydYLoNG GVVOETNG GLVAPTNONG TPOKVATEL OTL:

(I rwar) = e - '),

pe v mpobmdbeomn 6Tt Ta, YpMoYLoTOLOVEVA COBOAN EYOVV VOTLLAL.
INo moapddetypa,

’

( j lx In tdt) =(nx*)-(x’) =@lnx)3x> =9x’ Inx

OEQPHMA (Ogpeh®ddeg 0cd@pnpo 100 0LOKANPOTIKOY LOYIGHOV)

‘Eoto f o cuveyng ouvaptmon o’ éva dtdotua [a, f]. Av G givor pa tapdyovoo
mg¢ f oo [a, f], tote

[ @t =G(p)-G(a)
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AIIOAEI=ZH

SOpemva e To Tponyovevo Bedpnua, 1 cuvdptnon F(x) = I : f(®)dt eivan pua mopd-

yovoa g forto [a, f]. Enedn kot n G givon pua tapdyovoa g f oto [a, B, Ba vrdpyet
€ € R této10, Gote

G(x) = F(x) +c. (1

Amo mv (1), yia X = a, égovpe G(a) =F(a)+c = jaf(t)dt+c =c, ondte ¢ = G(a).
Emopévac, ’

G(x) = F(x) + G(w),

omoTE, YIo X = f3, £X0vLE

G(B) = F(B)+Gla) =" f(dr+Gla)

Ko apa

[/ rwdr=6(p)-G(a). m

TToA\EG pOpEG, Y10, VO ATAOTIOIGOVLE TIG EKPPAGELS pog, cvpPoriCovpe ™ Swapopd G(B)
- G(a) pe [G(x)]g , OMOTE M 1GOTNTO. TOV TAPATAV® Be®PUATOS YpapeTOL

! rede=1600p =[] reas] |

TNo mopddetypa,

: 2T 9
[Pxde=| 2| =2 =4
| 2| 7272

1

J'; nuxdx = [-0Vvx]; = —ouvz +0ouv0 =2

j Lix = [Inxp = Ine-In1=1,
1 X

E®PAPMOI'H

1. Aiverarn svvapmyon F(x) = IIVtZ— 1dt
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i) Na BpeOei To medio opropov g F.

ii) No peretn0si og mpog T povotovia kot to akpotata n F.

AYEXH
i) H ouvépmon f () =i’ —1 éyet nedio opiopon to cuvoro
(—o0,—1]U[1,+ ).

I va opiletar  F, mpémetl ta dxpa 1, X TOL OAOKANPOUATOS VO 0VI)KOLY GTO {010
ddotnpa Tov Tediov optopod g f. Apa, Tpémet X € [1,+ ), omdTe T0 MESIO OPIGLOD
g F givan to ovvodro [1, + o).

il) o X €[1,+ o) &yovpe:

’

PKx)zUTJFtLﬁ): 1.

Enedn n F eivar cuveyng oto [1,+ ) kot woyvet F'(X) > 0 yw kéBe X € (1,+ ), n

owvaptnon F givar yvnoing avéovoa oto [1,+ o), omdte mapovoidlel eAdyioto O
F(1)=0.

MéEBOooor oroxinpwons

® O TOTOG NG OAOKANPMGNG KOTH TOPAYOVTES Y10 TO OPIGUEVO OLOKANPMLLOL TOIPVEL TN
Hopen

[ rg@an =11 el - [ Fxgma,

omov f’, g’ eivar ocvveyeic ovvaptnoeig oo [a, f].

/2
INo mapdderypio, oG VTOAOYiGOLLLE TO OAOKA PO [ = IO xovvxdx. Exovpe:

| = jom X(Mux)'dx = [anx]g’ - j0”/2(x)’nuxdx

= [xr]ux]”’2 —I:/Zr]Ude

0

/2
0

= [Xnux];’/z +[ouvx]
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® O TOM0g OAOKANPOOTG e OAAAY LETAPANTHG Y10 TO OPIGUEVO OMOKANPOLLO TOpVEL
™ popen

[ reeng s =[" e,

omov f, g’ eivar cuveyeig cvvapmoelg, U = g(x), du = g'(x)dx kot u, = g(a),

u, = g().

e

[Na Tapaderypa, ag vroroyicovpe To olokApoua | = I In_x dx.
1 X

‘Eyxovpe:

I= f In x(In x)'dx

Av B¢covpe U = Inx, tote du = (Inx)'dx, u, = Inl = 0 kar u, = Ine = 1. Emopévag,
1

2
1= .[udu—u :l-
2 2

0

E®PAPMOI'H

Na vroroyi6000v T0 0LOKANPORATA,
2,2 _ 4 +

i) I XAxlae J' Xl j5|x—2|dx.
1 X 1 X 1

AYZH
2 2 _ 2 2 2 2

1) 'Exovpe J. L)Cla’xzj. X+ | Tax— ldx
! by I x Ix I'x

:I: xdx+ji1dx—ﬁ %dx

2T 1 5
{7} +[x] - [Inx]’ =2-2+1-In2=>-In2.

1

x+1 fx ) 12 12
ii) ‘Exovpe j —dx= j —=dx+ J —=dx=| xdx+| xdx
= Gl

X
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[ BT o3

3/2], [1/2],

2—-x, x<2

iii) Emedn | x—2 |:{ , &povue
X

-2, x=>2

Slx—2ldc= [ Q-x)dc+ [ (x=2)dx=|2 .l x225—9 2 9
L|x—| —L( —X) x+L(x—) = x—? 7l+ ?—x —5-1-5—.

2

AXKHXEIY

. No vroloyicete to OAOKANpOLATO

. No anodeitete 6Tt

. No anodeitete 6Tt

. Av n ypagikn Topdotacn g cuvaptnong f diépyetar and to onpeia 4(0,0) kot

. No Bpeite Tig TOpAyDYOVG TOV CLVAPTCEDV

A" OMAAAX

dx

) [ G -2x+ 1

2 2
iii) I:/Z(GUVX—ZI]UX)dX iv) .[1 [x+%) dx.

2 3 1
j x2+7xdx+2j X g3
1 X +5 2

2_[5 S x)dx = (f(B) = (f ().

B(1,1), va Bpeite v Tiun T00 OAOKANPOUATOC _[ f'(x)dx, epdcov n T’ givon
ocuveyng oto [0,1].

) Foo= [ Vi-tat i) F(x) = J rone
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221

. i) Na Bpeite v mopdymyo ™g cuvapmong f(x) = In(x ++/x* +1)
11

o V1+ X2

=)

dx = In(L++/2).

i) Na amodeitete o011 .[

B OMAAAX

1. Av J.Ov tg(t)dt = x* + x° yia x40e X € R, va Bpeite 1o g(1).

X+1
2. Na amodeiEete 0T1 1 cvvaptnon f(x) = I ™" dt etvan otadepn.

axpotata g f.

4. Av F(x)= j: xf()dt, vo. Bpeite v F'(X).

1+t
6710 (0,+ o0) Ko vo Bpeite Tov TOTO TG,

.12
6. No Bpeite 0 £II%ZI22 "J5+idr.

7. No vohoyiceTe 10, OLOKAT PDLLOTOL
zl2

i) J.j\/xji dx ii) L[)np(csvvx+ X)Npx —np(ovvx+x)]dx.

8. Na vrohoyicete T0, OLOKAN pOLOTO
i) J':(xz —|x—1|)dx i) ﬁf(x)dx, av f(x) :{

i) []x*~3x+2|dv.

9. No vrohoyiceTe T0, OLOKAT PDLLOTOL

< [ Inx ol
i —dx i ~d
| % ) fyse

1 > . zl2 5
i) [ xIn(9+x*)d iv) jo e*auv2xdx.

X, —7<x<0
nux, O<x<rx

*2 1 , , . g
3. Av f(x)= jo o dt, va TpocdlopicETE TOL SILCTHUOTO LLOVOTOVIAG KO TO, TOTIIK(,

X ]_ 1Ux l
5. Na amodei&ete 6tim cvvaptnon F(X) = .[ e dt+ I —— dt eivarotabepn
11+ 1
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b4 wl2
10. Av I = IO " xnu’xdx, J = ‘[0 XOLV? XX, Vo, VTOAOYIGETE To OLOKAT D pOTEL
I+J 1-J 1 J
11. 'Eoto pua ovvapmon f pe f” cuveyn kot yio v omoia ioydet

jo”(f (X) + £(x))nuxdx = 2.

Av f(z) =1, pe ™ Ponbeia g orokApwong Kotd TapGyovTes, va VITOAOYi-
oete 10 (0).

12. 'Eotw ot ovvaptioeis f, g, pe 7, 9" ovveyeic oto [a, f]. Av f(a) = g(a) = 0 ko
f(B) = g'(B), va amodeitete Ot

I= J.lf (f(g" ()~ f"(¥)g(x))dx = g (B S(B) - 2(B)).

3.6 OEQPHMA MEXHX TIMHX TOY
OAOKAHPQTIKOY AOT'[EMOY

Me ) PBondeia Tov Bepelddovg BempLOTOG TOV OAOKANPOTIKOD AOYIGHOD UTOPOVLLE,
TOPO, Vo amodei&ovpe 1o mapakdTm Bedpnua o lvatl yvootd o Ocwpnua Méong
Tiung Olokinpwtikod Aoyiouod.

OEQPHMA

Av o ovvapton f eivar ocvveyng oto [a, f], tOte LVIAPYEL EVa, TOLAGYIGTOV,
& e(a,P) térolo, dote

[" reds= r&B-a

AIIOAEIZH

Oempovpe ™ cvvaptnon F(x) = r f(H)dt. H ocvuvaptmon avtn elval Tapaymyiciun 6to
[a, ] ko woyvel F'(X) = f(X). Enopévag, odpupova pe to Bedpnua péong Tyung tov dio-
Qopikov Loylopob vrdpyet & € (a, B) étoto, dote
, F(B)-F(a
Fey - FB-F@)
p-a 1)

Eivot 6pmg,

F'O=1&. FB) = Syt xan F(@) =" f(ydr=0.
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p

j F(t)dt

Emopévemg, n wootnra (1) ypaeetar (&) = "‘ﬂ— 1, 1odvvaypa,
-«
[" sy =r&p-a).m
2XOAIO
[" o

O apBuog (&) === 5o Aéyeton péon Tipun TG

ovvapmong foto [a, B] ko cupPorileton pe f.

Teopetpikd, N HEGH TUY f MGG U1 GPVHTIKHC
ovvapong f oto didotpa [a, f] Tapiotdver To Vyog
Tov opBoymviov wov €xel Bdon to [a, F] kot epPaddv
100 e To guPadov Tov ywpiov 2 ToL TEPIKAEIETOL OO
™ Ypoekn Topdotoon g f, Tov dEova x'x kot Tig
evleieg X = a xar X = S (Zy. 15).

E®APMOIH
‘Eoto 1 ovvaptnon f(x) = Jx . Na Bpebsi & e (0,9) étor dote f(&E)=f.

AYEXH
9 2 3/2 °
— X
R [3 } ,

"Eyovue f =22 = =—=2.
LOVH 9 9 9

Emopévamc, apkel va Bpedei £ € (0,9) étor, dote f(E) =2."Eyovue
f&)=2cJé=2o¢c=4.

Apa, to {nrovpevo & givat to 4.

AXKHXEIY

A" OMAAAX

1. Na Bpeite T péon tipn f ™G ovveyovg ovuvaptnong foto didotua [0,1], av
Siveron 611 j; (f(x)=1)dx =0.




224 3 OAOKAHPQTIKOX AOT'IXMOX

B
2. Avn feivar cuveyng oto [a, B, k otabepd kot _‘- (f(x)—x)dx =0, vo omodei&ete
otin péon tun g foto [a, B] eivor k.

3. No Bpebein péon tiun g petafAntig X oto ddotua [a, A

B OMAAAX

1. Aivovtar ot cuvoptiicelg f(X) =X ko g(x) = iz, oplopéves 6” éva dtdotnua [a,
X

], &> 0. Na vroloyicete 11 T, § ko va amodeifete 11 f-g > 1.

2. H taydmta v Tov aipoatog o’ éva ayyeio < <
aktivag R xou pfxovg /, o amdcToon RLl_ r )_u(r)
—————— o
and tov KevIpkd a&ova Tov ayysiov eivat ; ;
P ) .
U(l”)=4—€(R2—l”2), omov P n Swagpopd A B
n

TEGEMG PeTa D TV Akpov 4, B tov ayyeiov kot N 1o 1EMOEG Tov aipatog (otadepd).
a) No Bpeite mn péon taydrnta tov aipatog, 6tav » €[0, R].

B) Na Bpeite T péyiom) taydTnTo Kot vo T GLYKPIveTe pe ) péon taydTnTo

3. Eocto f wa mepaywyiown oto [0,1] cuvaptnon, pe Ll f(x)dx=f(Q).

No amodeiete 06111 C, £xe1 o, TOLAGYIGTOV, OPLOVTIOL EQATTOUEVT.

3.7 EMBAAON EIIITEAOY XQPIOY

® Ytnv mapdypaeo 4.4 idape 611, av po yA
ovvapmon T givan cuveync og éva diomua [a,
Blxon f(x) >0y kdbe X € [, B], TOTE TO EPPar-
d6Vv 10V Ywpilov L2 mov opileTat omd TN YPAUPIKN
noapdotoaon g f, Tig evbeieg X = a, X = f kot Tov
a&ova x'x (Zy. 16) etvon

E@) =" f(xdx
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INo mapddetypa, to nPfaddv Tov ywpiov mov Tepkheietal

and ™ ypaeikny topdotoon g f(x) = Jx, Tov a&ova
x'x ko Tig evbeieg X =0, X =1 (Zy. 17) elvon ico pe

J: Jxdx = Iol xdx = [% X

1
/2:| _2
0

2
3

y

A

y=+x

o

v=

I
I
I
|
1

® 'Eoto, Thpa, Svo cvvapthoels T ko g, cuveyeic oto didotnpa [a, ] pe f(x) > g(x) >0
v k@be X €[a, B] xar Q 10 ywpio mov mepikheicTar oamd TIg YPAPIKESG TOPACTAGELS TRV T,

g kot 11 gvbeiec X = a ko X = B (Zy. 18a).
i i
y=/(x) y=/(x)
e | | y=g(x)
I I i 2 : | |
y=g(x) a2
O| « g x O «a p x O a /Ii X
(@) )] »

ITapatnpovpue 611

E(@) = E(@)~E(@)= [ fds—[ g(x)dr = [ (£(x)- gk

Enopévac,

E(2) = [ (100 -g()x

INo mapdaderypa, o epPfadov tov ywpiov 2 mov
nepuheieTar amd Tig YpapikKés mapacTAGEL TOV

cuvopticeny f(X) =—Xx+2 ko g(x) = X* (Zy.

19) etvan ioo pe:

E(@Q) = [ [/ ()~ g@)dx
= J:lz (=x+2—x")dx

2 37!
—X—+2x—X—
2 3 N

)

N | o

dl

I 2

I y=x

:

I

]

I

I

I

|

I

: Q

]

i : y=—x+2

| |

1 I >
-2 0 1 N X
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® O tomog (1) Ppébnke pe v npovimdBeon ot
(1) f(x) = g(x) yio kdbe X €[ex, ] ko
(i) ot f, g eivon un apvntikég oto [a, A

Oa anodeifovpe, TOpa, 6Tt 0 TOTOG (1) woyvel Kot yopig tnv vodbeon (ii). [Ipdypartt,
emedn ot cvvaptioelg f, g eivar cuveyeic oto [a, £, Ba vadpyet apBpdg ¢ e R této10G
wote f(x)+c¢>g(x)+c¢ >0,y kabe X €[a, B]. Eivar pavepd 611 10 yopio 2 (Zy. 20a)
€xe1 1o 1010 epPadov pe to yopio Q' (Zyx. 20P).

v v
i Q l
! w é i
i 0 : I y=g(x)tc |
| A | -
‘ \2/\/ poo ¢ ¢ poo
r=g(x)
(@) B

Enopévacg, cbpomva pe tov tomo (1), £yovpe:

E(2)=E(@) = [ (/) +0)~(g()+ )y = [ (£(x) - g
Apa,

E@) =" (f()-g()dx

® Mze 1) Bonfsto Tov TPONYOVLUEVOL THTOV UTOPOVLLE VO VTTOAOYIGOVLE TO EUPAdOY TOVL
yopiov Q mov nepkieieTat and Tov dEova x'x, T

YPOIKN TAPAOTAGT] [log cuVapTHoNG g, ue g(X) <0 7 @
v kG0e X € [o, B ko tig evbeiec X = a ko X = f (Zy.

21). Mpdypartt, emedn o dovog x'x givar 1 ypopikn a
napdaotacn e cvvapmong f(x) =0, égovue i
I
I
I

E@) = (f(x)- g(x))dx

= | g0l = g(xax. /\/y:g(x)

Enopévag, av yia e suvaptnon g woydet g9(x) <0 ya kébe X €[, B], t61e

E(Q) = —jfg(x)dx
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INo mapdadetypa, to epPfaddv Tov yopiov 2 g
TOL TEPUKAELIETAL OO TN YPAPIKT TOPACTACT|
e g(x) = x> — 1 ko Tov dEova x'x (Zy. 22)
etvat oo pe
o

E(Q)= {1 (x* —1)dx = j‘l (1—x%)dx 4&/1 s

1 4 -1
= | X——1] =—.
3], 3

® Otav n dopopd f(x) —g(x) dev dwatnpei
otafepd TPOGNLUO GTO [0,f], ONWG GTO TyNua
23, 161€ 10 gUPaddv ToV Ywpiov 2 wov
TEPIKAEIETOL QIO TIG YPUPIKES TAPUCTACELS

tov f, g ka1 tig gvbeieg X = a ko X = f givon
100 e To dfpotopa TV eUPadmv TV yopiny
Q,, Q, xon Q,. Anhady,

E(Q)=E(Q)+E(@Q,)+E(Q,)
= - gdr +] ()= feNa+ [ (f(x)- gl
=1 =g ldv+ [ /(0 -g ) | de+ [ /() - g(x) | di

=["1700)-g(x) | dx

y
Emopévac, j
B - ,1 : — >
E(@)=[,1()-9(x)]dx o 1 &
oV Ywpiov 2 oV TEPKAEiETUL OO TIC YPOUPUKEG
Topacticelg Tmv cuvoptiosnv f(X) = X%, g(x) = x y=x

Kot Tig evfeleg X = — 2, X =1. (Zy. 24).

y=x
Apykd Bpickovpe Tig pileg Kot T0 TPOGNLO TNG

dwapopdg f(x)—g(x) oto didotua [-2, 1].

Eneidn

2
|
i
INa mopddetypa, ag vroloyicovpue to guPadov |
|
|
|
|
|
|
|
|
|
|
|
|
|
i
f(X)-gX) =x*=x=x(x*=1) =x(x = 1)(x + 1), |
|

|
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éyovpe Tov axdAovBo mivaka:

X -2 -1
f(x)—g(x) - 0 + 0 - 0

Aopfavovtag, Tdpa, VITOYT TOV TOPATAV® TIVOKOL, EXOVLE

E@)=[ | f@)-g@ =] (g@) - f)dx+]" (/(x)~ (el + [ (g(x) = f (x)ex

=j:(x—x3)dx+jj(x3 —x)dx+j0‘(x—x3)dx
o Ix T e T 1
:{T_TL{T_TL{T_TL:T
YXOAIO

B
Zhueova pe To Topamdve o J £ (x)dx givon y @

100 pe T0 GOpotopa TV EUPAdDY TOV YOPimY i

7oL Ppickovtal Tdve amnd Tov aEova x v peiov 5 L =
70 GOpoicpo TV EUPAdDY TOV Y®PI®Y TOVL \\_/ \..'
Bpiokovtat kdtw omd tov aEova x'x (Xy. 25)

E®PAPMOI'EY

1. Ne Ppedei to epPfadov Tov yopiov 2 wov TEpKAEIETON ATTO TIS YPUPIKES TOPUGTAGELS
TV ovvaptiosv f(X) =npux, g(X) = covx ko Tig £00sieg X = 0 ko X = 27.

AYZH
Apywd Bplokovpe tig pileg kot to mpdonpo  y _
™mg dapopds f(X) — g(x) oto didotnpa [0, il
27]. Tto Sthotnpo ouTd £YOVHE ! © Su/4 /-E x
f(X) = g(X) < npx = GovX o w4 \\></2
Sepx =1 y=cuvx
T St
SX==p x=22
4N x 4
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Emopévag, yio to mpdonpo g dapopds f(X) — g(x) = nux — cuvx égovpe tov axdlovbo
mivoka:

5
X 0 % Tﬂ 2
f(x)—g(x) - 0 + 0 -

Aopfavovtag, Tdpa, VITOYN TOV TIVOKO AVTOV, £XOVLLE
2r
E(Q) =[] f(x)-g(x) | d
= Im (—Mux 4+ cvvx)dx + ISM (Mux —ovvx)dx + J.ZH (—Mux + cvvx)dx
0 /4 sx/4

Sr/4 27

14 4 [—oovx —nux 7 +[ovvx +nux 7,

=[oovx +nux] 0

=2-1+22+1+2 =42,

2. Na Ppedei To epPadév Tov ywpiov Tov TEPIKAEIETAL GO TN YPUPIKY] TOPACTOC
g f(X)=Inx, Tov dova TV X ke TV epantopévy ¢ C, oto onpeio A(e, 1).
AYZH

H ekicwon g epantopévng mg C, 610 onueio y T @
Ale, 1) givon

ey-1=f'(e)(x-e). (1) T

Enedn f'(x)=(nx)" = l, éyovpe f'(e) = l
X e
Emopévag, n (1) ypaoeetot:

1 1
y-l=—(x-e) o y=—x. y=Inx
e e

To {ntovpevo eufadov E eivat ico pe to epfadov tov tprydvou peiov to eppaddv Tov ympiov
mov opiletat amd ™ C, tov dfova xx ko T1g gubeieg X = 1 ko X = e, SnAodn

e e 2 7]¢ ¢
E:j lxdx—j In xdx = 1x —([Xlnx]le_j xldxj
0 e 1 e?2 0 X

35 i B -2

N 2
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3. Na vroroyiotei To epfadév E Tov kKukhikoo dickov X + Yy’ = p’.

AYXH
To nuikvxiio C, eivar ypagikn mopdoTtocn e y
GLVAPTNONG P —
y=4p'—x
f(x):\lpz_xza xe[_PaP], (Cl)
E
aeov Yoy > 0 givan p ' o
1 0 T X
x2+y2=p2<:>y= [pz_xz' \\ /,
\ /()
N 7
Av E| givat o guPaddv Tov nuikvkiiov, tote £ = ~~d -
—p

2E,. Emeidn f(x) > 0 yio kébe X €[—p, p], éxovpe

E, :J-i\/pz—xzdx. Q)

X
Enedn —p < X< p, épovpe —1< — <1 Emopévac, vrdpyet 0 € [—%,%} 11010, OOTE
p

X
—=npo. @
Yo

‘Etot, épovpe X = pnpd, 6 € [—%,%} , onote dX = powvhdl. Emmdéov, yuo X = — p ivar

0= —% Koyl X = p givae 0 = % . Emopévac,

= jm P’ = p o - poovdo = p* '[
! —xl2 -

w2

/2«/1—nu29~cvv9d6’

72 w2
= pzj.i /2\/01)\/249 -owl@dh=p’ J., /zcuvzﬁdé’ (Eme1dn ouv6 > 0)

E

2 1+ guv20 0 20"
2 _ A2 2 =
ol 2 da_p{f 4 2

-mi2

Apa E=2E = mp°.

2 2
Me tov {810 Tpomo amoderkviovpe 6L 0 ePPadov ™G EMAEWMG —5 + y—z =1 eivarico pe wop.
o
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AXKHXEIY

A" OMAAAX

1. No vroloyicete T0 eUPAdOV TOV Y®PIOL TOL TEPIKAEIETOL OO TN YPAPIKT| TOPAGTACT|
g ouvaptnong f(X) = x> — 2x + 3, Tig gubsiec X = 0, X = 2 KoL TOV GEOVa TOV X.

2. No vroAoyicete 10 gUPodOV TOL Y®PIOL TOV TEPIKAEIETAL OO T YPOPIKT TOPAGTOCT
¢ ovvaptnong f, tov GEova tov X kot Tig evbeieg mov divovtan kGO popd:
1

i) £(x)=x,x=0,x=27 i) f(X)=———,x=0, x=".
oLV X 3

3. Noa vroloyicete To eufaddv TOL Y®PIOL TOL TEPIKAEIETOL OO T YPAPIKT TAPAGTUCT
g suvaptnong f(X) = X — 3X kot Tov GEOVa TV X.

4. Noa vroloyicete 10 eufaddv Tov yopiov mov mepikieieTal and TIG YPUPIKEG
nopactioels Tov suvapmoeav f(X) = X kot g(x) = 2x — X%

5. No vroAoyicete 10 gUPodOV TOL Y®PIOL TOV TEPIKAEIETOL OO T1| YPAPIKT TOPACTOCT
g ouvaptnong F(X) =4 —x* kar v evbeio X —y —2 = 0.

B  OMAAAX
1. ‘Eoto 1 cuvaptnon f(X) = 3x°
i) Na Bpeite v e&icwon g epantopévng g C, oto onpeio g A(1, 3).

ii) Na vroioyicete t0 eufaddv Tov y@piov TOV TEPIKAEIETAL OO TN YPOPIKY|
napdotoon g f, v gpamtopévn g oto 4 Kkat Tov GEova TV X.

2. No vroroyicete o elfaddv ToL y®pIiov TOL TEPIKAEIETOL IO T YPAPIKT TOPACTOON

—x*+3 , x<lI

2\/; , x=>1

, TG evbeieg X = — 1, X = 2 ko Tov G&ovo TV X.

mg f(x) ={

3. No Bpeite 10 gufadov ToL y0piov TOL TEPIKAEIETOL TS TN YPUPIKN TOPAGTOCT

—x*+4x-3 , x<2 ,
Kot Tov dEova TV X.

g ouvapmong f(x) = {—Zx iy 59
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4. No vroloyicete 10 eufaddév Tov yopiov mov mepikAeieTal and TIG YPUPIKEG
TOPACTAGELS TOV GUVOPTICEDV

f(x)=+x-1 ko g(x) :xTH.

5. 1) Na vroloyicete 1o epfadov, E(4), Tov yopiov mov mepikAgietol amd Tig ypopt-

p ; ; e ,
KEC TOPAOTAGELS TV cuvaptnoewV f(x) = —, g(x) = Inx, tov d&ova tmv X kat
v evbeion X =4, 1> e. x

il) Na Bpeite 0 6p1o Alim E(R).

y /y=3* 4
6. No vroAioyioete to epufaddv Tov

YPOHUOGKLOGUEVOD YOPiov TOV y=3
SumhavoL cyNUaToGC.

I
I

I

I

I

I

I

I

I

I

I
L
3

yl

7. No vrnoAioyicete to eufaddv Tov
YPOUUOCKIAGHEVOD Ywpiov Tov
SumAavobd GYNUATOG.

=v

(s
N
)
L




3 OAOKAHPQTIKOX AOT'IXMOX

8.

10.

11.

12.

Aivetonn cuvaptnon f(X) =mnux

i) Na Bpeite 115 e§lomoelg tov
gpantopévev g C, ota onpeia O(0,
0) xar A(x, 0).

i1) Na Bpeite 10 epPfadov tov ympiov .
oL TEPIKAElETOL ATTO TN YPOUPIKN 0(0,0) A(0) >
napdotaon g f kot 1ig epamtdpeveg ’ ’ \
ota onueio O kot 4.

. 1) No vroAoyicete to gufaddv Tov YmPIiov OV TEPIKAEIETAL OO TN YPOPIKN

TopdoTocn TG cvvaptnong f(x) = Jx, mv gpamtopevn g oto onpeio (1,
1) ka1 Tov GEova TeV X.

i1) No Bpeite v evbeio X = a, N omoia ympilel 10 ympio ovTd 6€ dVO 1GEUPASIKA
xopia.

Noa vroioyicete 10 euPadov TOV YOPIOV TOV TEPIKAEIETOL ATO TIG YPAUPIKEG
1

nopaotdoelg Tamv cuvaptoenv f(X) =Inx, g(x) =In— kot gvbeioy = In2.
X

1) Na Bpeite cvovaptnon f g omoiog n ypagikn napdctoon diépyetal omd To
onueio 4(0,2) xou 1 khion tng oo onueio M(X, f (X)) sivan 2x — 3.

ii) Iow etvar o euPaddv Tov yopiov mov opilovv n C, xou 0 GEovag Twv X.

‘Eoto n ovuvaptnon f(x) = (x —1)(x - 3).

1) Na Bpeite 11¢ e£l0DOEIC TOV EPOTTOUEVOV TG YPOPIKNG Topdotacng tng f
oto onpeio 4, B wov 1 C, téuvet tov dEova tov X.

i) Av I"etvou To onpeio Topng tov epomtopévay, vo arnodeibete 6tim C, ywpilet

2
10 Tpiy@vo ABI g dH0 ywpio TOV 0 AOYOG T®V EUPASDY TOVS Eivart <

233
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I'ENIKEY AXKHYEIY

I'" OMAAAX

1. 1) No ypnoonomGETE TV AVTIKOTACTOOT U = 77 — X Y10, VO, 0t0dei&eTe OTL

.[0” xf (nux)dx = %J: f (Mpx)dx

WX gy

ii) No vroAoyicete T0 OAOKANp@LLL j 5
o 3+MUX

dx

1/2
2. 1) Na vrmoloyicete To olokAnpoUA I T
o X'~

/2

i1) No vtoAoyicete T0 OAOKANp@LLQL j —dx.
23 MUX

3. No vroloyicete T0 OAOKANpOLLOL

j S S—
U+ (u+2)

KOLL GTT) GUVEYELD, TO OMOKAN PO LLOLTOL:

X

) J’ _ OWX i i) J.%dx
(Mpx +D(Mpx+2) (e +1)(e* +2)

1 t2v+l

4. Av |, :j ——dt,veN,
ol+t

1) No vroroyicete to aOpowopal +1 ,,ve N

ii) Na vroroyicete Ta odokdnpaopoata ly, 1, 1,

5. Av n ovwvaptmon f eivar cuveyng oto R, va amodei&ete Ot

jo F(u)(x —u)du = jo( jo f(t)dt)du.

6. Atveronm cvvdptnon F(x) = Lx f(®dt, omov f(t)= ‘Ll Nu* —1du.
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i) Na Bpeite to nedio opiopod tov cuvapticenv f kot F.

ii) Na amodei&ete 0ti 1 F givar yvnoimg adéovoa kat kupt.

7. Atvovtot Ta. oAoKANpdLaTa
F(x)= IOX e'ouv’tdt kou G(x) = _[ox e'nu’tdt, x e R.
1) Na vmoAoyicete Ta oAoKANpOLOTO
F(x) + G(X) xat F(X) — G(X)
Kot 6T cuvExela Ta ohokAnpopato F(X) kot G(X).
ii) No vroAoyicete o olokAnpdOLOTO

I :J.Z”e‘cmvztdt Ko J :J‘Zﬂetnpztdt.

8. To ywpio mov mepikieicTor amd T Ypagikn napdotacn g cvvaptnong f(x)
=X’ + 1 ko v gvBsia y = 5 yopiletor amd v svbeiay = o’ + 1, a > 0, o& d00

toepupadikd yopio. Na Bpeite v tiun tov o.

9. 1) Na Bpebeito epPaddv E(L) Tov ympiov mov nepucheietal omd ) ypopikh mapdotaon
1
™G cvvapmnong f(x) = —, Tov dEova tov X kot 11g evbeieg X = 1, X =4, 4> 0.

ii) No Bpebovv ot typég tov 4 €161, wote E(A) = >

iii) Na. Bpefodv ta 1113(1) E(4) xon llim E(A).
10. 'Eoto f, g 600 cuvaptioeig ouveyeic oto [a, f]. Na amodeifete Otu:

B B
i) Av f(x) > g(x) ywkdbe X €[a, B], t0TE j f(x)dx > J g(x)dx.

il) Av mn ghdyot kor M n péyiom tiun mg f oto [a, B], tote
B
m(B-a)< [ f(x)dx < M(B-a)

iii) Me ) Bonfeta g avicdTog €pX > X Yo Kabe X € [O,%j , va. amodeitete

otn ovvapmnon f(x)= il , Xe (0,%) etva yvynoiong edivovsa kot o
X

GuVvEELD va amodeitete OTL
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o) ﬂgﬂgi Y kéOe Xe[z,z} Kot
2z X 7z 6 3

/3
[5) £< .[ de< l
4 a /6 X a 2
iv) Na arodeiete 6t1 M cuvaptmon f(x) = e giva yvnoiong pdivovca cto
[0,+ o) Ko oTn cLVEYKELD, pE T Pondeta TG avicotnTag e” > 1+ x yio kéOe
X € R, va amodei&ete OtU:

@) 1-x* <e™ <1ywkéde xe[0,1] kar

2 1 2
B) ggjoe de<1.

EPQTHXYEIY KATANOHXHY

L.

Y& KoOgpd 0o TIG TAPUKATO TEPITTMGELS VO KUKADGETE TO YPARIA A, 0V 0 16YVPL-
onog ivar oAn 01 ko To ypappa W, av 0 16uPIGHOg EIVOL YV OTKOLOAOYDVTOG
GUYYPOVOS TNV UTAVTI|GT] GOC.

1. Toyoe [ (f(x)+g(dr = [ fx)de+ [ g A v
2. Toyper [ ’3 S(0)-g()dx = | ﬁ F(x)dx- j” 2(x)dx A v
3. Ava=p,16t [ f(x)dr=0. A y

4. Av Jf f(x)dx =0, tote Kat’ avaykn Oa ivon F(X) =0y

kabe x €[a, B]. A v

5. Av f(x)>0 ywo kéOe Xe[a,ﬁ],térsjff(x)dxzo. A ¥
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6. Av Iﬂ f(x)dx >0, tote Kat’ avaykn Oa givor f(x) =0

vy kabe X €la, f]. A b
7. J._a (x* +1)dx < J._a (x* +x7 +1)dx, Y1 k66 o > 0. A £
zl4 2 zl4

8. Io In(l—nu“x)dx = ZJ‘O In ouvxdx. A b4

9. [ f(0)dx=xf ()~ [ f (x)dx. A ¥

10. [ Inxdx = [inot. A ¥

1 e t

1. AV [ (f(x)~D)dv =0 tote T =1. A y
12. Avjﬁf(x)dx:O, tote f(&) =0y kémowo & € (a, B). A v

13. Av jp f(x)dx=0xoun f dev eivor Tavtod undév oo [a, £,

tote 1 fraipvel dvo, ToLAGYIGTOV, ETEPOCTLEG TULES. A b d

14. To oAoxAnpopia J-ll (x* = x)dx mapioTavel 1o epPaddv Tov
Y®PLOL TOV TEPIKAEIETAL ATTO TN YPAPIKY TAPAGTACT
e ouvaptnong f(X) = x° — X kot Tov GEova TV X. A b4

II.
Yg Kofgmd oo TIC TOPIKATO TEPITTAOGELS VU KUKAMDGETE T1] 6MGTI andvinon
1. Av f'(X) = nuax xae F(0) = 0, t6te t0 (1) 1I000TOM PIE
1 2

A -1, B) L, r) =2, n 2,
T T T T
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2. To ohoxMpopa J'% dx oto (4,+ ) eivon ico pe
—X
A)In(4—x) +c, B) - In(4 —x) +c,

I In(x-4) +c, A)—In(x-4) +c.

1 2
3. To oloxAnpopo j(x—;) dX o710 (0,+00) eivan ico pe

1)3
0 ) N T

3
_ 3 3
I) MH, A) x__l_2x+c,
3 3 x

4. To ohoxApmuaL I 11 x* —1|dx givon ioo pe

4 4 2
A ) B 0, r ==y A =, E —
) 3 ) ) 5 ) 3 )
5. To oloxkApopa Jln xdx eivon ico e
1 In® x In’ x
A) —+c, B) +c, ) x(Inx—1) +c, A) +c.
X

6. 'Eoto f, g dvo mopaywyiciueg cuvaptioelg e ouveyeic mapaydyovg oo [a, £].

Av f(x)< g(x) yikdbe X € [a, B], 1ot€ KOT’ avirykn Oo 1oyvEL:
A) f'(0) < g'(x), xe[a, Bl B) [ f(dc <[ g(xd

D) [fdr<[g@)ds. xelapl. A [ f@)ds< [ g(x)a.
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7. To epPaddv Tov YPALLOCKIAGHEVOD Y®PIov
TOV SmAAVOL GYNULATOG Elvat 16O e

A) jz f(D)dx, B) jj f(x)dx.

9. ‘Ect® n cuvdpmon F(x) = J-lx f(¢)dt émov f
1 GLVAPTNOT TOL SUTAOVOD Gy LaToG. Tote
nF'(1) etvon ion pe

A0, B, D2 AL
2

10. "Eoto 1 cuvaptnon f tov duthavod oynuotog.
Av
E(Q)=2,E(Q,)=1 xu E(Q,)=3
TOTE TO jé f(x)dx gtvon too pe
A) 6, a B) 4, )4,
A) 0, E)2.

11. "Eot® 1 ouvépmnon F(x) = .[0‘ f(@)dt, 6mov f

1 GLVAPTNOT TOL SUTAaVOD Gy LoToG. Tote
A) F(x) =,

2x, 0<x<l1

B) F(x):{ 5

2, 1<x

2 <
r) F(x)={x s 0_x<l’

2x, 1<x

Y
A e

-

O [\ f@de= [ fdv, ) [ f@de+ [ f(xde.

8. Av f'(X) = g'(X) yw k6be X € [-1,1] kan f(0) = g(0) + 2, t61€ Y1 kGO X € [—1,1]

1oYVEL:
A) £(x) =902, B) [ (/(x)-g(x))dr=4.
I f(x)<g(x), Xe[-L1] A) 0t C,, C,_ éxovv kowo anueio oo [-1, 1].

19) 5\

H_______
w2
=

—_— 2

X2, 0<x<l1

2x—1, 1<x
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I11.

1. ITotwo amd To TOPUKAT® GYNLLOTE OVTITPOCMTEVEL TN YPOUPLKY TOPEOTACT| [LLOG
Adong g drapopikng e&iocwong Xy’ =Y, pe X, y > 0.

y 1

/

(@) / x /
%) X OT X
(A) (B) )
/
y
y
o X
o X
(A) (E)
2. TToto amd To TOPAKAT® OAOKANPOUAT EIVOL KAADG OPLGLEVAL;
11 /2 z
A) Lmdx, B) jo nuxdx, I IO gpxdx
11
&) [ Inxdx, B) [ V1-xdx, Z)J ——dx
0 0 0o X+

3. No gvronicete 10 AAO0G OTIC TAPAKAT® TPAEELS:

jldx:j(x)'ldx: X
X X X

1

zl_jx[_x_z)dx

=1+ jl dx.
X

Apa J.ldX=l+'[£dx, ondte 0= 1!
X X

1

e
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4. No gvtomicete 10 AAO0G 0TI TAPAKAT® TPAEELS

1 1
I=J lzdx=j L (—iz]du
11+ X —11+i u

UZ

Yl . 1 1
=—‘[7 5 du=—|.(®80au8x=; onoradx=—u—2du).

11+u
Apa | =—1omote | = 0. Avtd, dpmg, etvor dTomo, apov
1
| = j L x>0,
a1+ X
emEN > >0 yakabe xe[-L1].
+ X
5. Bewpolpe ™ cuvdpTnon bz Cr
x dSessssssosos
F(x)= jo F(0)dt> |
- |
omov f n ovvaptnon tov durhavov oyfuoatoc. No . !
GUUTANPDOCETE TO, TOPAKAT® KEVA. Lo !
o 2 3 4 6

F@o)=L], F) =], FE)=1], F@)=L1, Fe6)=L].
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I2XTOPIKO 2XHMEIQMA

Apyikn covaptyon - Aopieto oLokinpwua

H avtovont onpocio tov tpofAndtov Tov GuVIEOVTOL LLE TOV VTOAOYIGHO EUPfaddY
Ko ot 1daitepeg SLGKOAIES OV TAPOVSTALOVY, 03 YNGAV TOVG LAONLATIKOVS 0T TNV
APYOLOTITO. OTHV EMVONOT YEVIKOV HEBOd®V pETpNoNg eUPaddv, WO10iTEPA ETPAVELDY
mov meptkAeiovton amod kapmores. Kabopiotikn oto {Rtnpa avtd vpée n cupBoin
tov apyaiov EAMvev kat waitepa tov Apypndn. Ot 1déeg Tov Apyyndn Tave
670 TPOPAN U Tov gpPadov vepEay N apeTnpia TG dNULOVPYING TOL GVYYPOVOL
OAOKANPOTIKOY A0YIGLOD. XapUKTNPIOTIKO TOPAOELYLLO, OTOTEAEL O TPOTOG VITOAOYIGLLOV
oL eUPadod Hog EMPAVELNG TOV TEPIKAEIETOL OO Eval TUN IO TAPAPOANG Kot Eval
gvBvYpappo Tppa (TapaBoiikd ywpio).

‘Eoto éva mapafoiikd ympio
pe Béon AB kot kopven O (to
omnuelo e mapafoAng mov Exet
T HEYLoTN amdoTOc amd ™
Paon). O Apywndng, pépvovag
TG Y0pdég OA xar OB, dnpiovp-
vel dvo véa mapaforikd yopia
pe Baoeg OA, OB kot KOPLPES
0,, O, avticTotyo. XTn GUVEYELD,
APNOULOTOLDVTOG YEMUETPIKES
1316t TEC TG TTOpPAPOANG,
OTOJEUKVVEL OTL Y10l TOL EUPadE
TV P10V Tptydvev OAB, 0,40 ka O,B0 1oydein oxéon

(04B) =4[(0,40) + (0,BO)]. )
Yvveyilovrag v dta dradtkacio oo véa Tapaoikd ympia, Bpickel 6Tt
(0,40)=4[(0,40,) + (0,0,0)] ()
Ko
(0,B0)=4[(0,0,0) + (0,B0,)] ©)]

Me tov 1pdmo awtd, 10 pPaddv E tov mapafoiikol yopiov puropei va Tpoceyytotel
(“e&avtAnBel”) amod éva Opotopa eUPaddV EYYEYPOLLEVOV TPLYOVOV OG EENG:

E =(04B) +[(0,40)) + (0,0,0)] + [(040,) + (0,0,0)] + [(0O,0,0) + (OBO,)] + ...

= (OAB)+%(0AB) + i(OlAO) + %(0230) ‘oo
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=(OAB) +~ (OAB)+ [(0 A0)+(0,BO)]+

=(0AB)+~ (OAB)+[ j (OAB)+---

Onwg eivat povepd, Tpokettat yio 1o dfpoicpo tov (areipmv) ()pmv pog ebivovcog

YEOUETPIKNG TPOOSOV pE TPDTO Opo T0 o = (OAB) ko Adyo A =—. To dOpoiopa
avtd diveton onpepa amd o Yvmotd THTO 4

a (OAB) 4(OAB)
-1 l—l
4

To guPfaddv Aomdy tov Tapafoiikod ympiov givatl ico pe ta % oV gpnfadod
70V TPLydVoL oV opilovv Ta dkpa g fhong kat 1 kopven ¢ Tapapornc”

Orwg ot mpofANuaTe 0KpoTaT®Y Kol EPATTOUEVMY ETGL KO 0TO TPOSANUA TOD EUS000D,
01 10éeg TV apyaiwv EAAvov yvaopioay mopomépo. eCEMEN peta tny avamtoln e
Alyefpag Kar Ty epapuoyn e o€ YEMUETPIKG TPOPARuOTA. 2T d1dpKeLo. To 1700
a1V, 010miaT@OnKe 0T 0 DTOLOYIOUOS TV EUPAODY UTOPEL VoL YIVEL LLE 10, OLOOIKATLC
aVTIoTPOYN TPOG OVTHY THS TOPAYDYLONG.

Opiouévo oroxinpwpa - H évvoila tov gufiadov

XapaktnploTikd mapadetypa e véag nebodov avtipnet®dmions TpofAnpdtoy
VTOAOYIGHOV gUPaddv Katd Tov 170 atdva amotelel 0 TpOTOG Le TOV 0moio o J.
Wallis avardivye 1o 1655 po véa avaAvtikn Ekepoot Yo o epfaddv Tov KhkAov
Kot Tov aptiuo 7.

O H Sarvmoon 6o £pyo tov Apyidn “Tetpoyovicpoc opfoymviov kdvov Topic” sivat: “mov Tud-
po TEPLEXOHEVOV VIO gvbelng Kot 0pBoy®VIOL KOVOL TOWAG EMITPLTOV EGTL TOV TPLYOVOL TOV BAGY
£YOVTOG TAV OVTAV Kot VYOG iGov Te THANaTL”. O Apytunong oty TpaypoTikoTnTo. EpYAcTNKE Alyo
SLPOPETIKE OTOPEVYOVTAG TNV EVVOLOL TOV OTEIPOV, ¥PNCLULOTOINGE TETEPUGHEVO TANOOG OPOV TOV

TOPATAVE aOpoicpatog kot £0e1&e 0TL To (Tovpevo epfadd wwovTal e g (OAB) anoxAeiovtag (pe

OOy YT GE ATOTO) TIG TEPUTTMGELS VAL efvar LeyaldTEPO N LIKPOTEPO A OVTO.




244 3 OAOKAHPQTIKOX AOT'IXMOX

O Wallis Bedpnoe éva npucdkAto
dapétpov 4B = 2R, ydpioe v
aktiva tov OB o¢ {oa Tunpata
unkovg a kot and Kabe onpueio
dlaipeong vymoe o kaBetn (PA.
oynua). Onwg eival yvootd omd
Vv Evkieidetlo yeopetpia, kabe
pio oo avTéc Tig Kabeteg elvat o
péon avaroyn t@v 00 TUNUGTOV 4 R O I E 0O B
610 omoia yopilet tn didpeTpo AB.

IL.y., yio v kaBetn 14, Tov glval VYOS TPOG TNV LILOTEIVOVGO TOV 0pBoy®Viov
TpLry®vov A4A4B, 1oy0et

IN=AI TB=R+a)R-a)=R*—d’

M. I'A=+/R* —a®. Opota mpoxvnter EZ =+R* —4a®, HO =+R* —9a” x.0.x.
AoV vtoAhdyioe pe Tov TpOTo aVTO OAES TG (Temepacévov TABovg) kibeteg mov
“eEavtAodv” o tetaptnudplo OMB, o Wallis mpaypotonoince o “petdpoon cto
Amepo’ e ToV EENG CLAAOYIOUO:

“0 Loyog tov abpoiouatog OAwv avt@v TV KabETwY TPOS T0 dbpoioua TwV UEY-
0TV TV TOVG (0NA. TWV aKTIVOY) EIVOL 010G 1UE TO AOYO TOV TETOPTHUOPIOD (TO
omoio “elavtlovv” avTé 01 KAOETES) TPOGS TO TETPAYWVO e TAEVPA TV AKTIVE (ONA.
70 TETPAywvo OMAB, 1o omoio “elovtiovv” o1 axTives-mpoEKTaTels TV KabEtwy) .

Awtonopévo og GVUPoALKT YADGGA, TO cupmépacia ovtd tov Wallis yivetot
4

JR? =02 + VR* > +VR> —4a’ +--- _ tetopmpoplo(OMB) 4 oz
R+R+R+--- wphiovo(OMAB) B 4 O

7R?

Av16 10 piypo 'eoperpiog, AlyeBpog Kot “TpoTOYOVOL” amTELPOGTIKOD AOYIGHLOV,
1G00VVALEL OVGLAGTIKA LLE TN GUYYPOVN GYEom

[V

Hpéypott, ov Oempioovpe R = 1 (5. To povadioio kbkho X* +y* = 1) ko Stonpécovpe

v axtiva (nA. to dtdotnpa [0,1] oe v ica Tufpata pKovg to kabéva 1 , TOTE TO
TPOTO PLEAOG TG Tponyodevns iodtntog (1) yiveton v

WA

A6 6p®G 6mg Ba doVLLE TOPUKAT® EIVOL TO KATMOTEPO AOPOICLLA TG GUVAPTNONG

f(x) =~1-x" (mov mpokvmTel omd T €&IGMOT TOL KOKAOV), MG TPOG TNV TPOTYOVHEVT
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dwapépton tov dractnpotog [0,1], kot To 6pod Tov 6TaV v —> +o0, gfvar T0
1
jo V1-x?dx.

H évvota tov ohokAnpdpotog, 0nmg Kot ot GAAES BepeMdIELS EVVOLEG TNG aVAAVGTG,
£YLVOV OVTIKEILEVO GUOTNUATIKNG KPLTIKNG KOl OPIGTNKAY [LE AOYIKT QUGTNPOTNTA
o1 dtdpketo Tov 190v adva. H €vvolo Tov 0AOKANP®LOTOG TTOV YPNCIULOTOLOVLLE

B
OoNUEPO GTO GYOAELD, oTNpileTon 6TOV ETOUEVO OPIoUO TOV GLUBOAOL I f(x)dx mov
é0woe o B. Riemann 1o 1854:

“Oewpodue pua axolovlio iy x,, X,, ..., X, mov fpiokoviou avaueoo ota o kol ff

X
KT oe1pa ueyéBoug Ko cvufolilovue xeprv GOVIOUIAS T0 X, —0 UE O, TO X, —X, UE O,,
... 10 f—x,_, e 0, kou T yvijoia Oetika kidoporo e €;. Tote n tiun tov aldpoiouorog

S=0,f(a+¢0,) +9,f(x, +e09,) +,f(X, +e,0,) + ... +0,f(X_, +¢e0)
Oa. éaptarar amd TV EKAOYH TV OLACTHUATOV J; KOL TV TOCOTHTWY &, AV Exel Ty
1010TNTO, AVECOPTHTMS THS EKAOYHGS TWV J; Kou €;, Vo TelVeL Tpog éva otabgpo opio A
Ka0S 6A00 T O, YIVOVTOL OTEIPOEAGYIOTO, TOTE 1 THAI] ODTI OVOUBLETOL I ! f(x)dx. Av

0V Exel avth TV LOLOTHTO, TOTE TO J 1 (x)dx dev Eper kavéva vonua”.
a
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B'MEPOX (ANAAYXH)

1 OPIO - XYNEXEIA XYNAPTHXHY

1. (g0 )@ =2 -1,

x € (=o0,~1]U[l,+ )
1) A=R-{12} i4=[12] (fog)x)=x—1, x e[2,+0).

§ 1.1-1.2 A" Opédog

i A=[-10)w 01 V) A=(=0). 12. i) Eivor ovvbeon tov h(x) = x* + 1 xat

2.10) X € (-00,1) U (3,+») g(%) = nux.
i) xe (=11 iii)yx>0. ii) Eival chvbeon tov h(x) = 3x, g(X) = nux

kon p(X) = 2x° + 1.

3.i)x>0 ii)x>1. TR , ,
iii) Eivor oOvOeon tov cuvaptioeov h(X) =

4.4)200,69cm B) 195,23 cm. 2%, g(x) = €' = 1 kaw (X) = Inx.
2 \/5 iv) Eivor o0vBeon towv cuvaptioewv h(X) =
5. £(x) = >+ Y2 (20— X)) pe 3x, g(X) = nux kat p(x) = X°.
16 36
x € (0,20).

§ 1.1 - 1.2 B" Opadog

6. i) f(4)={2,0} ii)f(4)=R
. 1) F0 = -X+1, 0<x<1
iii) f(A) =[2,+%) iv)f(A)=[0+wx). ) )= Cx+2 1<x<2

7. i) etvon {oeg o0 [0,+00) 2X, 0<x<1

—2X+4, 1<x<2

i) f(x) ={

. . ’ *
ii) eiva ioeg oto R

iii) etvat iogg oo [0,1) U (1,+00). i) £ () _{1, xe [0,1) U[2,3)
8. Etvan 0, xe[L2)u[34)
1 1-2x°
(f+2)x) = (f-g)x) =
x(1-x) x(1-x) 2. K(X):871'X2+¥, X > 0 kot T0 K6GTOG
o) = t_;c ’ [ i ] ) = 1;52 . etvar 3007 = 942 Aemtd = 9,42 gvpd.

X3, 0<x<1

3. E(X) = .
2X-1, 1< x<3

9. (f +2)0) =2 , (f ) =%,
4. E(x) = -2x*+10x,0<x<5,

(fg)(x):ﬁ’[ij(x):x+l. p(x)=20-2x, 0 <Xx<5.
X g x—1
-X, x<-1
10. 1) (go f)(x) = x|, xeR 5.0) f(x) =41, -1<x<1 kat
ii) (g /)(x) = ovvx |, xR oot
f(A) = [L, + 0).

iii) (go f)(x)=1, xeR.
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iy fog < /W0 xeloAl
0, xe(x27x]

f(4) =[0, 1]
6. )f(X)=x*+1 i) f(x)=+1-x
i) f(x) = nqux 9 f(X) =-nux

7. oo=1.

8. o) mpaeig B) mpdéerc.

9. i) N(t) =10y 2(t + 94/t +20)

ii) 16 ypovio.

§ 1.4 A" Opddag

1. i) Iin13f(x)=0, f(3)=2
X—>
i) lim f(x)=2, f(2)=4.
x—2
iii) Aevvmapyet 6plo ota X, = 1, x,=2, f(1)
=1, dev opilerann f o0 2.

iV) Aev vmapygt 0pto ota X, = 1, X, = 2 eved
Iin; f(x)=2, f(1) =1, f(2) =2 ko dev
X—>

opiletar oto 3.
2. 1)-1 i) 1 iii) dgv vIapyEL

iv) dgv LVIapyEL.

§ 1.3A" Opdadog

3. i) 4xu2 ii) dgv vITapyEL.

1. i) f yvnoing pbivovsca oto (—0,1]
ii) f yvnoimg avéovoa 610 (2,+00).
iii) f yvnoiwg pdivovsa oto R.

iv) f yywmoiog bivovoa oto (—0,1] .

2. DEWmlflkmf’%xy=£%£,
xeR.
ii) Aev givon 1-1.
iii) Agv givon 1-1.
iv) Eivar 1-1 ko f'(x) =1 - %, x > 0.

v) Eivon 1-1 koa f '(x) =1 — €, X e R.
vi) Etvau 1-1 won f7'(x) = In%, X>1.
X_
vii) Eivon 1-1 ko f7'(x) = Inr——x,
- X
xe(=1,1).
viii) Aev givon 1-1.

. Ot ovvoptioeig f, ¢ ka1 w aviiotpépovia,
EVO M g 08V aVTIGTPEPETOL.

. 1), i), iii) vo epoppdoete 1810TNTEG TOV OVI-
GOTNTMV.

4. 1) yeodng i) yevdng  iii) yevdng
iV) AAnong  v) yevdrigc  vi) Adnonge.

5..=370A=-2.

§ 1.5 A" Opddag

1Li)5 di)-1 ii))2®° V)0 v)—%
viy2  vii) 39 viii) 0.
_ 3
2.1)43 i) 7 iii) 6.
. 11
3.1) 8/3 i) 5 iii) 5 iv) 27.

. . o3 1
4.1) 1/6 ii) 1/2 iii) 3 iv) o
5. 1) dev vmapyer i) 2.

6.1)3 ii)1 iii)2 iv)0 v)1

vi) 4.

7.1)2 ii)0 iii) 1/2.
8.i)1 ii) 1.
9. a=4/3 ko f=2.
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§ 1.5 B Opddag

1.0)7/12 i) 0 iii) 1/2.

2.1) dev vmapyet i) 5 1iii) 7 iv) 3.
3.0)0 i) 1 iii) 1.

4.1)-2 i) 0.

§1.6 A" Onddog

1. i)+oo i) —oo iii) dev vmapyetL.
2. 1) devumdpyel  ii) dgv LELAPYEL

iii) dev vapyEL.

§ 1.6 B" Opdodog

1. —o0.

2. 1) Amodei&te 611

limepx = +oo kot limepx = —o.

+

s v
X—>— X—>——
2 2
ii) Opoimc.

3.Twi=2limf(x)=3/2.
x—1
TNou=0,limg(x) =2.
x—0

4.1) 0'iii) —oo iii) +o0.

§1.7A" Opéadog

Li)—oo i) —o0 ii))0  iv)+o0.

v)1/2 vi)0  vii)0 viii) 2.
2.0) +oo ii) 400 iii) 400 iv) +o0
v) 0.

3.0)1 ii)o iii)—-1 iv)0

v) -1 vi) +oo.

§ 1.7 B" Opadog

Li)Ta <l lim f(x)=+o,
X——0

u>1, lim f(x) = -,
X—>—00

u=1, lim f(x)=0.
ii)Twop=1, lim f(x)=2,

u=0, lim f(x) =+ ko
X—>+0

lim f(X) =

X—+0

400, pe (—0,0) U (L, + )
— o0, ue (0,1 ’

2. Twi<l lim f(x)=+o,
X

—>+0

A>1 lim f(x) =+ ko

X—>+0

A=1 lim f(x)=5/2.

X—>+0
Qote lim f(x) vrépyer 10 R
X—>+00
povo av 4 =1
3. a=p=1
4. i) 1 i) J3+1 iii) +o.

§ 1.8 A" Opadag
1) 1ii) 1.

2. 1) cvveyng ii) cuveyng iii) cuveync.
3. 1) Mn ocvveyng oto — 1.

i1) Mn cuveyng oto 2.

iii) Mn ouveyng oto 1.

iv) Zoveyne.

. 1) Mn ocvveyng oto 1 ii) cuveyng.

. Etvon 0)eg ovveyeic g obvBeon cvveydv

GUVOPTNCEMV.

. T ™ ovvapmmon f(X) = qux — x + 1 va

gpappocete to Osdpnpo tov Bolzano oto
[0, x].

Na=0 i)a=—1 ii)a=1l

iV)lZ: 1.

. No epappocete d1080y1Kd T0 OedpnpLo Tov

Bolzano ota [4, 1] xou [u, v].

. Epyooteite 0mwg 610 6ydAo tov Ocmpn-

potog Bolzano.
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i) (1,2]. xela,fl.

§ 1.8 B" Opadoag

l.e=—1.
2.(a=4, =N (a=-3,=18).
3.1) f(0)= Iingf(x):O
X—>
ii) lim g(x) =1, lim g(x) =1, onote
x—0* x—0"
90)=limg(x)=1.
x—0
4. Egoppooete @empnpa Bolzano yw m ov-
vaptnon @(x) = f(x) —g(x) oto [0, 1].

5. a) @sdpnua Bolzano yuw ) cvvapton f(X)
=x-2)x*+ D+ (xX*+ 1)(x-1) ot0 [1,
2].

B) Opowa ywo T cvvépTnon
f(x) =e"(x-2)+ (x— Dln x.

6. i) Na anodeifete 611 1 e&icoon f(X) = g(x)
o710 (0, +00) &yl pa axppodg Aoon.

ii) No anodei&ete 6t 1 e&iowon f(X) = g(x)
010 (0, +00) £yl po akpiPadg Aoon.

7. i) o) x=19-1
B) Houvvapmon f oto (-1, 1) dev un-
deviletar Ko ivat cvveyng.

7 () =v1-%* xe[-11]1
f(x) = —V1-x* xe[-11]

ii)a) x=0
B) n foto (—oo, 0) cuveyng ko dev pn-

deviCetat. Opoing kot oto (0, +00) 7)
fO) =xf(x) = —xn f()=x|1
f(x) =-|x|.

8. 1) OB:y=X, AI":y =—x+1.
ii) No amodeiete 611 o1 e€iodoeig F(X) — X
=0 kot f(x) +x—1=0 o0 [0, 1] €00V
KAamolo AVo.

ii) Na gpappdoete 1o Oedpnpo péylong Kot
Ao Tipng Y v d oo [a, f].

2 AIA®OPIKOX AOT'IXMOX

§2.1 A" Opadag
1.D)0 i)-2 iii)0

2. 1) 0 ii) Aev mopaywyileton
i) 1iv) 1

3.9'0) = f(0).

4. 1) Aev givan cvveyng oto 0 kot dpa dev ma-
payoyileto

ii) Aev mopaywyiletor oto 1.

5. Ao v doknon 1
I) y= 1

Amd v doknon 2

ii)y=—2x+3 iii)y=0.

i)y = 0ii) Aev opiCeton
li)y=x+1liv)y=x+1

§ 2.1 B" Opadag

1. f(0)=-1.
2. f'(1)=3.
3. f(0)=1.
4. 1/(0) = 1/2.

5. Mg «xpuplo mapepPoing Ppiokovpe otL
f'(0) = 1.
6. Iirrg f(x)=0, onote f(0) =0 ko pue kprn-
X—
pro mapepPolrng Ppickovpe f'(0) = 1
7.1) lim f(x) =0, onote f(0) =0.
x—0
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8. 1) Eivar
flxo=h)—-F00) _ flx+(Eh)-fx)

h -h
K.TA
ii) Eivon
fx+h)—-f(x-h) _
- =
(X +h) = (%)= f(x, —h)+ f(x)
h '

K.T.A.
9. i)t0B. ii)t0T.

iii) t =2 oAAaCert o B, t =4 10 4 Ko
t=518

iv)T04 v)1t0B Vi) 10 4.

§2.2 A" Opédog
1 0)-4 )16

i) —% iv) /e v)2.

2. i) Aev mapoywyiletat oto 1.

R ouvX, x<0
||)f(x)—{ 1 x>0
iii) Aev mopayoyiCetot oto 2.
iv) Agv nopaywyifetor oto 2/3.
3. (%) = f'(X)) © % =X, Gromo  aod
X, # X, , v yioo v f(X) = X% vrdpyovv

3 3
o (X, %), (=%,=%).

1, xe(-2,0)

-2, xe(0,2)

4. f'(x) = 0, xe(2,4).
4, xe(4,6)

-4/3, x€(6,9)

5. Ev0. tuqpa pe khion 2 ya x € [0, 2], gubo-
Ypoupo tunpa pe kiion — 1, yio X € [2, 4] ko
£v. Tuqua pe khion 1 ya x € [4, 8].

§ 2.2 B" Opadag
1. a=- l, ﬂ =T.

2. H e&io. epant. mg C, oto (& (&) eivan

JE

y= Lx + 5 N omoia Siépyetor amd TO

2E
B(- ¢, 0).
3. N(-2a, - 84°) kou f'(—2a) =4 f'(a).

4. 1) Eivon 4(2¢, 0), B[O,?J Kot M[é‘,é}
i) 2.

§ 2.3 A" Opadag

Li) =7 -4x3+6
ii) f'(x):6x2+1
X
i) f'0)=x3- x> +x-1
iv) f'(X) = —nux - 36uvX
2. i) f(x)=3x%-6x -1
i) f'(x) =€ (nux + cvvx).

i) £/(x) =ﬁ.
1—nux + ovvx

) 100 = (1+ covx)?

V) f'(X) = X(nu2x + Xovv2x)

{3
e’ Inx——
3. i) f’(x):(lT)ZX.

—4ovv2X

i) f/(x) = e

i) () = ZNXX

4(x2 +1)

iv) f'(x) = e
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4x + 3, x<0
4 D) F00=1¢ Li1| x50
&) =-o
v ogv mapaywyiletatl 6to 0.
2X+ovvX, X<0
i) f'(x) = ' .
1) () { 1, x>0
5. 1) (-2,-4) ka1 (2, 4).
ii)[l,lj.
e
i) (-1,-2), (1, 2).
, —4
6. f(X)Zm, XER—{l} Ko

g)=—a

x 17 x € [0,+ o) —{1}.

Ot ovvaptioeig f', g’ dev eivar ioeg apov dev
£yovv 10 1610 medio opiopo?.

7. f'Qg'@W) =2 [—E] =-1.
2

8. a=2.

9.1) (-2,3) ko (2, 7).

) [ZJE —1oJ§+45]
i) = 9 Kot

9

3 9

[_£,10ﬁ+45}

10. y=2x-1 «xot
y=-2x-1.
11.a=1,p=1,y=0.

—24(x+1)

12. I) f’(X) = m

2

ii) f'(X)=m,

i) f'(x) = m)v(

X € (1,+0) .

—2X
1+ xzj 1+x3)?

_ 2
iv) f'(x) :%.

V) F(x) = e (~2x).

13.1) £/(2) = 20.
ity 5
i) f'(4) = N
ii) f'[l}i[—f”‘/g”}
6) 12 48
iv) f/(3) = 5.

14. 1) f'(x) = x™2In x%.
i) f'(x) = 272 5In2.
iii) f'(x)=(In x)x[ln(ln x)+ij .
Inx
iv) f/(x) = e (cvvx — nux).

15. f'(x) = nu2x kot

f "(X) = 2oVv2X, omdTE 16)vEL 1] 1IGOTNTO.

§ 2.3 B" Opddag

1. To kowd onueio givar to (1, 1) kot wydet

f(1)-g'(1) = - 1.

2. To xowd onpeia givon (1, 1)
Kot (— 2, — 8).
H y=3x-2 epantetar oto (1, 1).

3. a=0, p=-1.

4. Hy = x + 1 egdnreron mg C; 010 onpeio
(-1,0).

5. f(x) =x*—4x° = 9x + 4.

6. "Eoto otivndpyet to f(X) = ax® + fx + v kot
KOTOANYOULE G adHVATO GVOTNLLO.

7. i) TIpocOétovpe Kot apapove oTov apio-
unt v nocotnta X f( o).
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ii) TIpocBétovpe kot apopodue otov apid-
unty v mocotta €9 (a). No AdPete

X o

vy ot to lim
x>a X—o

yoyog g h(x) = €* o670 a.

glvon  mapd-

3 2
9. i) f'(x) = 2’

, X#0 kot dev mopayoyi-

Ceton oto 0. H e€iomon g gpantopévig
ot0 (0, 0) eivarn X = 0.
i) f'(x) o 0ot f7(0)=0.Hek
ii =——, X0« f'(0) =0. H &&i-
3x?
ocwon g gpantopévng oto (0, 0) eivar n
y=0.

10. H &&icwon g epontopévng g C, oto
A1, (1)) eivauny =x -1+ f(1) nov epd-
mreton g C; oo (0, g(0)).

11.7) £'(0) = 1.

ii) H e&icwon g gpantopévng givor n Yy =
X + 1 mov oynpotifet pe Toug d&oveg 160-
oKeAEG Tpiy@vo.

§2.4 A" Opadog

1. E'(1) = — 48m cm%s
V'(1) = — 72 cm®ls

2. E cm/s.

81r
3.xe (20 ~220, 20+ \/220).
4.1) x(t) = 15t, y(t) = 20t.

ii) d'(t) = 25 km/h.
5.2, 1).

§ 2.4 B" Opadog

1. 425 cm?s.

2. (2In5 + 2) cm?/s.

3.0,75 m/s.
4. 0,25 rad/min.

5.0,2 m/s.

6.2 HOVEOES },H;[KOUQ.
povada ypdvov

7.10) S rad/sec. ii) ——“2’75 m/s.
25 25

8. 3\/5 m/s.

§2.5A" Opadag

. . T v
1. )1l i) —n —
) ) s 5
iii) % iv) dev 1oyveL.
2. 0)2 i) =
) )4

iii) e (-3-1) k=1

3.’Eyovpe g'(xo) =—
%o p-a

., 1 1 1
0<a<Xy<pombte —<—<—.
Xg @

1 Inpg-Ina
_Ing-lnae

§ 2.5 B" Opadag

1. i) ®. Bolzano ota dwotpoate [- 1, 0] kot

[0, 1J.

ii) ©.Rolleoto [x,, X,] 6mov X,, X, ot pileg g

f ota deotpara (— 1, 0) ko (0, 1).

2. i) ©. Rolle 670 [0, 1].

i) epx =1-x < f'(x) = 0mov &yet pila 610

©, 1).

3. 1) Yrobérovpe ot 1 e€icwon f(X) —x = 0

éxer 2 pileg X;, X, kot epappolovpe O.
Rolle yw ) ocvvépmon g(x) = f(x) — X,

X € [X, X,].

ii) Epappoyn tov epotipotog i) pe

X
F00 =
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X

4. i)‘ . s%<:>(|x|—1)220.

ii) ®.M.T. oo [a, f].

1+x

5.©.M.T. o710 [0, 4].
6. Agi&re 6Tt T(0) <0 o f(0) > 0.

7. YmoOétovpe 011 xovv tpia. Kowd onpeio pe
TETIMUEVES p, < p, < p, Kot EQappolovpe O.
Rolle yio v ¢(x) = f(X) — g(x) ota dwactn-
nata [py, pol, [py pal-

§2.6 A" Opadag

1. ¢'(x) =0, X € R, ondte p(x) = C.
2. 1) T'vnoiwg avéovoa oto R.

ii) T'vnoiog avéovoa ota dractiuato (—oo,
- 1], [2, 4+0) kot yvnoing edivovca 6to
Swotnua [—1, 2].

iii) T'vnoing abéovoa oto [—1, 1] kot yvnoing
ebivovoa oto daotiuato (—oo, —1] kot
[1, +00).

4. 1) Tvnoiwg avéovoa oto didotpa (—oo, 1]
Ko yvnoing edivovoa oto [1, +00).

ii) Tvnoing avéovoa oto (0, 1] kot yvnoimg
eBivovsa oto [1, +00).

iii) P'vnoiog advéovoa oto [0,%}, ywnoing
@bivovoa 6to {E , 71':| Kot otabepn Le TN
undév oto [z, 2x).

5.0) f'(x) = 5(x* + 1) > 0 kot
g'(x) :%+1> 0, x e (0,40).
X

i) H f éxe1 ovvoro tipdv o R, evd n g 1o
Sdotpo (-3, +00).

iii) To 0 ovikel 6T0 GHVOLO TIHAV TV GLVaAP-
moemv Kat givat yvnoing ad&ovoeg.

6. i) f'(x):ex+i>0.
1+x

ii) f(0)=0«koin f ywoimng avéovoo.

§ 2.6 B" Opadag

1. Me epappoyn tov Kpumpiov mapeUPoAng
Bpiokovpe ot f'(X) =0, X, €R.

2.0) £/ (x) =30 - 1) <0 y1o k60 X € (=1,).
i) [a—2,a+2]

iii) To 0 avikel 6T0 GOvVOrO TwdVY g T Ko
gtvan yvnoiog edivovsa oto (— 1, 1).

3. i)t=1yt=4.

ii) Apiotepd otav t € (0,4) ko de&d dtov
te (4,5).

iii) Htayvmro avéavetor ota dractipara [0,
1] ko [3, 5] xou peidveton 6to dibotno
(1, 3).

, 100t
4.V (t):—(t+2)3

lim V (t) = 25 ko1 to ovvolo Tipdv g V &i-

t—>+0

vat 1o (25, 50].

<0

L (x*+3)? .
5.1) f'(X) =-——=>0 y10 k4Oe
) 100 =7 >0
xeR-{-11}.

ii) Otav X avikel og kabévo TV douotud-
tov (-o0,-1), (-1, 1), (L+w)n fraipver
Tég 610 R kot emedn n e&lowon ypdoe-
tot odvvapa f(X) = a pe aeR, &et 3
pilec.

6.a>3.
7.0) /() = xqux > 0, X € (O%j

ii) Toyoer f(x)>f(0), x € (0%] apob f

. , T
yvnoing avéovca 6to [O,EJ.



YIIOAEIZEILY - ATANTHXEIX AXKHYEQN 255

X - X — MUX
oLV d X _

iii) £/(x) =

AOY® TOL EPOTHUATOG ii).

8. i) F(x) = (covx —1)?(2c0vXx +1) -0

T
Xxe|0,—]|
Yo X € [ 2]

ii) Emedn f(0) =0 xoun feivar yvnoiog av-
Eovoa 610 [0,%} wyder F(x)= f(0).

cuv2X

§2.7A" Opédog

1. ¥toX=1tomkd péY1oTo Kot 670 X = 3 TOTIKO
eLdyLOTO.

2. a) i) T'vnoiong avéovca oto R.

ii) Tomwko péyroto to g(-1) = 4 kot tomkod
ghdyioto to g(1) = 0.

iii) Tomucd péyioro to h(0) = — 1 kot Tomicd
ehdyoto to h(1) = — 2.

B) i) Mua pila oto R ¢ cuveyfig kat yvnoiog
avéovoa.

i) Muw pila oto (—o0, 1], pia oto [-1, 1]
Kot e 670 [1, 400).

iii) M piCo o70 [1, +00).

3. 1) To f(0) = 0 tomxod ehdyioto, o f(1) = 1
TOTKO HEYIOTO.

i) EAdyioto to g(2) =— 1.

4. 1) EMdyoto to f(0) = 1.

1
ii) EXdyioto 10 f[lj = [1)9 .
e e

5. a=1, =0, tomkd péyoro to f(—1) = 3 ko
tomkd ehdyoto (1) = -1.

6. Eivor p(x) = 2| x +@), X > 0 ko gEldyioto
X

70 p(20) = 80.

7. Etvar E(X) = — X% + 40x, x € (0,40)
Ko péytoto to £(20) = 400.

4
8. — mgr.
3 g

9.1) (E2) = 2¢ — dx + 4. ii) L.

10. 30 povade.

§ 2.7 B" Opadag

1. 1) Tvnoing avéovoa 6to {0,%} KoL yvnoimg

@bivovoa cto {%,n}

ii) Muw akpiBdg pito oto (%, ﬂ).

2. i) H feivor yvnoing avéovoa oto (0, 4+00).

ii) Tvnoing bivovsa oto (0, 1] kot yvnoing
avéovoa oto [1, +00). EAdyioto 10 ¢(1)
=0.

iii) Kowd onpeio (1, 0), ko gpomtopévn
mvy=x-1

3.i) @) H f(x) = &= x -1 etvar yvnoiong od-
Eovoa oto [0, +00) ondte f(X) > f(0).

B) H g(x)=e* —1—x—%x2 etvat yvnoiog

avéovoa 1o [0, 4+00).

i) @) Av f(x)=ocvvx -1+ %xz, tote f(X) =

—ovvX + 1 omote n f ' yvnoimg av&ovoa
oo R.

Apo f '(x) > f '(0), ondte ko f yvnoimg
avéovoa oto R.

B) Me t Pondeta Tov EpOTALATOG

1
a) Ppickovpe 611 n 9(X) = WHX+EX3 - X,
xeR
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givan yynoiog avéovoa oto [0, +00).

iii) a) Avf(x)=(1+x)"'—=1—-vx, x>0 1ot
f/¢) =v[(1 +%)"" —1]>0.

B) Me t Pondelo ToL EPOTANATOG OL)
Bplokovpe 6TL 1 cLVAPTHON

g(x) = (1+x)" —1—x —@xz
givar yvnoing avéovoa oto [0, +00).
4. H f'(x) = 0 eivon advvorn oto R.
5. Ozwpovpue v h(x) = f(X) — g(x), ondte
(&) = g'(¢) e & e (x,%).
6. Eivar f' () = ' (B) = f'(y) = 0 xou ®. Rolle
ot dStuotypata [a, ] kot [B, y].

7. i) x = %(9—4\/5) = 0,75 m.

2
8. i) (MA)? :(x—%) X kot M(4, 2).
i) 4, 2= 1.

9. 190 o 100.

s
10. Ot elompdéers eivar
E(X) = X(1500 =5x).
E'(x) =0, onote X = 150.
11.1) t=200s i) t = 55,6 5.

12. i) E=LBHTA g orov HB tyoc
tpaneliov. Etvor HB = 2npd ko HI”
=2cvvé.

. T
i) 0=—.
) 3
13. i) 75.

14. H mokvétta tou Kamvov givot
r=r+r,

—kLik 2P ker

X 2-x?’

Xe 4 km omd 1o £pyocTdoto E,.

§2.8 A" Opadog

1.1) Koikn oto (—o0, 1], xvupti oto [1, +0)
kot 70 (1, 0) onpelo kopmig.
i) Koiin ota (—oo, —2], (0, 2], kupt ota [-2,
0) kot [2, +90), evd ta onueia Kapmng gi-
Vo —2,—E Ko | 2, é .
4 4
2.1) Koikn ot0 (—00, 2], kupt ot0 [2, +00),

2
EVO TO (2,—] eivor onpeio Kopmc.
e

ii) KoiAn oto (0, €], kvpt| 610 [€,400), EVD
70 (&, —3€%) eivar onusio KaumhG.

iii) KoiAn oto (—o0, 0], [1,+00), Kvpth o670
[0, 1], kou Ta (0, 1), (1, 3) onueio KopmAC.

2 2
3.1) Kvpm ota [— 00,—%} ) {\/_, 00] )

2

ﬁ £:| Kot T
2 )

2
KOiAN 670 | —
) { :

[_ﬁ e1/2] [ﬁ e 12

’ 5 ] onuelo KOUmIG.
.. , ks , T
ii) Koiin oto0 [75 0} KOl KUPTH GTO [0, Ej’
evo 1o (0, 0) eivar onpeio kapmg.

iii) Koiin oto (—o0, 0], kvuptn oto [0, +00) kot
70 (0, 0) onpeio xopmc.
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iv) Koikn oto (—00, 0], kuptn o710 [0, +0) kot
70 (0, 0) etvon onpeio KopmTng.

V) Kvpt oto (—oo, 0], xoiin oto [0, +0) kot
70 (0, 0) onueio kapmc.

4. e - yynoing avéovoa ota [-1, 1], [4, 8].
- yvnoing edivovca ota [1, 4], [8, 10].
® - KoiAn ota [0, 2], [5, 6] xar [7, 10].
- xvpt oto. [—1, 0], [2, 5] ko [6, 7].
o - Ta 1, 8 givar Béoelg TOMIKOV peYioTOV.
-Ta—1, 4, 10 eivon Oéoe1g TomiKdY eayioTov.
e-TaO0,2,5,6,7 civaw Oécelg onpei@v KopTng.

5.1) Orav te [0, t,] kwveitar apiotepd kar dtov
te [t,, +o0) dekid.

i) Htoydmra avéavetar oto Stdompa [t t,]
KoL LELOVETOL 6€ KaOEVA ot T SLOGTILLO-
10 [0, t] wou [t,, +00).

§ 2.8 B" Opadag

1. A[—\/_,—éj,B(O, 0) Katf{ﬁ,é].

To A4, I" éxovv ovtifeteg GUVTETOYUEVEG.

2. (a, 2 — o).

3. f"(X) >0y kéOe X € R.

4.1) Tomko péyioto to f (0) = 2, tomkd eld-
ywoto 1o f (2) = — 2 ko onpeio kapmig to

(1, 0).

i), =4, =—2.

5.H f" dev undevileton oto (-2, 2).

§2.9 A" Opadag

1. )x=2. 11)X=—3, X=—.
iii) dgv vrapyovv iv) X = 0.

2. 1))y=1.1)y =0 oto +00.

3. )y=x,x=1
Hy=x+2,x=2.

1
i)y = X+E GTO +00 Ko

y X ! 0 —00
=—X—— 0TO0 —00.
2

1
4.19) 1.10) 2. iii) 0.

§ 2.9 B" Opadag
1.1) IirI'l (f(X)—(-x=1) =0,

lim (f(x)—(x+1)=0.
X—>+00
ii) H f givan xupt) oto R xon dpa Bpioketon

OV amd TV &, KOVTE GTO —00 KoL AV
amd TV &, KOVIH GTO +00.

2.1)y=0.ii))y=0.
ba=1p=1

4. Xpnowomnotgiote tovg kovoveg de L' Ho-
spital.

5. Xpnowonoteiote tovg kavoveg de L’ Hospital.

6.1)1,0. iii)x = 0.

§2.10 A" Opédog

1.1) Eivor f'(x) = 3(x* — 2x + 3), f"(x) = 6x
— 6 Kot vo KAveTe Tov Tivoko PHETOROADY
mg f.
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N L 2

i) f'(x) = fW,
4

(x-°"

y =1, x =1 kou va KAVETE TOV TIVOKQ pLE-

tofordv g f.

f(x) =

0COUTTMTES

X2 —

. 2
2.i) f'(x)= , 17(X) ==, acdpmtoteg
X

X =0 Koty = X kot vor KAVETE TOV Tivoka
petaformv g f.

ii) Opoimc.

3. f'(X) =1 + ovvx, f"(X) = —nux kot vo kGvete
tov mivaka petafordv g f oto [, #.

TENIKEX AXKHXEIX
200 KEQAAAIOY

I'" Opéoog

1) (1) =g().
ii) Noa mapete ™ Swapopd o(X) = g(X) — f(X)

kot va e€eTdoeTe T0 TPOGTLO TNG.
2. Noa ndpete ) ovvaptnon ¢(x) = f(x) — g(x).

3. E'(0) = ouv26 + cuvh.
33

T
Méyioto 0 £ | — :T'

1
4. To epuPaddv tov topéo givar £ = Erzﬁ |
E(r) = 10r - r’. Méyioto 10 E(5) = 25.

5. iii) 0 =% Kol T0 PAKOG TNg okdAag &ivol

2J2=28m.

1-Inx
2
va kavete tov mivaka petofordv g f.

6.1) £(x) = 2Inx=3

100 =

ol

ii) H f givar yvnoing edivovoa oto [e, +»),
omote

fla)> fla+1) < a” > (a+1)"

iii) Na Aoyapdunocete v oomta 2 = X’
H f givan yvnoing adéovoa oto (—o0,e],
ondte maipvel ™V TN X = 2 pio Qopda.

Opoing 010 [e,400) Taipvel TNV Tyn X =
4 o popa.

7. i) Na ndpete ) ovvaptnon f(x) = o +
B kat va epapudoete 10 Bedpnpo tov
Fermat.

ii) No napete ™ cvvapmon f(X) = o —x—
1 ko va epoppodcete 1o ©. Fermat.

8.1) f"(x)=¢e">0, g”(x):—iz<0.
X

iy=x+1lxuy=x-1
iii) n f givan kupn, Evd 1 g givon KoiAn.

iv) Na mapete ) Srapopd f(X) — g(X).

9. )2A1-Ini). iiji=e

iii) Oewpeiote ) drapopd g(X) — Ax mov &i-
vorn f(X).

10.1) £/0) = 0ii) x= =, xc Z".

iii) lim (f(x)=x) =0 Ko

IirI] (f(x)—x)=0.

11. A. ) w'(x) =0, xeR, ondte w(x) = ¢
i) o'(xX) =0k p(x) =0, xe R.

B. ii) No Adfete vadyy to epdTnua 4.
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12.i) det(PM,PN) = 0. § 3.1 B" Opddog

LT =ae™+T,

ii) Na epappooete toug kavoveg de L’

Hospital.
2.9.976 gupo.
13. A. i) Av 04 1o vyog tov Tprydvov OI14,
| 3. 814,4 evpo.
TOTENU— = — ' '
2 4 4. f'(x) = g'(x) + ¢, KT
i) S=vt, ondte S = 4t
B. I'(t) = 4ouvt. § 3.2 A" Opddag

2km/h B)0km/h )2 km/h,
® P) v -2 km 1. i) -e (@ +2x+2) +¢

14. Zvvolkod k66T0G 1
1000 i) = e2X(6x% —
K(x):6OO+T+10(X+1). i) 4e (6x°—-10x+7)+c
[péner vo mpocidaPet 10 epydrec. 1 W
i) =x*Inx——+c¢
4 16

3 OAOKAHPQTIKOX iv) (-x% + 1/2)cov2x + xnu2x + ¢

AOI'EMOX
V) 2Xxnu2x + cuv2x + ¢
§ 3.1 A" Opadog vi) xInx—x+c
Lox
1. 10) T_GDVX+T|MX+C vii) _InTX_i+c

X
2

i) L+x+|n|x|+c 1

2 viii) gex(cnv2x+2nu2x)+c
iii) NI

5 ) Lo

2 iX) —e*(mux—ovvx)+cC.
¢ 2 2
iv) 3 +X“+4x+cC

. 1

. 1 2. i) —=ocwv3x+cC

V) e—3|n|x|+5nu2x+c 3

Vi) g@X + opx + C i) %(4x2 —-16x+7)* +c

vii) x+In|x+2]+c.

-1

2. f(x)=24x-5. 1) ————+¢C

09 =2V ) 6 (x2 +6x)*

3. f(x)=§x2+3x+4. 9
2 iv) 5(24’ )i

4. f(x) = x* + x2 -3x+ 2,

5. 19 exart. V) 1—25(x+1)3’2(3x—2)+c.

X3 5x?

6. K(X)=?+7+100- 3. i) —ouveX +cii) In(e*+ 1) + ¢

7. 352 y1A.
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i) 2yInx +c

iv) In(In(e* + 1)) + ¢

1
V) cuv—+C.
X

§3.2 B" Opadag

1. i) -In(L+ovv®x) + ¢
i) f%[ln(cvvx)]z +C

iii) e"™ + c.

2(@+1)”
2. 0)—— +C
) 9( X3 ]
i) Vx2+1l+c

iii) %(x2 +D[In(x* +1) 1] +c.

X3

3
ii) t(Int)? - 2tint + 2t + ¢

3. 10) (Inxz—%)+c

iii) e“nue* + cvve* + c.
4. i) =In|ouvx |+C xat
Xe@X + In | cuvx |+ C

. 1
ii) ———+c xat
MuX

1
—oPX———+¢C

MHX
3
...\ GOVX
iii) 3 —OLVX+ C Kol
3
X
nux—%+c.

L1 1
5. 1) =X——mu2x+c¢
)2 i

1 1
i) EX+21]}J.2X+ c.

1 1
iii) =X——nuédx+c
) g T

6. i) %(mvx—lcmv3x+c

1 1
i) —=nMu2X+-—nu8 X+ ¢
)4mL ™
.o 1 1

1) —mu2x ——mnubx+c.
) o X = o

7. 0) In|x*=3x+2]+c
i) =5In| x—1|+8In| X=2|+¢

2
iii) 373x+ln|x+1|+4ln|x+2|+c

. x-1
iv) In|—=|+c.
+1
§ 3.3 A" Opadag
; 1 sy 2 2
1.1 =— i - X =c
)Y 2x% +¢ )Y
iii) y =ce* iv) y = In(ux + c).
H 3 2X iR — A X -2x
2. 1) y:—z+ce ii)y=e " +ce

iii) y=2x+ce *+2

iv) y= ce¥4+1/2.

-3
3. y=——
y 2x% +1
2
4, =—.
y 3
. 4
5 1) y:l—eg(‘)X
.. xInx—x+21
i)y =———.
X+1
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§3.3 B’ Opadag

1. 1(t)= %(nut —ovvt) +%e_t.

2. y?=2x.

3. y=x“+cx.

6. A(t)= T+ (8y-T)e ™.
7. i) P(I‘):,—n+(p0—,—nje’“,;c>0.
K K
L av
8. i) 2L -100zy
) o Ty

2
i) y(t)=(%t+6]
iii) t=1204/5 sec.

9. E(t)=EpeFe .

10. i)a) I(t):5+%, B) 5

i) 1(t) = %(nuSt —ouvat) +% .
e

83.4 A" Opadag

1i)-11 ii)4 iii))-2 iv)15.
2. In% =Inl-Int.
3.K:4.

4.0)22  ii)-12

§3.5 A" Opddag

106 i)3-—2= iii)-1 iv)%.

Ve

2. Epappolovpe dtotnrec.
4.1

R .. G’UV'\/;
S.0) —mpxfmpx | i) T
1
6. 1)
X2 +1

ii) ypnoonoteiote 1o (i).

§3.5 B" Opdoog

1. 10.
2. f'(x) = 0.

3. Tom. ghdyioto to f(2) = 0.

SN

.Ixf(t)dt+xf(x).
0

5 FXx) =0, xe(0,+x).

6. De I’ Hospital.

i) 42 -243

~

ii) - ouvl.

5 . 7% 11
8.1) — i) 2—— i) —=.
) 3 ) 2 ) 6

9. i)4 ii)e;—z

i) 5In10-2I9—-< . iv)—Zce
2772 5

2 2 2
10.71'_ Vs 1

1 ~,1
8 2 16 4’ 16 4
11. f(0) = 1.

12. xatd mapdyovteg.

71217,

§3.6 A" Opddag

-

1. f=1

ﬂ .

[

+

3.

N
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§3.6 B" Opadoag

B 2 2
1§7-2 +af+ ,g‘=i.
3 aff

PR? PR

2.0) —— =—.

® 6nl B) vy 4nl

§3.7 A" Opddog

§3.7 B’ Opadag

1. y=6x-3, E=Lwp
4
8
2. 4+§\/E‘r.u.

U,
T TN

1
4. —1.0.
6 H

5.1)1 +e(Ini-1) ii) +o.

72_2
8.1)y=x, y=-x+mx ii) 7—2.

9. a) %‘c.u. B)x = _3-;\/5 .

10. l
2

11. 0) f(x) =x2-3x+2 i) %w.

12. i) y=-2x+2, y=2x-6

. 4 2
HNE=—, E,=—.
JE= E=

I'ENIKEX AXKHXEIX
3ov KEQAAAIOY

I'" Opdoag

1.ii)%|n3.

2.0) —In/3 i) Iny3.

.Inju+l|-Inju+2|+c
In|nux+1|—In|nux+2]|+c
ii) In(e* + 1) —In(e*+ 2) +c.

1
2v+2

4.1)

intm2, La—inz), Ltino-t.
2 2 2 4

5. Ta péAn g 160 T0G €Y0VV 108G TAPAYD-
YOUG.
6.1)Df =[L,+®) Dr=[L+x).

7.0) F(x) + G(x) = e*- 1,

F(x) - G(x) = % (GUv2X + 2np2x) —51

.. 3 2
i)l ==e"(e" -1, J==€e"(e"-1).
) c ( ) : ( )

8. a:%.

. 1
9.i) 0<i<1, E(ﬂ):z—l,
i>1 E(l)-1-+

, e

i) 2=2 iii) +oo kot 1.

B
10. i) J-(f(x)—g(x))dx >0.
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